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Objectives

Inputs
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Inputs and outputs

= Graph inputs = Scalar inputs = Scalar outputs
= Mesh — Graph structure = Pressure = Physical quantities
= 3D coordinates for all nodes = Speed of rotation

6

This document and the information therein are the property of Safran. They must not be copied or communicated to a third party without the prior written authorization of Safran
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Gaussian process regression
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Gaussian process regression

= X = (Gq,+,Gy)T with G; € T (train input graphs) ¥ = {‘i\&\ (\ﬁ\ '\T:\”\\\* )
Y = (}/1; ;yN)T , Vi ER (scalar outputs) —
k
= Observations: y; = f(G;) + €; where ,~N (0, 0?)
f:T-R < -
rad T RSN N "(ﬁ\\\*
« F=(fG), f(GN)) B
o . " 1 |os]os
= Gaussian prior over functions: f |Gy, -+, Gy ~ N(O, Kff) ‘«-:--
«1108| 1 ]02
= K/7: N x N covariance matrix where Ki};f = k(G;, Gj) ,;\;1 0502 1
= and k:I' x I' - R is a positive definite kernel e

= Question: how to choose k ?
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What is a graph ?

Lm0
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What is a graph ?

S € RS
Case 1: Case 2 : Case 3:
Vertices + Edges  Vertices + Edges Vertices + Edges
+ Node labels + Node attributes
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|

What is a graph ?
€ R®

Case 3A: Fixed structure -> signal

Case 1: Case 2: Case 3:
Vertices + Edges  Vertices + Edges Vertices + Edges

+ Node labels + Node attributes

Case 3B: Fixed number of nodes

Y

Case 3C: Varying number of
nodes + structure + attributes
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Case 3A: Fixed structure -> signal

Case 1: Case 2: Case 3:
Vertices + Edges  Vertices + Edges Vertices + Edges

+ Node labels + Node attributes
e e Case 3B: Fixed number of nodes

T

What is a graph ?
I, A € RS

Case 3C+: Varying number of :
nodes + structure + attributes Case 3C: Varying numb'er of
+ large-scale + sparse nodes + structure + attributes
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Graph kernels
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Invariants / Topological descriptors

- V=6

- |E|=7

= Map the graph to a vectorial representation
= [nvariants: do not change under graph isomorphism (diameter, average clustering coefficient, ...)

= Complete invariants require exponential time
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Graph edit distance

* d(Gy, G,) = minimal number of operations to transfrom G; in G,
(adding/removing an edge/vertex, node relabeling)

= NP-complete

= Not suited for node-attributed graphs...
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Taxonomy of graph kerneks.

Figure from [Nikolentzos et al., 2021]

Taxonomy of graph kernels

R-convolution

Graphlet A
Q
Lovasz & ¢§gbﬁdb
o oy,
SVM-9 Multiscale Laplacian thq
Vertex Histogram Graph Invariant
]
Edge Histogram ?6 Subgraph Matching
L. % Random Walk
Explicit i : »
Computation Weisfeiler-Lehman Subtree %) Shortest Path
-}
G hH
Ordered Decomposition DAGs TAPAtOppes
Subtree
Neighborhood Subgraph
Pairwise Distance
Intersection
Neighborhood Hash
Cyclic Pattern

Assignment

Pyramid Match

Node-Labeled

Weisfeiler Lehman
Graphs

Optimal Assignment
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R-convolution kernels

= R(g1,**,9ga, G) : R-decomposition where g; is a ‘part’ of G (relationship)

= RYG)={g= (91,,94) | R(g1, .94, G)}: pre-image of the relation

= Let k; a base kernel based on a subset of the parts denoted G;.

= The R-convolution kernel between G and G’ is defined as

d
k(6,60 = > | [kiCgad

gER™L(G) g’'eR~1(G) i=1
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All node-pairs kernel / node histogram kernel

kn(G,G') = Z Z Knode(V, V') where k4, is a positive definite kernel between
vev v'ev’ node attributes/labels -> feature map ¢,,54e

" ky(G,G") = (Ppn(G), dn(G"))g Where ¢y (G) == Xpey Prode (V)

= When ¢p4e (V) = €11y (knoae is @ Dirac kernel on node labels),
¢y is an unnormalized histogram that counts occurences of node labels

0.5 17 35

03— » |

0.0 4.0
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Graphlet kernel

SV AR NS WS N VARSI N NS W

= Set of k-graphlets of size Ny, k = 3
= k-spectrum of G: vector ¢, (G) of the frequencies of all graphlets in G

" ke (G,G") = ¢ (G)psL (G

= |[ssue: does not take into account labels or attributes
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Graph Hopper

[Feragen et al., 2013]

4

k(G,G") = Z ky(m, ") withk,(m,1") =1 ZRBF(”P”') if In| = ||
]:

neP, ' ep!

L 0 otherwise

= P: set of all shortest paths in G, ||: discrete length of the path m = (mq, -+

= Complexity: 0(n*(|E| + logn))

y 7))
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Graph Hopper

[Feragen et al., 2013]

R WA

(In
k(G,G") = Z ky(m, ') withk,(m,m") =4 ZRBF(ﬂj»ﬂj) if [n| = |m’|
neP,n’ eP’ J=1 _
L 0 otherwise
= P: set of all shortest paths in G, |mr|: discrete length of the path m = (7q, -, 7))

= Complexity: 0(n*(|E| + logn))
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Graph Hopper

[Feragen et al., 2013]

,”’v //
o /,’,
\x//

(In

k(G,G") = Z ky(m, ") withk,(m,1") =1 ZRBF(ﬂj»ﬂ-) if || = ||

neP,n’ eP’ J=1 _
L 0 otherwise
= P: set of all shortest paths in G, |mr|: discrete length of the path m = (7q, -, 7))

= Complexity: 0(n*(|E| + logn))
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Sliced Wasserstein
Weisfeiler Lehman
(SWWL)
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Node embeddings + Optimal transport approaches
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Wasserstein Weisfeiler-Lehman Graph kernel (step 1)

Lm0

[Togninalli et al., 2019]

¢

Node embedding=
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Weisfeiler-Lehman embeddings

Lm0

Figure From [Kriege et al., 2020]
= WL relabeling (discrete case)

i=0 =1
B,AB B,AAB
- D - FE

A B A B
- C - C
> = {4, B} > ={A4,B,C,D,E)

1D () = Hash(lH(v), {I' (W) ,u € NV (v) 9)
X; W = [l(‘) (v),v € Vg] X¢ = Concatenate(X

=2

E,CCD

-
C,E
\|—>G
""" g ©

C,D C,E

- F -G

S ={A,B,C,D,EF, G I}

H
- Xy
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Continuous Weisfeiler-Lehman embeddings

[Togninalli et al., 2019]
= WL relabeling (continuous case)

i=0 i=1 i =2
1,{1,.3} 3,{1,.2,.4} 15,{.1,.27} .27,{.15,.25,.35}
=15 o 27 - .17 - .26

017 \Zg}
(5 ¢3)

11} 413 1(15) 35127)
.1 .35 .13 - .31

a@(p) = l(a(i) (v) +

w(v,u) a®V(w))
deg(v) E; :

X(L) [a(l) (v),v € Vg] X; = Concatenate(X(O), -,XC(;H))
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Wasserstein Weisfeiler-Lehman graph kernel (step 2)

Lm0

§ SAFRAN



Wasserstein Weisfeiler-Lehman graph kernel (step 2)

2

Wasserstein distance
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Wasserstein distance

Lm0

" Vr € [1,+), P.(R®): probability measures on R® with finite moments of order r.

Vi € PR, W) = _inf j lx — ylITdnCx, y)

RSXRS

where:

- ||. || denotes the Euclidean norm,
- TI(u,v) the set of probability measures on RS x RS whose marginals w.r.t.
the 1st/2"d variable are resp. u and v

U
/ .""‘""—'——-b.
1w 1 v
= Discrete case: MU = ﬁz Sy, V= ?Z 8y, 4-——':3.
=1 =1 ° .
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Wasserstein distance: issues

Lm0

x Impossible to build a positive definite kernel (*in dimension > 2*)  [Peyré, Cuturi, 2019]

x Computationally expensive : 0(n3log(n))

= Use case: 1000 graphs with 30 000 vertices
— 400 days to build the Gram matrix...
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Sliced Wasserstein Weisfeiler Lehman graph kernel

[Us]

[ — Sliced Wasserstein

asserstein distan

) o
G (<] o
) E.,

|dea: replace Wasserstein by sliced Wasserstein !
— v 0(nlog(n)) and v positive definite substitution kernels [Meunier et al., 2022]
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Sliced Wasserstein distance

= The sliced Wasserstein distance is defined as:

SWI (1, v) = j W (03, 62)do(6)
s—1

S
where
- §%: d-dimensional unit sphere, ¢ : uniform distribution on §¢
R®* - R
_ * . _ S *
0.u : push-forward measure of u € 2.(R%) by 6 (x .—> (9,x)>
1
W (u,v) = j|F—1 (1) — F~1()|* dt 1-d Wasserstein distances between
0
Quantile K and v
function
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Sliced Wasserstein distance

= The sliced Wasserstein distance is defined as:

SWI (1, v) = j W (03, 62)do(6)
s—1

S
where
- §%: d-dimensional unit sphere, ¢ : uniform distribution on §¢
R®* - R
B x _ S *
0.u : push-forward measure of u € 2.(R%) by 6 (x .—> (9,x)>

. 1-d Wasserstein distances between
n n
1 1
"""""""""""""""""""" u= EZ O, and v = £Z5yi
i=1 1=1

§ SAFRAN



Sliced Wasserstein distance

= The sliced Wasserstein distance is defined as:

- =9
SWE (1, v) = j W (0;11,67)do (0)
where S @ PD

- §%: d-dimensional unit sphere, ¢ : uniform distribution on §¢
R®* - R ) 6,

- * ° - ° ’
O;u : push-forward measure of u € P.(R%) by 6 (x — (0, x)

i 1 ro ] L
LW () = EZ X — Yo 1-d Wasserstein distances between
i-___________________________________j 1 - and 12‘”:5
U= Ez Sxi V= n 2 Yi
i=1 1=1
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Sliced Wasserstein distance

= The sliced Wasserstein distance is defined as: s?
SWEGv) = | WO, 0)do(6)
gs—1 *ﬁ
where x
- §%: d-dimensional unit sphere, ¢ : uniform distribution on §¢ C
- 0,u : push-forward measure of u € 2.(R5) b 9*( R*= R ) *0
4P U T y x > (6, x) l
o < .
W (u,v) = az X — Vo) 1-d Wasserstein distances between
| q=1 |

n n'
1 1
''''''''''''''''''''''''' U= Ez Sy, aNdv = ?Z Oy,
i=1 1=1

(Approximation with Q <« max(n,n")
quantiles)
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Sliced Wasserstein distance

= The (estimated) sllced Wasserstein distance is defined as:

___________________________________________

where
- §%: d-dimensional unit sphere, ¢ : uniform distribution on §¢
R®* - R )

- ° - °
O;u : push-forward measure of u € P.(R%) by 6* (x — (0, x)

r

- 1
Wi (u,v) = 52 1X@) = Y@

q=1 n n
1
U= —Z le and v = Tl_ 53’1
(Approximation with Q « max(n,n") e i=1
quantiles)
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Sliced Wasserstein Weisfeiler Lehman (SWWL)

[Us]
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Sliced Wasserstein Weisfeiler Lehman (SWWL)

[Us]
= ¢:G - X; € RIVeIXdW+D) - \W| embeddings after H iterations

" KewwL (G,G") = e_ASWZZ( $(6), ¢(GN) (* considering by abuse ¢(G), $(G") as empirical measures *)

Q
Z = ||Es@ = Eg(er ||
=

— Precomputed embeddings E4g), Eg oy € RPC where u’r = (0 ,d(G)
¢G) = p(Gh q p

with

M-::

SW;(u,v) =

E¢(G) f— [ull’...’uQ ,...’ul ’...’uQ
= Complexity for the Gram matrix (sparse graphs):

O(iNHn! + 'NPnlogn. + IN2PQ)

___________________________

WL iterations Quantiles Usual RBF kernel
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SWWL: experiments on meshes oo

RMSE (5 exp)

Time to build the
Gram matrix

(*) in parallel, using 100 jobs

0.0035

0.0030

[SE

= 0.0025
0.0020

0.0015

0 10 20 30 40 50
Number of projections P

Kernel/Dataset Rotor37 Rotor37-CM Tensile2d Tensile2d-CM AirfRANS AirfRANS-CM

x103 x1073 x1 x1 x104 x10%
SWWL 1.44 + 0.07 3.49 + 0.15 0.89 + 0.01 1.51 + 0.01 7.56 £ 0.36 9.63 + 0.54
WWL - 3.51 + 0.00 - 6.46 + 0.00 - 14.4 + 0.80
PK - 4.18 + 0.39 = 6.03 + 4.58 . 8.94 + 2.31

Kernel/Dataset Rotor37  Rotor37-CM Tensile2d Tensile2d-CM AirfRANS AirfRANS-CM

SWWL 1min + 11s 4s + 11s 11s + 4s 2s + 4s 5min + 7s 158 4+ Ts
WWL - 13min (¥*) - 6min (*) - 8h (*)
PK - lmin - 2min - 15min

S SAFRAN



Conclusion and
future work
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Conclusion

= Limits of existing graph kernels
= Many do not handle continuous attributes
= Many do not scale well to large graphs
= Many do not guarantee positive definiteness
= Many are too dependent on the graph structure

xxxxx

Node-Labeled
Graphs

= We propose the Sliced Wasserstein Weisfeiler Lehman (SWWL) kernel

= Positive definite
= Tractable for large graphs

= Competitive results for mesh-based Gaussian process regression

= Future work
= Extension to multiple outputs (e.g. vector fields)
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Other approaches
using Optimal
Transport
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Other approaches

= Many approaches with GCNNs and message passing layers
— Continuous WL of torch_geometric

* Other node embedding: a*D(v) = Zue]\f(v) U{v} \/degzt(glcll)eg(v) a ()

= Wasserstein embeddings with Linear Optimal transport [Kolouri et al., 2020]
= Pooling by Sliced-Wasserstein (PSWE) [Naderializadeh., 2021]

= Template-based GNN with OT [Vincent-Cuaz et al., 2022]
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Wasserstein embeddings

Lm0

[Kolouri et al., 2020]

G
Ve,
”’Xg_,i/"‘ ’::—: :j—'>
_ @
-
i )
¢ e e Vo
, i Y Tt~
G Node embedding \ NN Transport ‘\\
\\ ‘?4‘ displacements W PY((GEH
M‘ \ \ N
L B
G \
X, € R3 ® % ° W
LN
DR
4

= Linear Wasserstein embedding (Linear Optimal transport LOT Framework)
= Transport displacements from a reference distribution to node embeddings
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Wasserstein embeddings

Lm0

[Kolouri et al., 2020]

= Given a first node embedding ¢: G - X, € RlVclxs

= X, € RS reference node embedding
Linear Wasserstein embedding:

Yo(Xg) = (uG,O - Id)\/n_o

where u; ¢ is the Monge map that pushes X, to X;

p(1i) — d(po)ll2 = lé(pi)ll2 = Wa(pi, o)
(i) — D(pe)ll2 = Wa(piy p15)

New graph embedding: ¥(G) == 1o(¢(G)) € R™*S of fixed size
= Only N Monge map calculations needed

= Choice of the reference embedding? (Not clear)
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Fused Gromov-Wasserstein distance

[Vayer et al., 2019] G
= G = Vg, Eg, 1y, 1) with1:V; > R3 the coordinate function

= [o: Ve = Qg with (Qg, cg) a metric space dependant of G
" c: Qg X Q; = R, ‘similarity’ of points in G ‘ ‘

(structure-dependent)
e.g.: cg(ls(v1), ls(v2)) = dpcc(v1, v2|G)

@
e
= aq; = l,(vy), s; = I;(v;) : attributes/structure of point i ®
1 ® ® °
" U = Z?le(S(ai,Si) : measure of G
e
® [

" Cg = [CG(Si:Sj)]lsi,anGl Cer = [CG’(Sli»Slj)]lsi'jsnG,
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Fused Gromov-Wasserstein distance

[Vayer et al., 2019]

m LG,G’ = |CG [l, k] — CG’ []" l]li,j,k,l € RnGan,anXnG,

" Mg = [”ai —a]f||2]

oW = i

Wasserstein Gromov-Wasserstein

= Issue: k(G,G') = e ¥ FiWaalkahe) js not positive definite

e R"6¢™ "

1sisng; 1sjsngs

+ (1 - a)

Lccl; G’®7T

,n>

1
||a1—a'1||2','
1

Gl
!
(%)
¢ (v1,12)
CI ! . O
v 1%
— <o >
ce(w,vy)  Lee(1L1,2,2)
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Template based GNN with OT

[Vincent-Cuaz et al., 2022]

TFGW layer
e ) (Ci, Fl, h;)

v

h, (oz)

. » (Ci, pu(Fi), hy)-=-}----- »| FGW,,
C, Ig . |

A J

Templates :

(Ck,Fk,hg)

i —

A J

Py

MLP
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Graph Convolutional Gaussian Processes

[Walker et al., 2019]
= Graph Convolutional Gaussian Processes

= Local patches around vertices are defined using
Spatial-domain charting

= J: number of bins

= Convolution operator on the graph signal
P:V - R3:

"D Y = Luev ¥y (u,v) vj€f{l,.]}

= u; : geodesic polar weighting function e.g.

S

AN
flna
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Future work : Anisotropic SWWL?

Lm0

X, € Rd

WL

@)
¢ (x,;G") € RUHED
o

i=0  £,={A,B)
(B—B

(4
@ @
i=1 £,={A,B,C,D,E}
H,_T"\' B.AAB

AB
= C

S OmOE
@)L

=2

®
©
©
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Future work : Anisotropic SWWL?

Lm0

X, € R4

¢
¢
WL G...
® o
]
@ o
X; @
o 0
e

i=1 ¥,={A,B,C,D,E}
B,AB B,AAB
) = E

®
-0

OO

§ SAFRAN



Future work : Anisotropic SWWL?

N
Anisotropic SWWL:

d@D: G - Xg) e RIV6Ixd (j-th iteration of WL)
G

kaswwr(G,G") = o= Zio i SWE( 9O (6), D (6"))

¢

. o

Gr WL XG o XG . (_;

® .
0. Q9 .
.:) o.ODOT
@
XUIGRd XG. ..
@0
° o o )
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