


❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❖✉t❧✐♥❡

✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ t❤❡ ❘❊▼❇❖ ♠❡t❤♦❞ ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

✷ ■♠♣r♦✈❡♠❡♥t✿ ❛ ♥❡✇ ❦❡r♥❡❧ ✇✐t❤ ✐♥♣✉t ✇❛r♣✐♥❣

✸ ❊①t❡♥s✐♦♥ t♦ ▼✉❧t✐✲❖❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥

✹ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥

✺ ❈♦♥❝❧✉s✐♦♥

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❖✉t❧✐♥❡

✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ t❤❡ ❘❊▼❇❖ ♠❡t❤♦❞ ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

✷ ■♠♣r♦✈❡♠❡♥t✿ ❛ ♥❡✇ ❦❡r♥❡❧ ✇✐t❤ ✐♥♣✉t ✇❛r♣✐♥❣

✸ ❊①t❡♥s✐♦♥ t♦ ▼✉❧t✐✲❖❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥

✹ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥

✺ ❈♦♥❝❧✉s✐♦♥

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

Pr♦❜❧❡♠ ❞❡s❝r✐♣t✐♦♥

▲❡t ✉s ❝♦♥s✐❞❡r ❛♥ ❡①♣❡♥s✐✈❡✲t♦✲❡✈❛❧✉❛t❡ ❜❧❛❝❦ ❜♦① s✐♠✉❧❛t♦r✿

f : X ⊂ R
D → G

❚❤❡ ❡✈❛❧✉❛t✐♦♥ ❜✉❞❣❡t ✐s ✈❡r② s♠❛❧❧✱ ✇✐t❤ D ≫ ✶✳

❍❡r❡ X = [−✶, ✶]D ✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❜♦① ❝♦♥str❛✐♥ts✳

❲❡ ✇❛♥t t♦ ♦♣t✐♠✐③❡ f ✇❤❡♥✿

G = R✱ ♠♦♥♦✲♦❜❥❡❝t✐✈❡ ❝❛s❡✱

G = R
m✱ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ✭♦r ❝♦♥str❛✐♥❡❞✮ ❝❛s❡

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✸ ✴ ✸✵





❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

●❛✉ss✐❛♥ Pr♦❝❡ss ❘❡❣r❡ss✐♦♥ ✲ ❑r✐❣✐♥❣

Pr✐♦r✿ f ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ●❛✉ss✐❛♥ Pr♦❝❡ss ✭●P✮ ❩✳
❆ ●P ✐s ❢✉❧❧② ❞❡t❡r♠✐♥❡❞ ❜② ✐ts ♠❡❛♥ ❛♥❞ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ k ❢✉♥❝t✐♦♥s✳

❩ ∼ GRF (✵, k(·, ·)) ✭❙✐♠♣❧❡ ❑r✐❣✐♥❣✮✳

❩ ∼ GRF (g(·, β), k(·, ·)) ✇✐t❤ g(x , β) =
p∑

i=✶
hi (x)βi ✱ t❤❡ hi ❛r❡

❦♥♦✇♥ ❜❛s✐s ❢✉♥❝t✐♦♥s ✭❯♥✐✈❡rs❛❧ ❑r✐❣✐♥❣✮✳

P♦st❡r✐♦r✿ ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ n ♦❜s❡r✈❛t✐♦♥s An = (Z (①✶), . . . ,Z (①n))
= (f (①✶), . . . , f (①n))✱ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢ ❩ ❛t ❛♥② ♣♦✐♥t ① ✐s st✐❧❧
●❛✉ss✐❛♥✿

❑r✐❣✐♥❣ ♠❡❛♥✿ mn(①)

❑r✐❣✐♥❣ ✈❛r✐❛♥❝❡✿ s✷n(①)

L(Z (①)|An) = N (mn(①), s
✷
n(①))

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✹ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❇❛②❡s✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ✲ ❊①♣❡❝t❡❞ ■♠♣r♦✈❡♠❡♥t

❇❛②❡s✐❛♥ ♦♣t✐♠✐③❛t✐♦♥

❙❡q✉❡♥t✐❛❧ ❞❡s✐❣♥ str❛t❡❣② ❜❛s❡❞ ♦♥ ❛ ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❢✉♥❝t✐♦♥s t♦ ❞❡✜♥❡
❛♥ ❛❝q✉✐s✐t✐♦♥ ❢✉♥❝t✐♦♥ ✭❡✳❣✳ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♠♣r♦✈❡♠❡♥t✱ ❊①♣❡❝t❡❞
■♠♣r♦✈❡♠❡♥t ✭❊■✮ ❬❏❙❲✾✽❪✱ ✉♣♣❡r ❝♦♥✜❞❡♥❝❡ ❜♦✉♥❞s✮

■♠♣r♦✈❡♠❡♥t ❞❡✜♥❡❞ ❛s✿
❉

✵
✇✐t❤ t❤❡ ❝✉rr❡♥t ♠✐♥✐♠✉♠✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✺ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❇❛②❡s✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ✲ ❊①♣❡❝t❡❞ ■♠♣r♦✈❡♠❡♥t

❇❛②❡s✐❛♥ ♦♣t✐♠✐③❛t✐♦♥

❙❡q✉❡♥t✐❛❧ ❞❡s✐❣♥ str❛t❡❣② ❜❛s❡❞ ♦♥ ❛ ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❢✉♥❝t✐♦♥s t♦ ❞❡✜♥❡
❛♥ ❛❝q✉✐s✐t✐♦♥ ❢✉♥❝t✐♦♥ ✭❡✳❣✳ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♠♣r♦✈❡♠❡♥t✱ ❊①♣❡❝t❡❞
■♠♣r♦✈❡♠❡♥t ✭❊■✮ ❬❏❙❲✾✽❪✱ ✉♣♣❡r ❝♦♥✜❞❡♥❝❡ ❜♦✉♥❞s✮

■♠♣r♦✈❡♠❡♥t ❞❡✜♥❡❞ ❛s✿ I :
❉ → R

+

u 7→ max {fmin − u, ✵}
✇✐t❤ fmin t❤❡ ❝✉rr❡♥t ♠✐♥✐♠✉♠✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✺ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❇❛②❡s✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ✲ ❊①♣❡❝t❡❞ ■♠♣r♦✈❡♠❡♥t

❇❛②❡s✐❛♥ ♦♣t✐♠✐③❛t✐♦♥

❙❡q✉❡♥t✐❛❧ ❞❡s✐❣♥ str❛t❡❣② ❜❛s❡❞ ♦♥ ❛ ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❢✉♥❝t✐♦♥s t♦ ❞❡✜♥❡
❛♥ ❛❝q✉✐s✐t✐♦♥ ❢✉♥❝t✐♦♥ ✭❡✳❣✳ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♠♣r♦✈❡♠❡♥t✱ ❊①♣❡❝t❡❞
■♠♣r♦✈❡♠❡♥t ✭❊■✮ ❬❏❙❲✾✽❪✱ ✉♣♣❡r ❝♦♥✜❞❡♥❝❡ ❜♦✉♥❞s✮

■♠♣r♦✈❡♠❡♥t ❞❡✜♥❡❞ ❛s✿ I :
❉ → R

+

u 7→ max {fmin − u, ✵}
✇✐t❤ fmin t❤❡ ❝✉rr❡♥t ♠✐♥✐♠✉♠✳

❊①♣❡❝t❡❞ ■♠♣r♦✈❡♠❡♥t

E [I (①)|An] = (fmin −mn(①)) Φ
(
fmin−mn(①)

sn(①)

)
+ sn(①)φ

(
fmin−mn(①)

sn(①)

)

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✺ ✴ ✸✵

























❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❈❤♦✐❝❡ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧ ❢♦r s❡q✉❡♥t✐❛❧ ♦♣t✐♠✐③❛t✐♦♥

❚✇♦ ❝♦✈❛r✐❛♥❝❡ ❦❡r♥❡❧s ❛r❡ ♣r♦♣♦s❡❞ ✐♥ ❬❲❩▼✶✸❪✿

❦❡r♥❡❧ ❞❡✜♥❡❞ ❜❡t✇❡❡♥ ♣♦✐♥ts ♦❢ Y✱ ❢♦r ✐♥st❛♥❝❡

kY(②, ②✬) = exp(−‖②−②′‖✷
d

✷l✷ ✮

❦r✐❣✐♥❣ ✐♥ ❞✐♠❡♥s✐♦♥ d

s✉✛❡rs ❢r♦♠ t❤❡ ♥♦♥✲✐♥❥❡❝t✐✈✐t② ♦❢ t❤❡ ♠❛♣♣✐♥❣

❦❡r♥❡❧ ❞❡✜♥❡❞ ❜❡t✇❡❡♥ ♣r♦❥❡❝t✐♦♥s ✐♥ X ✱ ❢♦r ✐♥st❛♥❝❡

kX (②, ②✬) = exp(−‖pX (❆②)−pX (❆②′)‖✷
D

✷l✷ ✮

❦r✐❣✐♥❣ ✐♥ ❞✐♠❡♥s✐♦♥ D

♥♦ ♣r♦❜❧❡♠ ✇✐t❤ ♥♦♥✲✐♥❥❡❝t✐✈✐t②

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✽ ✴ ✸✵







❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❙❡❧❡❝t✐♥❣ t❤❡ s✐③❡ ♦❢ Y
■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ✇✐t❤ ♣r♦❜❛❜✐❧✐t② (✶− ǫ)✱ ‖②∗‖✷ ≤ de

ǫ
❬❲❩▼✶✸❪✳

→ Y s❤♦✉❧❞ ❜❡ t❛❦❡♥ ❛s ❧❛r❣❡ ❛s ♣♦ss✐❜❧❡ t♦ ❜❡ s✉r❡ t♦ ✜♥❞ t❤❡ ♦♣t✐♠✉♠✳

❇✉t t❛❦✐♥❣ Y t♦♦ ❧❛r❣❡✿

❝❛✉s❡s ♣r♦❜❧❡♠s ✇✐t❤ kY ♦r kX
r❡♥❞❡rs t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❊①♣❡❝t❡❞ ■♠♣r♦✈❡♠❡♥t ✐♥tr❛❝t❛❜❧❡

❆s ❛ ❝♦♠♣r♦♠✐s❡✱ ✐s s❡t t♦ ❛♥❞ ❡✐t❤❡r

✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t
t❤❡ ❡✈❛❧✉❛t✐♦♥ ❜✉❞❣❡t ✐s s♣❧✐t ❜❡t✇❡❡♥ s❡✈❡r❛❧ r❛♥❞♦♠ ❡♠❜❡❞❞✐♥❣s

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✶ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❙❡❧❡❝t✐♥❣ t❤❡ s✐③❡ ♦❢ Y
■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ✇✐t❤ ♣r♦❜❛❜✐❧✐t② (✶− ǫ)✱ ‖②∗‖✷ ≤ de

ǫ
❬❲❩▼✶✸❪✳

→ Y s❤♦✉❧❞ ❜❡ t❛❦❡♥ ❛s ❧❛r❣❡ ❛s ♣♦ss✐❜❧❡ t♦ ❜❡ s✉r❡ t♦ ✜♥❞ t❤❡ ♦♣t✐♠✉♠✳

❇✉t t❛❦✐♥❣ Y t♦♦ ❧❛r❣❡✿

❝❛✉s❡s ♣r♦❜❧❡♠s ✇✐t❤ kY ♦r kX
r❡♥❞❡rs t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ❊①♣❡❝t❡❞ ■♠♣r♦✈❡♠❡♥t ✐♥tr❛❝t❛❜❧❡

❆s ❛ ❝♦♠♣r♦♠✐s❡✱ Y ✐s s❡t t♦ [−
√
d ,

√
d ]d ❛♥❞ ❡✐t❤❡r

d ✐s ❞❡✜♥❡❞ s✉❝❤ t❤❛t d > de
t❤❡ ❡✈❛❧✉❛t✐♦♥ ❜✉❞❣❡t ✐s s♣❧✐t ❜❡t✇❡❡♥ s❡✈❡r❛❧ r❛♥❞♦♠ ❡♠❜❡❞❞✐♥❣s

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✶ ✴ ✸✵











❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❖✉t❧✐♥❡

✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ t❤❡ ❘❊▼❇❖ ♠❡t❤♦❞ ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

✷ ■♠♣r♦✈❡♠❡♥t✿ ❛ ♥❡✇ ❦❡r♥❡❧ ✇✐t❤ ✐♥♣✉t ✇❛r♣✐♥❣

✸ ❊①t❡♥s✐♦♥ t♦ ▼✉❧t✐✲❖❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥

✹ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥

✺ ❈♦♥❝❧✉s✐♦♥

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✶ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t✐♦♥s ✲ ❞❡r✐✈❛t✐♦♥

❖❜❥❡❝t✐✈❡✿ ❈r❡❛t✐♥❣ ❛ ❦❡r♥❡❧ ✇✐t❤ t❤❡ ❜❡♥❡✜ts ♦❢ ❜♦t❤ kY ❛♥❞ kX ✿

♥♦t ❛✛❡❝t❡❞ ❜② ♥♦♥✲✐♥❥❡❝t✐✈✐t②

❛❝❝♦✉♥t✐♥❣ ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s

✇♦r❦✐♥❣ ✐♥ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

s❝❛❧❛❜❧❡ ✇✐t❤ ❤✐❣❤ D ❛♥❞ ✇✐t❤ ♠♦❞❡r❛t❡ d

❘❡♠❛r❦✿ ② ② ❡①♣ ✉ ② ✉ ②
✷ ✷ ✷ ✇❤❡r❡ ✉

✉ ② ❆② ✐s ❛ ✇❛r♣✐♥❣ ♦❢ t❤❡ ✐♥♣✉t s♣❛❝❡ ❬❘❛s✵✻❪✳

❖✉r ♣r♦♣♦s❡❞ ❦❡r♥❡❧ ✐♥t❡❣r❛t❡s ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s ✇❛r♣✐♥❣ ✇✐t❤✿

✶ ❇❛❝❦ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ ❘❛♥ ❆ ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ✇❛r♣❡❞ ♣♦✐♥ts✱ ✉s✐♥❣
t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❆ ✱ ❆ ① ❆ ❆ ❆ ✶❆ ①

✷ ❉✐st♦rt✐♦♥ ♦❢ t❤♦s❡ ❜❛❝❦ ♣r♦❥❡❝t✐♦♥ t♦ ❛✈♦✐❞ ♣♦ss✐❜❧❡ ✐♥st❛t✐♦♥❛r✐t②
♣r♦❜❧❡♠s✱ ❢r♦♠ ❛ ♣✐✈♦t ♣♦✐♥t

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✷ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t✐♦♥s ✲ ❞❡r✐✈❛t✐♦♥

❖❜❥❡❝t✐✈❡✿ ❈r❡❛t✐♥❣ ❛ ❦❡r♥❡❧ ✇✐t❤ t❤❡ ❜❡♥❡✜ts ♦❢ ❜♦t❤ kY ❛♥❞ kX ✿

♥♦t ❛✛❡❝t❡❞ ❜② ♥♦♥✲✐♥❥❡❝t✐✈✐t②

❛❝❝♦✉♥t✐♥❣ ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s

✇♦r❦✐♥❣ ✐♥ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

s❝❛❧❛❜❧❡ ✇✐t❤ ❤✐❣❤ D ❛♥❞ ✇✐t❤ ♠♦❞❡r❛t❡ d

❘❡♠❛r❦✿ kX (②, ②
′) = ❡①♣(−‖✉(②)− ✉(②′)‖✷D /✷l✷) ✇❤❡r❡ ✉ : Y → X ,

✉(②) = pX (❆②) ✐s ❛ ✇❛r♣✐♥❣ ♦❢ t❤❡ ✐♥♣✉t s♣❛❝❡ Y ❬❘❛s✵✻❪✳

❖✉r ♣r♦♣♦s❡❞ ❦❡r♥❡❧ ✐♥t❡❣r❛t❡s ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s ✇❛r♣✐♥❣ ✇✐t❤✿

✶ ❇❛❝❦ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ ❘❛♥ ❆ ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ✇❛r♣❡❞ ♣♦✐♥ts✱ ✉s✐♥❣
t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ ❆ ✱ ❆ ① ❆ ❆ ❆ ✶❆ ①

✷ ❉✐st♦rt✐♦♥ ♦❢ t❤♦s❡ ❜❛❝❦ ♣r♦❥❡❝t✐♦♥ t♦ ❛✈♦✐❞ ♣♦ss✐❜❧❡ ✐♥st❛t✐♦♥❛r✐t②
♣r♦❜❧❡♠s✱ ❢r♦♠ ❛ ♣✐✈♦t ♣♦✐♥t

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✷ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t✐♦♥s ✲ ❞❡r✐✈❛t✐♦♥

❖❜❥❡❝t✐✈❡✿ ❈r❡❛t✐♥❣ ❛ ❦❡r♥❡❧ ✇✐t❤ t❤❡ ❜❡♥❡✜ts ♦❢ ❜♦t❤ kY ❛♥❞ kX ✿

♥♦t ❛✛❡❝t❡❞ ❜② ♥♦♥✲✐♥❥❡❝t✐✈✐t②

❛❝❝♦✉♥t✐♥❣ ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s

✇♦r❦✐♥❣ ✐♥ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

s❝❛❧❛❜❧❡ ✇✐t❤ ❤✐❣❤ D ❛♥❞ ✇✐t❤ ♠♦❞❡r❛t❡ d

❘❡♠❛r❦✿ kX (②, ②
′) = ❡①♣(−‖✉(②)− ✉(②′)‖✷D /✷l✷) ✇❤❡r❡ ✉ : Y → X ,

✉(②) = pX (❆②) ✐s ❛ ✇❛r♣✐♥❣ ♦❢ t❤❡ ✐♥♣✉t s♣❛❝❡ Y ❬❘❛s✵✻❪✳

❖✉r ♣r♦♣♦s❡❞ ❦❡r♥❡❧ ✐♥t❡❣r❛t❡s ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s ✇❛r♣✐♥❣ ✇✐t❤✿

✶ ❇❛❝❦ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ ❘❛♥(❆) ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ✇❛r♣❡❞ ♣♦✐♥ts✱ ✉s✐♥❣
t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ p❆ : X 7→ R

D ✱ p❆(①) = ❆(❆T❆)−✶❆T①

✷ ❉✐st♦rt✐♦♥ ♦❢ t❤♦s❡ ❜❛❝❦ ♣r♦❥❡❝t✐♦♥ t♦ ❛✈♦✐❞ ♣♦ss✐❜❧❡ ✐♥st❛t✐♦♥❛r✐t②
♣r♦❜❧❡♠s✱ ❢r♦♠ ❛ ♣✐✈♦t ♣♦✐♥t

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✷ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t✐♦♥s ✲ ❞❡r✐✈❛t✐♦♥

❖❜❥❡❝t✐✈❡✿ ❈r❡❛t✐♥❣ ❛ ❦❡r♥❡❧ ✇✐t❤ t❤❡ ❜❡♥❡✜ts ♦❢ ❜♦t❤ kY ❛♥❞ kX ✿

♥♦t ❛✛❡❝t❡❞ ❜② ♥♦♥✲✐♥❥❡❝t✐✈✐t②

❛❝❝♦✉♥t✐♥❣ ❢♦r ❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s

✇♦r❦✐♥❣ ✐♥ ❛ ❧♦✇✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

s❝❛❧❛❜❧❡ ✇✐t❤ ❤✐❣❤ D ❛♥❞ ✇✐t❤ ♠♦❞❡r❛t❡ d

❘❡♠❛r❦✿ kX (②, ②
′) = ❡①♣(−‖✉(②)− ✉(②′)‖✷D /✷l✷) ✇❤❡r❡ ✉ : Y → X ,

✉(②) = pX (❆②) ✐s ❛ ✇❛r♣✐♥❣ ♦❢ t❤❡ ✐♥♣✉t s♣❛❝❡ Y ❬❘❛s✵✻❪✳

❖✉r ♣r♦♣♦s❡❞ ❦❡r♥❡❧ ✐♥t❡❣r❛t❡s ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ t❤✐s ✇❛r♣✐♥❣ ✇✐t❤✿

✶ ❇❛❝❦ ♣r♦❥❡❝t✐♦♥ ♦♥t♦ ❘❛♥(❆) ♦❢ ♣♦✐♥ts ♦❢ t❤❡ ✇❛r♣❡❞ ♣♦✐♥ts✱ ✉s✐♥❣
t❤❡ ♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t✐♦♥ p❆ : X 7→ R

D ✱ p❆(①) = ❆(❆T❆)−✶❆T①

✷ ❉✐st♦rt✐♦♥ ♦❢ t❤♦s❡ ❜❛❝❦ ♣r♦❥❡❝t✐♦♥ t♦ ❛✈♦✐❞ ♣♦ss✐❜❧❡ ✐♥st❛t✐♦♥❛r✐t②
♣r♦❜❧❡♠s✱ ❢r♦♠ ❛ ♣✐✈♦t ♣♦✐♥t

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✷ ✴ ✸✵









❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ❞✐st♦rt✐♦♥

❊①❛♠♣❧❡ ✭d = ✷✱ D = ✸✮

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✹ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ❞✐st♦rt✐♦♥

❊①❛♠♣❧❡ ✭d = ✷✱ D = ✸✮

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✹ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ❞✐st♦rt✐♦♥

❊①❛♠♣❧❡ ✭d = ✷✱ D = ✸✮

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✹ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ❞✐st♦rt✐♦♥

❊①❛♠♣❧❡ ✭d = ✷✱ D = ✸✮

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✹ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

▼♦t✐✈❛t✐♦♥ ❢♦r t❤❡ ❞✐st♦rt✐♦♥

❊①❛♠♣❧❡ ✭d = ✷✱ D = ✸✮

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✹ ✴ ✸✵











❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❖✉t❧✐♥❡

✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ t❤❡ ❘❊▼❇❖ ♠❡t❤♦❞ ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

✷ ■♠♣r♦✈❡♠❡♥t✿ ❛ ♥❡✇ ❦❡r♥❡❧ ✇✐t❤ ✐♥♣✉t ✇❛r♣✐♥❣

✸ ❊①t❡♥s✐♦♥ t♦ ▼✉❧t✐✲❖❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥

✹ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥

✺ ❈♦♥❝❧✉s✐♦♥

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✼ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❈♦♥❝❡♣ts ✐♥ ▼✉❧t✐✲♦❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥ ✭▼❖❖✮

❆ s♦❧✉t✐♦♥ ♠✐♥✐♠✐③✐♥❣ ❡✈❡r② ♦❜❥❡❝t✐✈❡ ❛t ♦♥❝❡ ✉s✉❛❧❧② ❞♦❡s ♥♦t ❡①✐st✳

P❛r❡t♦ ❞♦♠✐♥❛♥❝❡

❱❡❝t♦r ❆ ❞♦♠✐♥❛t❡s ✈❡❝t♦r ❇ ✐❢✿

✶ ✱

✶

P❛r❡t♦ ♦♣t✐♠❛❧✐t②

✐s P❛r❡t♦ ♦♣t✐♠❛❧ ✐❢ ✐t ✐s
♥♦♥✲❞♦♠✐♥❛t❡❞✳

P❛r❡t♦ s❡t✿ s❡t ♦❢ ❛❧❧ ♦♣t✐♠❛❧ ♣♦✐♥ts ✐♥ t❤❡ ✈❛r✐❛❜❧❡ s♣❛❝❡

P❛r❡t♦ ❢r♦♥t✿ ✐♠❛❣❡ ♦❢ t❤❡ P❛r❡t♦ s❡t ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡ s♣❛❝❡

❖♣t✐♠✐③❡rs r❡t✉r♥ ♥♦♥✲❞♦♠✐♥❛t❡❞ ♣♦✐♥ts ❝❧♦s❡ t♦ t❤❡ P❛r❡t♦ ❢r♦♥t

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✽ ✴ ✸✵











❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❊①t❡♥s✐♦♥ t♦ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ✭♦r ❝♦♥str❛✐♥❡❞✮ ♦♣t✐♠✐③❛t✐♦♥

▲❡♠♠❛

❆ss✉♠❡ f = (f✶, . . . , fm)✱ ✇❤❡r❡ ❢✉♥❝t✐♦♥s fi : R
D 7→ R, (✶ ≤ i ≤ m) ❤❛✈❡

❡✛❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥❛❧✐t✐❡s dei ✭❡✛❡❝t✐✈❡ s✉❜s♣❛❝❡ τi ✮ ❛♥❞ ❛ r❛♥❞♦♠ ♠❛tr✐①

❆ ∈ R
D×d ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ❡♥tr✐❡s s❛♠♣❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ N (✵, ✶)✱

d ≥ ❘❛♥❦

(
m⊕
i=✶

τi

)
✳ ❚❤❡♥✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱ ❢♦r ❛♥② ① ∈ R

D ✱ ∃② ∈ R
d

s✉❝❤ t❤❛t f (①) = f (❆②)✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✾ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❊①t❡♥s✐♦♥ t♦ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ✭♦r ❝♦♥str❛✐♥❡❞✮ ♦♣t✐♠✐③❛t✐♦♥

▲❡♠♠❛

❆ss✉♠❡ f = (f✶, . . . , fm)✱ ✇❤❡r❡ ❢✉♥❝t✐♦♥s fi : R
D 7→ R, (✶ ≤ i ≤ m) ❤❛✈❡

❡✛❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥❛❧✐t✐❡s dei ✭❡✛❡❝t✐✈❡ s✉❜s♣❛❝❡ τi ✮ ❛♥❞ ❛ r❛♥❞♦♠ ♠❛tr✐①

❆ ∈ R
D×d ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ❡♥tr✐❡s s❛♠♣❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ N (✵, ✶)✱

d ≥ ❘❛♥❦

(
m⊕
i=✶

τi

)
✳ ❚❤❡♥✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱ ❢♦r ❛♥② ① ∈ R

D ✱ ∃② ∈ R
d

s✉❝❤ t❤❛t f (①) = f (❆②)✳

❙❦❡t❝❤ ♦❢ ♣r♦♦❢

❊①t❡♥s✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷ ❢r♦♠ ❬❲❩▼✶✸❪ ✱ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❣❧♦❜❛❧ ❡✛❡❝t✐✈❡
s✉❜s♣❛❝❡ T ⊂ R

D ✳
❋✐rst st❡♣✿ ❡①❤✐❜✐t ❛ ② s✉❝❤ t❤❛t f (①) = f (①T + ①⊥) = f (②)✳
❙❡❝♦♥❞ st❡♣✿ ✉s✐♥❣ t❤❛t ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶ t❤❡ ♠❛tr✐① ❆ ❤❛s r❛♥❦ d ✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✾ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❊①t❡♥s✐♦♥ t♦ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ✭♦r ❝♦♥str❛✐♥❡❞✮ ♦♣t✐♠✐③❛t✐♦♥

▲❡♠♠❛

❆ss✉♠❡ f = (f✶, . . . , fm)✱ ✇❤❡r❡ ❢✉♥❝t✐♦♥s fi : R
D 7→ R, (✶ ≤ i ≤ m) ❤❛✈❡

❡✛❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥❛❧✐t✐❡s dei ✭❡✛❡❝t✐✈❡ s✉❜s♣❛❝❡ τi ✮ ❛♥❞ ❛ r❛♥❞♦♠ ♠❛tr✐①

❆ ∈ R
D×d ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ❡♥tr✐❡s s❛♠♣❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ N (✵, ✶)✱

d ≥ ❘❛♥❦

(
m⊕
i=✶

τi

)
✳ ❚❤❡♥✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱ ❢♦r ❛♥② ① ∈ R

D ✱ ∃② ∈ R
d

s✉❝❤ t❤❛t f (①) = f (❆②)✳

❘❡♠❛r❦✿ ✇❤❡♥ X ✐s ❜♦✉♥❞❡❞✱ t❤✐s ✐s st✐❧❧ tr✉❡ ✐❢ t❤❡ τi ❛r❡ ❛❧✐❣♥❡❞ ✇✐t❤
t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✾ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❊①t❡♥s✐♦♥ t♦ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ✭♦r ❝♦♥str❛✐♥❡❞✮ ♦♣t✐♠✐③❛t✐♦♥

▲❡♠♠❛

❆ss✉♠❡ f = (f✶, . . . , fm)✱ ✇❤❡r❡ ❢✉♥❝t✐♦♥s fi : R
D 7→ R, (✶ ≤ i ≤ m) ❤❛✈❡

❡✛❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥❛❧✐t✐❡s dei ✭❡✛❡❝t✐✈❡ s✉❜s♣❛❝❡ τi ✮ ❛♥❞ ❛ r❛♥❞♦♠ ♠❛tr✐①

❆ ∈ R
D×d ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ❡♥tr✐❡s s❛♠♣❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ N (✵, ✶)✱

d ≥ ❘❛♥❦

(
m⊕
i=✶

τi

)
✳ ❚❤❡♥✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱ ❢♦r ❛♥② ① ∈ R

D ✱ ∃② ∈ R
d

s✉❝❤ t❤❛t f (①) = f (❆②)✳

❘❡♠❛r❦✿ ✇❤❡♥ X ✐s ❜♦✉♥❞❡❞✱ t❤✐s ✐s st✐❧❧ tr✉❡ ✐❢ t❤❡ τi ❛r❡ ❛❧✐❣♥❡❞ ✇✐t❤
t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s✳

Pr♦❜❧❡♠✿ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠♦♥♦✲♦❜❥❡❝t✐✈❡ ❝❛s❡✱ t❤❡ r✐s❦ ♦❢ ♠✐ss✐♥❣ ♣❛rts
♦❢ t❤❡ P❛r❡t♦ ❢r♦♥t ✐s ❡✈❡♥ ❤✐❣❤❡r✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✾ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❊①t❡♥s✐♦♥ t♦ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ✭♦r ❝♦♥str❛✐♥❡❞✮ ♦♣t✐♠✐③❛t✐♦♥

▲❡♠♠❛

❆ss✉♠❡ f = (f✶, . . . , fm)✱ ✇❤❡r❡ ❢✉♥❝t✐♦♥s fi : R
D 7→ R, (✶ ≤ i ≤ m) ❤❛✈❡

❡✛❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥❛❧✐t✐❡s dei ✭❡✛❡❝t✐✈❡ s✉❜s♣❛❝❡ τi ✮ ❛♥❞ ❛ r❛♥❞♦♠ ♠❛tr✐①

❆ ∈ R
D×d ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ❡♥tr✐❡s s❛♠♣❧❡❞ ❛❝❝♦r❞✐♥❣ t♦ N (✵, ✶)✱

d ≥ ❘❛♥❦

(
m⊕
i=✶

τi

)
✳ ❚❤❡♥✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✱ ❢♦r ❛♥② ① ∈ R

D ✱ ∃② ∈ R
d

s✉❝❤ t❤❛t f (①) = f (❆②)✳

❘❡♠❛r❦✿ ✇❤❡♥ X ✐s ❜♦✉♥❞❡❞✱ t❤✐s ✐s st✐❧❧ tr✉❡ ✐❢ t❤❡ τi ❛r❡ ❛❧✐❣♥❡❞ ✇✐t❤
t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s✳

Pr♦❜❧❡♠✿ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠♦♥♦✲♦❜❥❡❝t✐✈❡ ❝❛s❡✱ t❤❡ r✐s❦ ♦❢ ♠✐ss✐♥❣ ♣❛rts
♦❢ t❤❡ P❛r❡t♦ ❢r♦♥t ✐s ❡✈❡♥ ❤✐❣❤❡r✳

❉✐✛❡r❡♥❝❡✿ ✉s❡ ♦❢ ❛ ♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ✈❡rs✐♦♥ ♦❢ t❤❡ ❊■✱ ❡✳❣✳ t❤❡ ❊①♣❡❝t❡❞
❍②♣❡r✈♦❧✉♠❡ ■♠♣r♦✈❡♠❡♥t ❬❊❉❑✶✶❪

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✶✾ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❙❡❧❡❝t✐♥❣ ❜♦✉♥❞s ❢♦r Y ✭❝♦♥t✬❞✮

Pr♦❜❧❡♠✿ ❡♥s✉r✐♥❣ t❤❛t ❛♥ ♦♣t✐♠✉♠✴t❤❡ P❛r❡t♦ s❡t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Y
▼✐♥✐♠❛❧ ❞♦♠❛✐♥ Z
❚❤❡ ♠✐♥✐♠❛❧ st❛r ❞♦♠❛✐♥ Z ⊂ R

d ✇✐t❤ ❛ ♦♥❡ t♦ ♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤
pX (❆R

d) ✐s✿ Z =
{
② ∈ R

d , ∀① ∈ pX (❆R
d), ∃!② s✳t✳ ① = pX (❆②)

}

✶ ✶

✶ ✇✐t❤ ② ✶ ② ✶

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✵ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❙❡❧❡❝t✐♥❣ ❜♦✉♥❞s ❢♦r Y ✭❝♦♥t✬❞✮

Pr♦❜❧❡♠✿ ❡♥s✉r✐♥❣ t❤❛t ❛♥ ♦♣t✐♠✉♠✴t❤❡ P❛r❡t♦ s❡t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ Y
▼✐♥✐♠❛❧ ❞♦♠❛✐♥ Z
❚❤❡ ♠✐♥✐♠❛❧ st❛r ❞♦♠❛✐♥ Z ⊂ R

d ✇✐t❤ ❛ ♦♥❡ t♦ ♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤
pX (❆R

d) ✐s✿ Z =
{
② ∈ R

d , ∀① ∈ pX (❆R
d), ∃!② s✳t✳ ① = pX (❆②)

}

Z =
⋃

✶≤i✶<···<id≤D

(Hi✶ ∩ · · · ∩ Hid ) ✇✐t❤ Hi =
{
② ∈ R

d ,−✶ ≤ Ai② ≤ ✶
}

d ✷✱ D ✼
▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✵ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❙❡❧❡❝t✐♥❣ ❜♦✉♥❞s ❢♦r Y ✭❝♦♥t✬❞✮

■♥ ♣r❛❝t✐❝❡✱ Y ✐s ❛♥ ❤②♣❡r❝✉❜❡✿ Y = [−γ, γ]d ✳
→ ❍♦✇ t♦ s❡❧❡❝t γ s✳t✳ Z ⊂ Y❄

❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛r❣♠❛①
③

③ ✐s ❛ ✈❡rt✐❝❡ ♦❢ ✳

❇✉t✿ ❝♦♠❜✐♥❛t♦r✐❛❧❧② ✐♥tr❛❝t❛❜❧❡ t♦ ✜♥❞ ✐t✳

Pr♦♣♦s✐t✐♦♥ ✭❝❛s❡ ✷✮

■❢ r♦✇s ♦❢ ❆✱ ❆ ✱ ✶ ✱ ❛r❡ ✈❡rt✐❝❡s ♦❢ ❛ ❝♦♥✈❡① r❡❣✉❧❛r ♣♦❧②❣♦♥ ✐♥
✷✱ t❤❡♥ ✐t ✐s s✉✣❝✐❡♥t t♦ t❛❦❡

♠❛① ❆ ✶
✶ ✷ ✶ ✶ ❆ ✶

✶ ✷ ✶ ✶ ✳

■♥ ❛❞❞✐t✐♦♥✱ ✐t ♠✐♥✐♠✐③❡s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ r❡❞✉♥❞❛♥❝② ✐♥ ✳

■t ❞♦❡s ♥♦t ❣❡♥❡r❛❧✐③❡ ✇✐t❤ ❤✐❣❤❡r ✿ t❤❡r❡ ❡①✐sts ♥♦ r❡❣✉❧❛r ❝♦♥✈❡①
♣♦❧②t♦♣❡ ❢♦r ❛r❜✐tr❛r② ✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✶ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❙❡❧❡❝t✐♥❣ ❜♦✉♥❞s ❢♦r Y ✭❝♦♥t✬❞✮

■♥ ♣r❛❝t✐❝❡✱ Y ✐s ❛♥ ❤②♣❡r❝✉❜❡✿ Y = [−γ, γ]d ✳
→ ❍♦✇ t♦ s❡❧❡❝t γ s✳t✳ Z ⊂ Y❄

❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛r❣♠❛①
③∈Z

‖③‖d ✐s ❛ ✈❡rt✐❝❡ ♦❢ X ✳

❇✉t✿ ❝♦♠❜✐♥❛t♦r✐❛❧❧② ✐♥tr❛❝t❛❜❧❡ t♦ ✜♥❞ ✐t✳

Pr♦♣♦s✐t✐♦♥ ✭❝❛s❡ ✷✮

■❢ r♦✇s ♦❢ ❆✱ ❆ ✱ ✶ ✱ ❛r❡ ✈❡rt✐❝❡s ♦❢ ❛ ❝♦♥✈❡① r❡❣✉❧❛r ♣♦❧②❣♦♥ ✐♥
✷✱ t❤❡♥ ✐t ✐s s✉✣❝✐❡♥t t♦ t❛❦❡

♠❛① ❆ ✶
✶ ✷ ✶ ✶ ❆ ✶

✶ ✷ ✶ ✶ ✳

■♥ ❛❞❞✐t✐♦♥✱ ✐t ♠✐♥✐♠✐③❡s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ r❡❞✉♥❞❛♥❝② ✐♥ ✳

■t ❞♦❡s ♥♦t ❣❡♥❡r❛❧✐③❡ ✇✐t❤ ❤✐❣❤❡r ✿ t❤❡r❡ ❡①✐sts ♥♦ r❡❣✉❧❛r ❝♦♥✈❡①
♣♦❧②t♦♣❡ ❢♦r ❛r❜✐tr❛r② ✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✶ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❙❡❧❡❝t✐♥❣ ❜♦✉♥❞s ❢♦r Y ✭❝♦♥t✬❞✮

■♥ ♣r❛❝t✐❝❡✱ Y ✐s ❛♥ ❤②♣❡r❝✉❜❡✿ Y = [−γ, γ]d ✳
→ ❍♦✇ t♦ s❡❧❡❝t γ s✳t✳ Z ⊂ Y❄

❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛r❣♠❛①
③∈Z

‖③‖d ✐s ❛ ✈❡rt✐❝❡ ♦❢ X ✳

❇✉t✿ ❝♦♠❜✐♥❛t♦r✐❛❧❧② ✐♥tr❛❝t❛❜❧❡ t♦ ✜♥❞ ✐t✳

Pr♦♣♦s✐t✐♦♥ ✭❝❛s❡ d = ✷✮

■❢ r♦✇s ♦❢ ❆✱ ❆i ✱ ✶ ≤ i ≤ D✱ ❛r❡ ✈❡rt✐❝❡s ♦❢ ❛ ❝♦♥✈❡① r❡❣✉❧❛r ♣♦❧②❣♦♥ ✐♥
R
✷✱ t❤❡♥ ✐t ✐s s✉✣❝✐❡♥t t♦ t❛❦❡

γ = ♠❛①
(∥∥∥❆−✶

✶,✷[✶, ✶]
T
∥∥∥
d
,
∥∥∥❆−✶

✶,✷[✶,−✶]T
∥∥∥
d

)
✳

■♥ ❛❞❞✐t✐♦♥✱ ✐t ♠✐♥✐♠✐③❡s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ r❡❞✉♥❞❛♥❝② ✐♥ Y✳

■t ❞♦❡s ♥♦t ❣❡♥❡r❛❧✐③❡ ✇✐t❤ ❤✐❣❤❡r ✿ t❤❡r❡ ❡①✐sts ♥♦ r❡❣✉❧❛r ❝♦♥✈❡①
♣♦❧②t♦♣❡ ❢♦r ❛r❜✐tr❛r② ✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✶ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❙❡❧❡❝t✐♥❣ ❜♦✉♥❞s ❢♦r Y ✭❝♦♥t✬❞✮

■♥ ♣r❛❝t✐❝❡✱ Y ✐s ❛♥ ❤②♣❡r❝✉❜❡✿ Y = [−γ, γ]d ✳
→ ❍♦✇ t♦ s❡❧❡❝t γ s✳t✳ Z ⊂ Y❄

❖♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛r❣♠❛①
③∈Z

‖③‖d ✐s ❛ ✈❡rt✐❝❡ ♦❢ X ✳

❇✉t✿ ❝♦♠❜✐♥❛t♦r✐❛❧❧② ✐♥tr❛❝t❛❜❧❡ t♦ ✜♥❞ ✐t✳

Pr♦♣♦s✐t✐♦♥ ✭❝❛s❡ d = ✷✮

■❢ r♦✇s ♦❢ ❆✱ ❆i ✱ ✶ ≤ i ≤ D✱ ❛r❡ ✈❡rt✐❝❡s ♦❢ ❛ ❝♦♥✈❡① r❡❣✉❧❛r ♣♦❧②❣♦♥ ✐♥
R
✷✱ t❤❡♥ ✐t ✐s s✉✣❝✐❡♥t t♦ t❛❦❡

γ = ♠❛①
(∥∥∥❆−✶

✶,✷[✶, ✶]
T
∥∥∥
d
,
∥∥∥❆−✶

✶,✷[✶,−✶]T
∥∥∥
d

)
✳

■♥ ❛❞❞✐t✐♦♥✱ ✐t ♠✐♥✐♠✐③❡s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ r❡❞✉♥❞❛♥❝② ✐♥ Y✳

■t ❞♦❡s ♥♦t ❣❡♥❡r❛❧✐③❡ ✇✐t❤ ❤✐❣❤❡r d ✿ t❤❡r❡ ❡①✐sts ♥♦ r❡❣✉❧❛r ❝♦♥✈❡①
♣♦❧②t♦♣❡ ❢♦r ❛r❜✐tr❛r② D✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✶ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❆♣♣r♦①✐♠❛t✐♥❣ ❛ r❡❣✉❧❛r ♣♦❧②t♦♣❡

❉❡♥♦t❡ P✿
{
② ∈ R

d , ✶ ≤ i ≤ D,−✶ ≤ ❆i② ≤ ✶
}

❲❡ ✇❛♥t t♦ ♠♦❞✐❢② ❆ t♦ ❛♣♣r♦①✐♠❛t❡ ❛ r❡❣✉❧❛r ❝♦♥✈❡① ♣♦❧②t♦♣❡ P✳

❚❤❡ ♠❛tr✐① ❆ ✐s ♦❜t❛✐♥❡❞ st❛rt✐♥❣ ❢r♦♠ ❆ ✐♥ t✇♦ st❡♣s✿
✶ ♥♦r♠❛❧✐③✐♥❣ t❤❡ r♦✇s ♦❢ ❆✱ t♦ ♦❜t❛✐♥ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t ✲s♣❤❡r❡
✷ s♣r❡❛❞✐♥❣ ♦❢ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t ✲s♣❤❡r❡✱ ✉s✐♥❣ ❛ ♣♦t❡♥t✐❛❧✿

♠❛①
①✶ ① ❙

♠✐♥
✶

① ①

■♥✐t✐❛❧ ♠❛tr✐① ❆

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✷ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❆♣♣r♦①✐♠❛t✐♥❣ ❛ r❡❣✉❧❛r ♣♦❧②t♦♣❡

❉❡♥♦t❡ P✿
{
② ∈ R

d , ✶ ≤ i ≤ D,−✶ ≤ ❆i② ≤ ✶
}

❲❡ ✇❛♥t t♦ ♠♦❞✐❢② ❆ t♦ ❛♣♣r♦①✐♠❛t❡ ❛ r❡❣✉❧❛r ❝♦♥✈❡① ♣♦❧②t♦♣❡ P✳

❚❤❡ ♠❛tr✐① ❆̃ ✐s ♦❜t❛✐♥❡❞ st❛rt✐♥❣ ❢r♦♠ ❆ ✐♥ t✇♦ st❡♣s✿
✶ ♥♦r♠❛❧✐③✐♥❣ t❤❡ r♦✇s ♦❢ ❆✱ t♦ ♦❜t❛✐♥ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t d✲s♣❤❡r❡
✷ s♣r❡❛❞✐♥❣ ♦❢ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t d✲s♣❤❡r❡✱ ✉s✐♥❣ ❛ ♣♦t❡♥t✐❛❧✿

♠❛①
①✶,...①D∈❙

♠✐♥
✶≤j<k≤D

‖①j − ①k‖d

■♥✐t✐❛❧ ♠❛tr✐① ❆
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❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❆♣♣r♦①✐♠❛t✐♥❣ ❛ r❡❣✉❧❛r ♣♦❧②t♦♣❡

❉❡♥♦t❡ P✿
{
② ∈ R

d , ✶ ≤ i ≤ D,−✶ ≤ ❆i② ≤ ✶
}

❲❡ ✇❛♥t t♦ ♠♦❞✐❢② ❆ t♦ ❛♣♣r♦①✐♠❛t❡ ❛ r❡❣✉❧❛r ❝♦♥✈❡① ♣♦❧②t♦♣❡ P✳

❚❤❡ ♠❛tr✐① ❆̃ ✐s ♦❜t❛✐♥❡❞ st❛rt✐♥❣ ❢r♦♠ ❆ ✐♥ t✇♦ st❡♣s✿
✶ ♥♦r♠❛❧✐③✐♥❣ t❤❡ r♦✇s ♦❢ ❆✱ t♦ ♦❜t❛✐♥ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t d✲s♣❤❡r❡
✷ s♣r❡❛❞✐♥❣ ♦❢ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t d✲s♣❤❡r❡✱ ✉s✐♥❣ ❛ ♣♦t❡♥t✐❛❧✿

♠❛①
①✶,...①D∈❙

♠✐♥
✶≤j<k≤D

‖①j − ①k‖d

■♥✐t✐❛❧ ♠❛tr✐① ❆ ◆♦r♠❛❧✐③❛t✐♦♥
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❆♣♣r♦①✐♠❛t✐♥❣ ❛ r❡❣✉❧❛r ♣♦❧②t♦♣❡

❉❡♥♦t❡ P✿
{
② ∈ R

d , ✶ ≤ i ≤ D,−✶ ≤ ❆i② ≤ ✶
}

❲❡ ✇❛♥t t♦ ♠♦❞✐❢② ❆ t♦ ❛♣♣r♦①✐♠❛t❡ ❛ r❡❣✉❧❛r ❝♦♥✈❡① ♣♦❧②t♦♣❡ P✳

❚❤❡ ♠❛tr✐① ❆̃ ✐s ♦❜t❛✐♥❡❞ st❛rt✐♥❣ ❢r♦♠ ❆ ✐♥ t✇♦ st❡♣s✿
✶ ♥♦r♠❛❧✐③✐♥❣ t❤❡ r♦✇s ♦❢ ❆✱ t♦ ♦❜t❛✐♥ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t d✲s♣❤❡r❡
✷ s♣r❡❛❞✐♥❣ ♦❢ ♣♦✐♥ts ♦♥ t❤❡ ✉♥✐t d✲s♣❤❡r❡✱ ✉s✐♥❣ ❛ ♣♦t❡♥t✐❛❧✿

♠❛①
①✶,...①D∈❙

♠✐♥
✶≤j<k≤D

‖①j − ①k‖d

■♥✐t✐❛❧ ♠❛tr✐① ❆ ◆♦r♠❛❧✐③❛t✐♦♥ ❆̃

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✷ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❆❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

Pr♦♣♦s✐t✐♦♥

❆❢t❡r ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r♦✇s ♦❢ ❆✿

t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ R
d ✐s t❤❡ ❜✐❣❣❡st s♣❤❡r❡ ❡♥❝❧♦s✐♥❣ ♦♥❧② ♣♦✐♥ts

♠❛♣♣✐♥❣ ♦♥t♦ ❆Rd ∩ X
t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ♣♦❧②t♦♣❡ P ✐s ♠❛①✐♠❛❧✳

→ t❤✐s ❣✐✈❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r Y✿ [−✶, ✶]d

❇②✲♣r♦❞✉❝t✿ ❧❡ss ❞❡❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ✇❛r♣❡❞ s♣❛❝❡ ❆ ✶

❘❛♥❞♦♠ ❆ ❆
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❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❆❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥

Pr♦♣♦s✐t✐♦♥

❆❢t❡r ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ r♦✇s ♦❢ ❆✿

t❤❡ ✉♥✐t s♣❤❡r❡ ✐♥ R
d ✐s t❤❡ ❜✐❣❣❡st s♣❤❡r❡ ❡♥❝❧♦s✐♥❣ ♦♥❧② ♣♦✐♥ts

♠❛♣♣✐♥❣ ♦♥t♦ ❆Rd ∩ X
t❤❡ ♥✉♠❜❡r ♦❢ ✈❡rt✐❝❡s ♦❢ t❤❡ ♣♦❧②t♦♣❡ P ✐s ♠❛①✐♠❛❧✳

→ t❤✐s ❣✐✈❡s ❛ ❧♦✇❡r ❜♦✉♥❞ ❢♦r Y✿ [−✶, ✶]d

❇②✲♣r♦❞✉❝t✿ ❧❡ss ❞❡❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ✇❛r♣❡❞ s♣❛❝❡ ❆−✶Ψ(Y)

❘❛♥❞♦♠ ❆ ❆̃

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✸ ✴ ✸✵













❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❖✉t❧✐♥❡

✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ t❤❡ ❘❊▼❇❖ ♠❡t❤♦❞ ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

✷ ■♠♣r♦✈❡♠❡♥t✿ ❛ ♥❡✇ ❦❡r♥❡❧ ✇✐t❤ ✐♥♣✉t ✇❛r♣✐♥❣

✸ ❊①t❡♥s✐♦♥ t♦ ▼✉❧t✐✲❖❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥

✹ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥

✺ ❈♦♥❝❧✉s✐♦♥

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✹ ✴ ✸✵









❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❘❡s✉❧ts

▼❛ss ✭❣✮ ❆①✐❛❧ ▲♦❛❞❡❞ ❆①✐❛❧ ❊♠♣t② ▲❛t❡r❛❧ ▲♦❛❞❡❞ ▲❛t❡r❛❧ ❊♠♣t②

❙♣❡❝✐✜❝❛t✐♦♥s ❁ ✽✵♠♠ ❁✽✵♠♠ ❁ ✺✺♠♠ ❁ ✺✺♠♠

❘❡❢❡r❡♥❝❡ ✸✸✼✺ ✼✹✳✶ ✼✷✳✾ ✷✺ ✸✺

❖❧❞❡r st✉❞② ✭✷✵✵✼✮ ✷✾✹✷ ✭✲✶✷✳✽✪✮ ✼✽✳✹ ✼✼✳✻ ✷✻ ✸✸✳✹

❈♦♥str❛✐♥❡❞ ❇❖ ✷✼✻✷ ✭✲✶✽✳✷✪✮ ✽✵✳✵ ✼✽✳✼ ✸✹✳✹ ✺✵✳✾

❈♦♥str❛✐♥❡❞ ❘❊▼❇❖ ✷✾✵✹ ✭✲✶✹✱✵✪✮ ✼✾✳✵ ✽✵✳✵ ✷✼✳✶ ✺✸✳✸

★ ♦❢ s✐♠✉❧❛t✐♦♥s ❆①✐❛❧ ▲♦❛❞❡❞ ❆①✐❛❧ ❊♠♣t② ▲❛t❡r❛❧ ▲♦❛❞❡❞ ▲❛t❡r❛❧ ❊♠♣t②

❖❧❞❡r st✉❞② ✭✷✵✵✼✮ ✷✽✻ ✷✽✻ ✻✷ ✾✷

❈♦♥str❛✐♥❡❞ ❇❖ ✷✶✵ ✷✶✵ ✶✼✼ ✶✹✷

❈♦♥str❛✐♥❡❞ ❘❊▼❇❖ ✶✹✵ ✶✹✵ ✶✹✵ ✶✹✵

❉❡t❛✐❧s ❢♦r ❘❊▼❇❖✿

d = ✶✽

✐♥✢✉❡♥t✐❛❧ s✉❜s♣❛❝❡ ✐s ♥♦t ❛❧✐❣♥❡❞ ✇✐t❤ t❤❡ ❝❛♥♦♥✐❝❛❧ ❜❛s✐s ♦❢ X ✳

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✻ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❖✉t❧✐♥❡

✶ ❇❛❝❦❣r♦✉♥❞ ♦♥ t❤❡ ❘❊▼❇❖ ♠❡t❤♦❞ ❛♥❞ r❡❧❛t❡❞ ✐ss✉❡s

✷ ■♠♣r♦✈❡♠❡♥t✿ ❛ ♥❡✇ ❦❡r♥❡❧ ✇✐t❤ ✐♥♣✉t ✇❛r♣✐♥❣

✸ ❊①t❡♥s✐♦♥ t♦ ▼✉❧t✐✲❖❜❥❡❝t✐✈❡ ❖♣t✐♠✐③❛t✐♦♥

✹ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥

✺ ❈♦♥❝❧✉s✐♦♥

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✻ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❈♦♥❝❧✉s✐♦♥

❈♦♥tr✐❜✉t✐♦♥s✿

❡①t❡♥s✐♦♥ t♦ ❝♦♥str❛✐♥❡❞✴♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥

❞❡s✐❣♥ ♦❢ ❛ s♣❡❝✐❛❧✐③❡❞ ❦❡r♥❡❧ ❢♦r ❘❊▼❇❖ ✇❤✐❝❤ r❡t❛✐♥s s♦♠❡
❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

❝✉st♦♠✐③❡❞ t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ t❤r♦✉❣❤ ♠♦❞✐✜❝❛t✐♦♥s ♦❢
❆ t♦ ✐♠♣r♦✈❡ ❜♦✉♥❞s ❢♦r

❘❡s✉❧t✿ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❘❊▼❇❖ ✇✐t❤ ❛
s✐♥❣❧❡ ❡♠❜❡❞❞✐♥❣

❖♥❣♦✐♥❣ ✇♦r❦✿

st✉❞② ♦❢ ♦t❤❡r ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐❛ ❢♦r ❆

❢✉rt❤❡r s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❦❡r♥❡❧s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s✿
❛❧✐❣♥❡❞ ✇✐t❤ ✱ ❆ ✱ ❆

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✼ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❈♦♥❝❧✉s✐♦♥

❈♦♥tr✐❜✉t✐♦♥s✿

❡①t❡♥s✐♦♥ t♦ ❝♦♥str❛✐♥❡❞✴♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥

❞❡s✐❣♥ ♦❢ ❛ s♣❡❝✐❛❧✐③❡❞ ❦❡r♥❡❧ ❢♦r ❘❊▼❇❖ ✇❤✐❝❤ r❡t❛✐♥s s♦♠❡
❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

❝✉st♦♠✐③❡❞ t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ t❤r♦✉❣❤ ♠♦❞✐✜❝❛t✐♦♥s ♦❢
❆ t♦ ✐♠♣r♦✈❡ ❜♦✉♥❞s ❢♦r

❘❡s✉❧t✿ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❘❊▼❇❖ ✇✐t❤ ❛
s✐♥❣❧❡ ❡♠❜❡❞❞✐♥❣

❖♥❣♦✐♥❣ ✇♦r❦✿

st✉❞② ♦❢ ♦t❤❡r ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐❛ ❢♦r ❆

❢✉rt❤❡r s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❦❡r♥❡❧s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s✿
❛❧✐❣♥❡❞ ✇✐t❤ ✱ ❆ ✱ ❆

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✼ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❈♦♥❝❧✉s✐♦♥

❈♦♥tr✐❜✉t✐♦♥s✿

❡①t❡♥s✐♦♥ t♦ ❝♦♥str❛✐♥❡❞✴♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥

❞❡s✐❣♥ ♦❢ ❛ s♣❡❝✐❛❧✐③❡❞ ❦❡r♥❡❧ ❢♦r ❘❊▼❇❖ ✇❤✐❝❤ r❡t❛✐♥s s♦♠❡
❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

❝✉st♦♠✐③❡❞ t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ t❤r♦✉❣❤ ♠♦❞✐✜❝❛t✐♦♥s ♦❢
❆ t♦ ✐♠♣r♦✈❡ ❜♦✉♥❞s ❢♦r Y

❘❡s✉❧t✿ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❘❊▼❇❖ ✇✐t❤ ❛
s✐♥❣❧❡ ❡♠❜❡❞❞✐♥❣

❖♥❣♦✐♥❣ ✇♦r❦✿

st✉❞② ♦❢ ♦t❤❡r ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐❛ ❢♦r ❆

❢✉rt❤❡r s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❦❡r♥❡❧s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s✿
❛❧✐❣♥❡❞ ✇✐t❤ ✱ ❆ ✱ ❆

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✼ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❈♦♥❝❧✉s✐♦♥

❈♦♥tr✐❜✉t✐♦♥s✿

❡①t❡♥s✐♦♥ t♦ ❝♦♥str❛✐♥❡❞✴♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥

❞❡s✐❣♥ ♦❢ ❛ s♣❡❝✐❛❧✐③❡❞ ❦❡r♥❡❧ ❢♦r ❘❊▼❇❖ ✇❤✐❝❤ r❡t❛✐♥s s♦♠❡
❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

❝✉st♦♠✐③❡❞ t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ t❤r♦✉❣❤ ♠♦❞✐✜❝❛t✐♦♥s ♦❢
❆ t♦ ✐♠♣r♦✈❡ ❜♦✉♥❞s ❢♦r Y

❘❡s✉❧t✿ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❘❊▼❇❖ ✇✐t❤ ❛
s✐♥❣❧❡ ❡♠❜❡❞❞✐♥❣

❖♥❣♦✐♥❣ ✇♦r❦✿

st✉❞② ♦❢ ♦t❤❡r ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐❛ ❢♦r ❆

❢✉rt❤❡r s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❦❡r♥❡❧s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s✿
❛❧✐❣♥❡❞ ✇✐t❤ ✱ ❆ ✱ ❆
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❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❈♦♥❝❧✉s✐♦♥

❈♦♥tr✐❜✉t✐♦♥s✿

❡①t❡♥s✐♦♥ t♦ ❝♦♥str❛✐♥❡❞✴♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥

❞❡s✐❣♥ ♦❢ ❛ s♣❡❝✐❛❧✐③❡❞ ❦❡r♥❡❧ ❢♦r ❘❊▼❇❖ ✇❤✐❝❤ r❡t❛✐♥s s♦♠❡
❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

❝✉st♦♠✐③❡❞ t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ t❤r♦✉❣❤ ♠♦❞✐✜❝❛t✐♦♥s ♦❢
❆ t♦ ✐♠♣r♦✈❡ ❜♦✉♥❞s ❢♦r Y

❘❡s✉❧t✿ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❘❊▼❇❖ ✇✐t❤ ❛
s✐♥❣❧❡ ❡♠❜❡❞❞✐♥❣

❖♥❣♦✐♥❣ ✇♦r❦✿

st✉❞② ♦❢ ♦t❤❡r ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐❛ ❢♦r ❆

❢✉rt❤❡r s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❦❡r♥❡❧s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s✿
❛❧✐❣♥❡❞ ✇✐t❤ ✱ ❆ ✱ ❆

▼✳ ❇✐♥♦✐s ✭❊◆❙▼✲❙❊✴❘❡♥❛✉❧t✴❘❡❉■❈❊✮ ▼❛s❝♦t◆✉♠ ✷✵✶✺ ❆♣r✐❧ ✽✱ ✷✵✶✺ ✷✼ ✴ ✸✵



❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❈♦♥❝❧✉s✐♦♥

❈♦♥tr✐❜✉t✐♦♥s✿

❡①t❡♥s✐♦♥ t♦ ❝♦♥str❛✐♥❡❞✴♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥

❞❡s✐❣♥ ♦❢ ❛ s♣❡❝✐❛❧✐③❡❞ ❦❡r♥❡❧ ❢♦r ❘❊▼❇❖ ✇❤✐❝❤ r❡t❛✐♥s s♦♠❡
❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

❝✉st♦♠✐③❡❞ t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ t❤r♦✉❣❤ ♠♦❞✐✜❝❛t✐♦♥s ♦❢
❆ t♦ ✐♠♣r♦✈❡ ❜♦✉♥❞s ❢♦r Y

❘❡s✉❧t✿ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❘❊▼❇❖ ✇✐t❤ ❛
s✐♥❣❧❡ ❡♠❜❡❞❞✐♥❣

❖♥❣♦✐♥❣ ✇♦r❦✿

st✉❞② ♦❢ ♦t❤❡r ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐❛ ❢♦r ❆

❢✉rt❤❡r s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❦❡r♥❡❧s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s✿
❛❧✐❣♥❡❞ ✇✐t❤ ✱ ❆ ✱ ❆
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❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❈♦♥❝❧✉s✐♦♥

❈♦♥tr✐❜✉t✐♦♥s✿

❡①t❡♥s✐♦♥ t♦ ❝♦♥str❛✐♥❡❞✴♠✉❧t✐✲♦❜❥❡❝t✐✈❡ ♦♣t✐♠✐③❛t✐♦♥

❞❡s✐❣♥ ♦❢ ❛ s♣❡❝✐❛❧✐③❡❞ ❦❡r♥❡❧ ❢♦r ❘❊▼❇❖ ✇❤✐❝❤ r❡t❛✐♥s s♦♠❡
❤✐❣❤✲❞✐♠❡♥s✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ❧♦✇ ❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡

❝✉st♦♠✐③❡❞ t✉♥✐♥❣ ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ t❤r♦✉❣❤ ♠♦❞✐✜❝❛t✐♦♥s ♦❢
❆ t♦ ✐♠♣r♦✈❡ ❜♦✉♥❞s ❢♦r Y

❘❡s✉❧t✿ s✐❣♥✐✜❝❛♥t ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❘❊▼❇❖ ✇✐t❤ ❛
s✐♥❣❧❡ ❡♠❜❡❞❞✐♥❣

❖♥❣♦✐♥❣ ✇♦r❦✿

st✉❞② ♦❢ ♦t❤❡r ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐❛ ❢♦r ❆

❢✉rt❤❡r s♣❡❝✐❛❧✐③❛t✐♦♥ ♦❢ ❦❡r♥❡❧s t♦ ❛❝❝♦✉♥t ❢♦r t❤❡ ❞✐✛❡r❡♥t ❝❛s❡s✿ T
❛❧✐❣♥❡❞ ✇✐t❤ X ✱ T � ❆Y✱ T ⊥❆Y
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❘❊▼❇❖ ♠❡t❤♦❞ ❲❛r♣❡❞ ❦❡r♥❡❧ ❊①t❡♥s✐♦♥ t♦ ▼❖❖ ■♥❞✉str✐❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❈♦♥❝❧✉s✐♦♥

❇✐❜❧✐♦❣r❛♣❤② ■

▼✳ ❇✳✱ ❉✳ ●✐♥s❜♦✉r❣❡r✱ ❛♥❞ ❖✳ ❘♦✉st❛♥t

❆ ✇❛r♣❡❞ ❦❡r♥❡❧ ✐♠♣r♦✈✐♥❣ r♦❜✉st♥❡ss ✐♥ ❇❛②❡s✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ✈✐❛ r❛♥❞♦♠ ❡♠❜❡❞❞✐♥❣s
■♥✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▲❡❛r♥✐♥❣ ❛♥❞ ■♥t❡❧❧✐❣❡♥t ❖♣t✐♠✐③❛t✐♦♥ ✭▲■❖◆✬✶✺✮ ✭❚♦
❛♣♣❡❛r✮

▼✳ ❇✳✱ ❱✳ P✐❝❤❡♥②

●P❛r❡t♦✿ ●❛✉ss✐❛♥ Pr♦❝❡ss❡s ❢♦r P❛r❡t♦ ❋r♦♥t ❊st✐♠❛t✐♦♥ ❛♥❞ ❖♣t✐♠✐③❛t✐♦♥
❘ ♣❛❝❦❛❣❡ ✈❡rs✐♦♥ ✶✳✵✳✵✱ ✷✵✶✹

▼✳ ❊♠♠❡r✐❝❤✱ ❆✳ ❉❡✉t③✱ ❏✳ ❑❧✐♥❦❡♥❜❡r❣

❍②♣❡r✈♦❧✉♠❡✲❜❛s❡❞ ❡①♣❡❝t❡❞ ✐♠♣r♦✈❡♠❡♥t✿ ▼♦♥♦t♦♥✐❝✐t② ♣r♦♣❡rt✐❡s ❛♥❞ ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥
❊✈♦❧✉t✐♦♥❛r② ❈♦♠♣✉t❛t✐♦♥ ✭❈❊❈✮✱ ✷✵✶✶

❈✳ ❘❛s♠✉ss❡♥✱ ❈✳ ❲✐❧❧✐❛♠s

●❛✉ss✐❛♥ Pr♦❝❡ss❡s ❢♦r ▼❛❝❤✐♥❡ ▲❡❛r♥✐♥❣
▼■❚ Pr❡ss✱ ✷✵✵✻

❩✳ ❲❛♥❣✱ ▼✳ ❩♦❣❤✐✱ ❉✳ ▼❛t❤❡s♦♥✱ ❋✳ ❍✉tt❡r✱ ❛♥❞ ◆✳ ❞❡ ❋r❡✐t❛s

❇❛②❡s✐❛♥ ♦♣t✐♠✐③❛t✐♦♥ ✐♥ ❛ ❜✐❧❧✐♦♥ ❞✐♠❡♥s✐♦♥s ✈✐❛ r❛♥❞♦♠ ❡♠❜❡❞❞✐♥❣s
■♥ ■❏❈❆■✱ ✷✵✶✸

❉✳ ❏♦♥❡s✱ ▼✳ ❙❝❤♦♥❧❛✉ ❛♥❞ ❲✳ ❲❡❧❝❤

❊✣❝✐❡♥t ❣❧♦❜❛❧ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❡①♣❡♥s✐✈❡ ❜❧❛❝❦✲❜♦① ❢✉♥❝t✐♦♥s
❏♦✉r♥❛❧ ♦❢ ●❧♦❜❛❧ ❖♣t✐♠✐③❛t✐♦♥✱ ✶✾✾✽

❏✳ ❙♥♦❡❦✱ ❑✳ ❙✇❡rs❦②✱ ❘✳ ❙✳ ❩❡♠❡❧✱ ❙✳ ❘✐❝❤❛r❞ ❛♥❞ ❘✳ P✳ ❆❞❛♠s

■♥♣✉t ❲❛r♣✐♥❣ ❢♦r ❇❛②❡s✐❛♥ ❖♣t✐♠✐③❛t✐♦♥ ♦❢ ◆♦♥✲st❛t✐♦♥❛r② ❋✉♥❝t✐♦♥s
■♥ ■❈▼▲✱ ✷✵✶✹
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