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Zero Order Numerical / Continuous Black-Box 
Optimization

Optimize 

Zeroth order method + Black-Box setting

Gradients not available or not useful 

Knowledge about the problem encoded within the black box but 
not exploited by the algorithms

Cost = # calls to the black-box (f-calls)

f : R
n
7! R

f(x) ∈ Rx ∈ R
n



Example of Numerical Black-box Problem
Optimization of Oil Well Placement

3

∈ R

expensive optimization
gradient not provided

well configurations

commercial solver 
(source code not available)
predict quantity of oil  for 

given set of wells

NPV (in $)

Z. Bouzarkouna PhD thesis, collab IFP



Landscape of Numerical Zero Order
Methods

4

Derivative-free optimization (deterministic) mathematical programming

Trust-region methods (NEWUOA, BOBYQA) [Powell 2006, 2009]

Simplex downhill [Nelder & Mead 1965]

Pattern search [Hook and Jeeves 1961]

Quasi-Newton with estimation of gradient (BFGS) [Broyden et al. 1970]

Stochastic (randomized) search methods

Evolutionary Algorithms (continuous domain)

Differential Evolution [Storm & Price 1997]

Particle Swarm Optimization [Kennedy & Eberhart 1995]

Evolution Strategies [Rechenberg 1965, Hansen & Ostermeier 2001]

Genetic Algorithms [Holland 1975, Goldberg 1989]

Simulated annealing [Kirkpatrick et al. 1983]

Simultaneous perturbation stochastic approximation (SPSA) [Spall 2000]

implicit assumption: # f-evals ≥ 100n
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“local” optimization

“global” optimization



CMA-ES in a nutshell
Covariance Matrix Adaptation Evolution Strategy

Stochastic comparison-based algorithm

Variable-metric method

Robust local search

Parameter-free algorithm

Mature code available in C, Python, C++, Java, R, Matlab/Octave, Fortran
             

   - available at https://www.lri.fr/~hansen/cmaes_inmatlab.html

N. Hansen main driving force behind

state-of-the-art stochastic 
continuous optimizer

algorithm: google Hansen + CMA-ES

https://www.lri.fr/~hansen/cmaes_inmatlab.html
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Connexion with gradient optimization on manifolds (information

geometry)



Which Typical Difficulties Need to be 
Addressed?

f(x) ∈ Rx ∈ R
n

?

The algorithm does not know in advance the features/ difficulties 
of the optimization problem that need to be solved

difficulties related to real-wold problems

Has to be ready to solve any of them



What Makes a Function Difficult to S
Why Comparison-based Stochastic S

non-linear, non-quadratic, non convex

ruggedness

dimensionality (size of the search space)

non-separability

ill-conditioning
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noisy functions



Curse of Dimensionality



Non-separability



Non-separability (cont.)



Ill-conditioned Problems
Curvature of level sets
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CMA-ES High-level Template

: R → R

θ λ

θ
( ) : , . . . , λ ∈ R

, . . . , λ

θ ← (θ, , . . . , λ, ( ), . . . , ( λ))

proba. distribution encodes the belief where good solutions are locatedpθ

F should drive the algorithm to converge towards some optima of the 
objective function

Everything depends on       and pθ F



Sampling Distribution in Evolution Strategies
Multivariate Normal Distributions

m+ σN ( ,C)
:

θ:=(m,C)( ) = √

( π) |C|
exp

�

− ( −m) C
− ( −m)

⇥

m

{ |( −m) C
− ( −m) = }

          favorite (incumbent) solution at a 
given iteration

overall scaling - step-size of the algorithm

C

σ

Symmetric definite positive matrix - 
encodes the geometric shape of the 
distribution

m ∈ R
n

Variable metric method: the multivariate 
normal distribution encodes the underlying 
metric of CMA-ES



CMA-ES High-level Template

: R → R

θ λ

θ
( ) : , . . . , λ ∈ R

, . . . , λ

θ ← (θ, , . . . , λ, ( ), . . . , ( λ))

Next: 

Insights into how              are updated in CMA-ESm, σ, C



Updating the mean vector m



Invariance under Monotonically Increasing 
Transformations of f

Comparison-based algorithm:

Update of all parameters uses only ranking of solutions 

f(x1:λ) ≤ f(x2:λ) ≤ . . . ≤ f(xλ:λ)

f or g � f if g : R 7! R strictly increasing

g � f(x1:λ)  g � f(x2:λ)  . . .  g � f(xλ:λ)

Same ranking on

Invariance to strict. increasing transformations of f
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Updating the Step-size
Why step-size control?
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Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-One Update

Covariance Matrix Adaptation
Rank-One Update

m ← m + σyw, yw =
P

µ

i=1
wi yi:λ, yi ∼ Ni(0,C)

initial distribution, C = I

. . . equations

Anne Auger & Nikolaus Hansen CMA-ES July, 2014 45 / 81
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Covariance Matrix Adaptation
Rank-One Update
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Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-One Update

Covariance Matrix Adaptation
Rank-One Update

m ← m + σyw, yw =
P

µ

i=1
wi yi:λ, yi ∼ Ni(0,C)

new distribution,

C ← 0.8 × C + 0.2 × ywy
T
w

the ruling principle: the adaptation increases the likelihood of

successful steps, yw, to appear again

another viewpoint: the adaptation follows a natural gradient

approximation of the expected fitness
. . . equations
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Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-One Update

Covariance Matrix Adaptation
Rank-One Update

Initialize m ∈ R
n, and C = I, set σ = 1, learning rate ccov ≈ 2/n

2

While not terminate

xi = m + σ yi, yi ∼ Ni(0,C) ,

m ← m + σyw where yw =

µ
X

i=1

wi yi:λ

C ← (1 − ccov)C + ccovµw ywy
T

w
|{z}

rank-one

where µw =
1

P
µ

i=1
wi

2
≥ 1

The rank-one update has been found independently in several domains6 7 8 9

6
Kjellström&Taxén 1981. Stochastic Optimization in System Design, IEEE TCS

7
Hansen&Ostermeier 1996. Adapting arbitrary normal mutation distributions in evolution strategies: The covariance matrix

adaptation, ICEC
8

Ljung 1999. System Identification: Theory for the User
9

Haario et al 2001. An adaptive Metropolis algorithm, JSTOR
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Covariance Matrix Adaptation (CMA) Cumulation—the Evolution Path

Cumulation
Utilizing the Evolution Path
We used ywy

T

w for updating C. Because ywy
T

w = �yw(�yw)
T the sign of yw is lost.

The sign information (signifying correlation between steps) is (re-)introduced by using

the evolution path.

pc  (1� cc)
| {z }

decay factor

pc +
p

1� (1� cc)2
p
µw

| {z }

normalization factor

yw

C  (1� ccov)C + ccov pc pc
T

| {z }

rank-one

where µw = 1P
wi

2
, ccov ⌧ cc ⌧ 1 such that 1/cc is the “backward time horizon”.

. . . resulting inAnne Auger & Nikolaus Hansen CMA-ES July, 2014 51 / 81
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Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-µ Update

Rank-µ Update
xi = m + σ yi, yi ∼ Ni(0,C) ,
m ← m + σyw yw =

P
µ

i=1
wi yi:λ

The rank-µ update extends the update rule for large population sizes λ using

µ > 1 vectors to update C at each generation step.

The weighted empirical covariance matrix

Cµ =

µX

i=1

wi yi:λy
T

i:λ

computes a weighted mean of the outer products of the best µ steps and has

rank min(µ, n) with probability one.

with µ = λ weights can be negative 10

The rank-µ update then reads

C ← (1 − ccov)C + ccov Cµ

where ccov ≈ µw/n
2 and ccov ≤ 1.

10
Jastrebski and Arnold (2006). Improving evolution strategies through active covariance matrix adaptation. CEC.
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Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-µ Update

xi = m + σ yi, yi ∼ N (0, C)

sampling of λ = 150

solutions where

C = I and σ = 1

Cµ = 1

µ

P
yi:λy

T

i:λ

C ← (1 − 1) × C + 1 × Cµ

calculating C where

µ = 50,

w1 = · · · = wµ =
1

µ
,

and ccov = 1

mnew ← m + 1

µ

P
yi:λ

new distribution

Anne Auger & Nikolaus Hansen CMA-ES July, 2014 54 / 81



Covariance Matrix Adaptation (CMA) Covariance Matrix Rank-µ Update

The rank-µ update

increases the possible learning rate in large populations
roughly from 2/n

2 to µw/n
2

can reduce the number of necessary generations roughly from

O(n2) to O(n) (12)

given µw ∝ λ ∝ n

Therefore the rank-µ update is the primary mechanism whenever a

large population size is used
say λ ≥ 3 n + 10

The rank-one update

uses the evolution path and reduces the number of necessary

function evaluations to learn straight ridges from O(n2) to O(n) .

Rank-one update and rank-µ update can be combined

. . . all equations

12
Hansen, Müller, and Koumoutsakos 2003. Reducing the Time Complexity of the Derandomized Evolution Strategy with

Covariance Matrix Adaptation (CMA-ES). Evolutionary Computation, 11(1), pp. 1-18
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CMA-ES Summary

Summary of Equations
The Covariance Matrix Adaptation Evolution Strategy

Input: m ∈ R
n, σ ∈ R+, λ

Initialize: C = I, and pc = 0, pσ = 0,

Set: cc ≈ 4/n, cσ ≈ 4/n, c1 ≈ 2/n
2, cµ ≈ µw/n

2, c1 + cµ ≤ 1, dσ ≈ 1 +
p

µw

n
,

and wi=1...λ such that µw = 1P
µ

i=1
wi

2 ≈ 0.3λ

While not terminate

xi = m + σ yi, yi ∼ Ni(0,C) , for i = 1, . . . ,λ sampling

m ←
Pµ

i=1 wi xi:λ = m + σyw where yw =
Pµ

i=1 wi yi:λ update mean

pc ← (1 − cc) pc + 1I{kpσk<1.5
p

n}

p

1 − (1 − cc)2
√
µw yw cumulation for C

pσ ← (1 − cσ) pσ +
p

1 − (1 − cσ)2
√
µw C

� 1
2 yw cumulation for σ

C ← (1 − c1 − cµ)C + c1 pc pc
T + cµ

Pµ

i=1 wi yi:λy
T
i:λ update C

σ ← σ × exp
⇣

cσ

dσ

⇣

kpσk
EkN(0,I)k − 1

⌘⌘

update of σ

Not covered on this slide: termination, restarts, useful output, boundaries and

encoding

Anne Auger & Nikolaus Hansen CMA-ES July, 2014 57 / 81
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CMA-ES Summary Strategy Internal Parameters

Strategy Internal Parameters
related to selection and recombination

I λ, offspring number, new solutions sampled, population size
I µ, parent number, solutions involved in updates of m, C, and σ

I wi=1,...,µ, recombination weights

related to C-update

I cc, decay rate for the evolution path
I c1, learning rate for rank-one update of C

I cµ, learning rate for rank-µ update of C

related to σ-update

I cσ , decay rate of the evolution path
I dσ , damping for σ-change

Parameters were identified in carefully chosen experimental set ups. Parameters do not in the
first place depend on the objective function and are not meant to be in the users choice.
Only(?) the population size λ (and the initial σ) might be reasonably varied in a wide range,
depending on the objective function

Useful: restarts with increasing population size (IPOP)

Anne Auger & Nikolaus Hansen CMA-ES July, 2014 59 / 81
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CMA-ES Summary The Experimentum Crucis

Experimentum Crucis (0)
What did we want to achieve?

reduce any convex-quadratic function

f (x) = x
T
Hx

e.g. f (x) =
Pn

i=1
10

6
i−1

n−1 x2

i

to the sphere model

f (x) = x
T
x

without use of derivatives

lines of equal density align with lines of equal fitness

C ∝ H
−1

in a stochastic sense
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CMA-ES Summary The Experimentum Crucis

Experimentum Crucis (1)
f convex quadratic, separable
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−10

10
−5

10
0

10
5

10
10

1e−05

1e−08
f=2.66178883753772e−10

blue:abs(f), cyan:f−min(f), green:sigma, red:axis ratio

0 2000 4000 6000
−5

0

5

10

15

x(3)=−6.9109e−

x(4)=−3.8371e−

x(5)=−1.0864e−

x(9)=2.741e−09

x(8)=4.5138e−09

x(7)=2.7147e−08

x(6)=5.6127e−08

x(2)=2.2083e−06

x(1)=3.0931e−06
Object Variables (9−D)

0 2000 4000 6000
10

−4

10
−2

10
0

10
2

Principle Axes Lengths

function evaluations

0 2000 4000 6000
10

−4

10
−2

10
0

10
2

 9

 8

 7

 6

 5

 4

 3

 2

 1
Standard Deviations in Coordinates divided by sigma

function evaluations

f (x) =
Pn

i=1
10

α
i−1

n−1 x2

i ,α = 6
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CMA-ES Summary The Experimentum Crucis

Experimentum Crucis (2)
f convex quadratic, as before but non-separable (rotated)
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f=7.91055728188042e−10
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x(6)=1.2468e−06

x(5)=1.2552e−06

x(1)=2.0052e−06
Object Variables (9−D)
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10

−4

10
−2

10
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10
2

Principle Axes Lengths

function evaluations
0 2000 4000 6000

10
0

 4

 9

 6

 5

 7

 2

 8

 1

 3
Standard Deviations in Coordinates divided by sigma

function evaluations

C ∝ H
−1 for all g,H

f (x) = g
�

x
T
Hx

�

, g : R → R stricly increasing
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Comparing Experiments

Comparison to BFGS, NEWUOA, PSO and DE
f convex quadratic, separable with varying condition number α

0

10
2

10
4

10
6

10
8

10
10

10

1

10

2

10

3

10

4

10

5

10

6

10

7

10

Ellipsoid dimension 20, 21 trials, tolerance 1e−09, eval max 1e+07

Condition number

S
P

1

NEWUOA 

BFGS 

DE2 

PSO 

CMAES 

BFGS (Broyden et al 1970)

NEWUAO (Powell 2004)

DE (Storn & Price 1996)

PSO (Kennedy & Eberhart 1995)

CMA-ES (Hansen & Ostermeier

2001)

f (x) = g(xT
Hx) with

H diagonal

g identity (for BFGS and

NEWUOA)

g any order-preserving = strictly

increasing function (for all other)

SP1 = average number of objective function evaluations14 to reach the target function

value of g−1(10
−9)

14
Auger et.al. (2009): Experimental comparisons of derivative free optimization algorithms, SEA

Anne Auger & Nikolaus Hansen CMA-ES July, 2014 70 / 81



Comparing Experiments

Comparison to BFGS, NEWUOA, PSO and DE
f convex quadratic, non-separable (rotated) with varying condition number α
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BFGS (Broyden et al 1970)

NEWUAO (Powell 2004)

DE (Storn & Price 1996)

PSO (Kennedy & Eberhart 1995)

CMA-ES (Hansen & Ostermeier

2001)

f (x) = g(xT
Hx) with

H full

g identity (for BFGS and

NEWUOA)

g any order-preserving = strictly

increasing function (for all other)

SP1 = average number of objective function evaluations15 to reach the target function

value of g−1(10
−9)

15
Auger et.al. (2009): Experimental comparisons of derivative free optimization algorithms, SEA
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Comparing Experiments

Comparison to BFGS, NEWUOA, PSO and DE
f non-convex, non-separable (rotated) with varying condition number α

0

10
2

10
4

10
6

10
8

10
10

10

1

10

2

10

3

10

4

10

5

10

6

10

7

10
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Condition number

S
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1

NEWUOA 

BFGS 

DE2 

PSO 

CMAES 

BFGS (Broyden et al 1970)

NEWUAO (Powell 2004)

DE (Storn & Price 1996)

PSO (Kennedy & Eberhart 1995)

CMA-ES (Hansen & Ostermeier

2001)

f (x) = g(xT
Hx) with

H full

g : x 7! x1/4 (for BFGS and

NEWUOA)

g any order-preserving = strictly

increasing function (for all other)

SP1 = average number of objective function evaluations16 to reach the target function

value of g−1(10
−9)

16
Auger et.al. (2009): Experimental comparisons of derivative free optimization algorithms, SEA
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Local versus global search - comparisons with BFGS / NEWUOA

Theoretical aspects

Invariance

Connexion with gradient optimization on manifolds (information

geometry)



Invariance

Empirical performance results 
from test functions
from solved real world problems

are only useful if they do generalize to other problems

Invariance is a strong non-empirical statement about 
generalization

generalizing performance from a single function to a whole 
class of functions



Invariances of CMA-ES

Invariance under monotonically increasing functions             
comparison-based

Translation invariance

Rotational invariance

Identical performance



Invariances of CMA-ES (cont.)

Scale invariance

Identical performance on

Affine invariance

Identical performance on f(x) ↔ f (Ax+ b) , A ∈ GL(n,R), b ∈ R
n

Affine invariance

f(x) ↔ f (αx) ,α > 0

⇒

scale invariance
rotational invariance
translation invariance



Invariance for several BB optimizers

comparison-

based
translation scale rotation affine

BFGS X X X X

NEWUOA X X

Nelder-Mead X X X X X

CMA-ES X X X X X

PSO X X X



Connexion with Optimization on Manifolds
Information Geometric Optimization

: R → R

θ λ

θ
( ) : , . . . , λ ∈ R

, . . . , λ

θ ← (θ, , . . . , λ, ( ), . . . , ( λ))

formal way to write part of CMA-ES θ-update as a gradient step on

statistical manifold formed by the family of probability distribution pθ



Connexion with Optimization on Manifolds
Information Geometric Optimization

Transform original problem into optimization problem on 
the statistical manifold 

(θ) =
�

( )
θ
( )

Wiestra et al. Natural Evolution Strategies, CEC 2008
Sun et al. Efficient natural evolution strategies GECCO 2009
Glasmachers et al. Exponential NES GECCO 2010

not invariant to mont. transformation of f

Ollivier et al. Information-Geometric Optimization Algorithms: A 
Unifying Picture via Invariance Principles, arXiv

Θ
θ

θ
(θ) =

�
( θ [ : ( ) � ( )])

θ
( )

: [ , ] ⇤⇥ R



Connexion with Optimization on Manifolds
Information Geometric Optimization

Perform a natural gradient step on Θ

=
�

∂ log
θ
( )

∂θ

∂ log
θ
( )

∂θ θ
( )

�̃θ =
− ∂

∂θ

θ +δ = θ + δ ⇥̃
θ
(θ)|θ=θ

= θ + δ

�
(

θ
[ : ( ) � ( )])⇥̃θ ln θ

( ) |
θ=θ θ

( )



Monte Carlo approximation of the integral

∼
θ
( ), = , . . .λ

θ +δ = θ + δ

�
(

θ
[ : ( ) � ( )])⇥̃θ ln θ

( ) |
θ=θ θ

( )

θ + = θ + δ
λ

λ�

=

( )�̃θ ln θ
( )

Connexion with Optimization on Manifolds
Information Geometric Optimization

x ∼ N ( , ), = . . . ,λ

+δ = + δ
λ

�λ

=
( (x ))(x − )

+δ = + δ
λ

�λ

=
( (x ))( − )( − ) −

CMA-ES with rank-mu update

θ
θ = (m,C)

Akimoto et al. Bidirectional relation between CMA evolution strategies and natural evolution strategies, 2010 PPSN XI



Summary and Final Remarks

Limitations
of CMA Evolution Strategies

internal CPU-time: 10
−8n2 seconds per function evaluation on a 2GHz

PC, tweaks are available
1 000 000 f -evaluations in 100-D take 100 seconds internal CPU-time

better methods are presumably available in case of

I partly separable problems

I specific problems, for example with cheap gradients
specific methods

I small dimension (n ⌧ 10)
for example Nelder-Mead

I small running times (number of f -evaluations < 100n)
model-based methods
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Thank you!



Comparing Experiments

Comparison during BBOB at GECCO 2009
24 functions and 31 algorithms in 20-D
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Comparing Experiments

Comparison during BBOB at GECCO 2010
24 functions and 20+ algorithms in 20-D
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Comparing Experiments

Comparison during BBOB at GECCO 2009
30 noisy functions and 20 algorithms in 20-D
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Comparing Experiments

Comparison during BBOB at GECCO 2010
30 noisy functions and 10+ algorithms in 20-D
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