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General Framework

‚ X1, ...,Xn „i.i.d . Fpµ,σ2q

‚ ”Mean” behavior (TCL):

?
n

X1`...`Xn

n
´ µ

σ

dÝÑ N p0,1q, n Ñ 8

‚ ”Extreme” behavior: X1,n ď ... ď Xn,n

P

˜
Xn,n ´ bn

an

ď x

¸
“ F npan x ` bnq ÝÑ Hγpxq, n Ñ 8
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General Framework

Hγpxq “

$
’’&
’’%

exp
´

´ p1 ` γxq´ 1
γ

¯
if γ ­“ 0

exp
´

´ expp´xq
¯

if γ “ 0

γ: extreme value index

$
&
%

γ ą 0 Fréchet, distribution of Pareto-type: 1 ´ Fpxq “ x
´ 1

γ ℓF pxq
γ ă 0 Weibull, X has a finite endpoint

γ “ 0 Gumbel, exponential decreasing tail
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”Peaks-Over-Thresholds” (POT) approach

un ă τF :“ suptx : Fpxq ă 1u non random threshold

Y1, ...,YNn
the excesses above un
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”Peaks-Over-Thresholds” (POT) approach

Fun
pxq “ P

´
X ď un ` x

ˇ̌
ˇX ą un

¯
“ Fpun ` xq ´ Fpunq

1 ´ Fpunq

‚ Pickands (1975)

sup
xPr0,τF ´unr

ˇ̌
Fun

pxq ´ Gγ,σpunqpxq
ˇ̌

Ñ 0, as n Ñ 8

where Gγ,σpxq “
#

1 ´ p1 ` γx

σ q´ 1
γ if γ ­“ 0

1 ´ expp´ x
σ q if γ “ 0
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Introduction

Modelling dependence among extremes is of primary importance in practical

applications where extreme phenomena occurr

Sklar (1959):

P

´
Y p1q ď y1,Y

p2q ď y2

¯
“ C pF1py1q,F2py2qq

‚ C characterizes the dependence between Y p1q and Y p2q

‚ C is called an extreme value copula if and only

Cpy1,y2q “ exp

ˆ
logpy1y2qA

ˆ
logpy2q
logpy1y2q

˙˙

where A: r0,1s Ñ r1{2,1s is the Pickands dependence function
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Introduction: Pickands dependence function

A is convex and satisfies maxtt,1 ´ tu ď Aptq ď 1
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Cpy1,y2q “ exp
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logpy1y2qA
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logpy1y2q
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Motivation 1: covariate

Aim: Extend to the case where the pair pY p1q,Y p2qq is recorded along with a

random covariate X P R
p

‚ the copula function depend on the covariate

‚ the marginal distribution functions depend on the covariate

P

´
F1pY p1q|xq ď y1,F2pY p2q|xq ď y2

ˇ̌
ˇX “ x

¯
“ Cx py1,y2q,

where Cx admits a representation of the form

Cx py1,y2q “ exp

ˆ
logpy1y2qA

ˆ
logpy2q
logpy1y2q

ˇ̌
ˇx

˙˙

Portier & Segers (2018): Cx “ C
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Motivation 2: contamination

Basu et al. (1998): density power divergence between two densities g and h

∆αpg,hq :“

$
’’&
’’%

ż

R

„
h1`αpyq ´

ˆ
1 ` 1

α

˙
hαpyqgpyq ` 1

α
g1`αpyq


dy , α ą 0

ż

R

log
gpyq
hpyq gpyqdy , α “ 0

h “ hθ Z1, ...,Zn iid g

The MDPDE pθ minimizes the empirical version

p∆αpθq :“

$
’’’&
’’’%

ż

R

h1`αpyqdy ´
ˆ

1 ` 1

α

˙
1

n

nÿ

i“1

hαpZiq α ą 0,

´ 1

n

nÿ

i“1

loghpZiq α “ 0
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Simple framework: Case of know margins

Assume:

‚ F1p.|xq and F2p.|xq are standard exponential distribution functions

‚ A0p.|xq “ true conditional Pickands dependence function associated to this

pair pY p1q,Y p2qq

Gpy1,y2|xq :“ P

´
Y p1q ą y1,Y

p2q ą y2

ˇ̌
ˇX “ x

¯

“ exp

ˆ
´py1 ` y2qA0

ˆ
y2

y1 ` y2

ˇ̌
ˇx

˙˙
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Simple framework: Case of know margins

Consider

Zt :“ min

ˆ
Y p1q

1 ´ t
,

Y p2q

t

˙

it is clear that

PpZt ą z|X “ xq “ e´zA0pt|xq, @z ą 0 and x P R
p

ùñ LpZt |X “ xq is ExppA0pt|xqq
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Simple framework: Case of know margins

pZt,i ,Xiq, i “ 1, . . . ,n, be independent copies of the random pair pZt ,Xq

Robust estimator for A0pt|xq by fitting this exponential distribution function

locally to Zt,i , i “ 1, ...,n, by means of the MDPD criterion, adjusted to locally

weighted estimation, i.e. we minimize for α ą 0

p∆α,x ,t pApt|xqq “ rApt|xqsα

n

nÿ

i“1

Khpx ´ Xi q
"

1

1 ` α
´

ˆ
1 ` 1

α

˙
e´αApt|xqZt,i

*

‚ Khp.q :“ K p.{hq{hp where K is a joint density on R
p

‚ h “ hn is a positive non-random sequence satisfying hn Ñ 0 as n Ñ 8
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Simple framework: Our aim

The MDPDE for Apt|xq satisfies the estimating equation

p∆p1q
α,x ,t pApt|xqq “ 0

Aim: To show the weak convergence of the stochastic process

!?
nhp

´
pAα,npt|xq ´ A0pt|xq

¯
, t P r0,1s

)
,

in the space of all continuous functions on r0,1s, denoted as C pr0,1sq, when

n Ñ 8.
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Simple framework: Case of know margins

Our starting point: the estimating equation

p∆p1q
α,x ,t pApt|xqq “ 0

Taylor series expansion around A0pt|xq

0 “ p∆p1q
α,x ,t pA0pt|xqq `

´
pAα,npt|xq ´ A0pt|xq

¯
p∆p2q

α,x ,t pA0pt|xqq

` 1

2

´
pAα,npt|xq ´ A0pt|xq

¯2 p∆p3q
α,x ,t prApt|xqq

ùñ
?

nhp
´

pAα,npt|xq ´ A0pt|xq
¯

“
´

?
nhp p∆p1q

α,x ,t pA0pt|xqq
p∆p2q

α,x ,t pA0pt|xqq ` 1
2

p∆p3q
α,x ,t prApt|xqq

´
pAα,npt|xq ´ A0pt|xq

¯
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Simple framework: Preliminary step

Key statistic:

TnpK ,a, t,λ,β,γ|xq :“ aγ

n

nÿ

i“1

Khpx ´ XiqZ
β
t,ie

´λaZt,i

for a P r1{2,1s, t P r0,1s, λ,β ě 0 and γ P R
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Simple framework: Assumptions

Assumption pDq. There exist Mf ą 0 and ηf ą 0 such that

|f pxq ´ f pzq| ď Mf }x ´ z}ηf

for all px ,zq P SX ˆ SX .

Assumption pA0q. There exist MA0
ą 0 and ηA0

ą 0 such that

|A0pt|xq ´ A0pt|zq| ď MA0
}x ´ z}ηA0

for all px ,zq P Bx0
prq ˆ Bx0

prq, r ą 0 and t P r0,1s.

Assumption pK1q. K is a bounded density function on R
p with support SK

included in the unit ball of Rp with respect to the norm }.}.
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Simple framework: Preliminary step

Lemma 1. Assume that for all t P r0,1s, x Ñ A0pt|xq and the density function

f are both continuous at x0 P IntpSX q non-empty. Under Assumption pK1q, if

h Ñ 0 and nhp Ñ 8, then for a P r1{2,1s, λ,β ě 0, γ P R and x0 such that

f px0q ą 0, we have

TnpK ,a, t,λ,β,γ|x0q PÝÑaγΓpβ ` 1q A0pt|x0q
pλa ` A0pt|x0qqβ`1

f px0q

as n Ñ 8, where Γ is the gamma function defined as

Γprq :“
ż 8

0

t r´1e´t dt, @r ą 0
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Simple framework: Preliminary step

Theorem. Let γ P R and pλ,βq P p0,8q ˆR` or pλ,βq “ p0,0q.

Under the assumptions of Lemma 1 and if pDq and pA0q hold with?
nhphminpηf ,ηA0

q Ñ 0, then the process

#
?

nhp

˜
TnpK ,A0pt|x0q, t,λ,β,γ|x0q ´Γpβ ` 1q rA0pt|x0qsγ´β

pλ ` 1qβ`1
f px0q

¸
, t P r0,1s

+

weakly converges in C pr0,1sq towards a tight centered Gaussian process

tBt , t P r0,1su
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Simple framework: Preliminary step

Limiting distribution of

Tn :“ pTnpK ,A0pt1|x0q, t1,λ1,β1,γ1|x0q, ...,TnpK ,A0ptm|x0q, tm,λm,βm,γm|x0qqT ,

Theorem 1. Under the assumptions of Lemma 1, we have

?
nhp pTn ´ErTnsq Nm p0,Σq
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Simple framework: Asymptotic properties of pAα,npt|x0q

Existence and uniform consistency of pAα,npt|x0q

Theorem 2. Let α ą 0. Under the assumptions of Theorem 1, with probability

tending to 1, there exists a sequence

´
pAα,npt|x0q

¯
nPN

of solutions for the

estimating equation such that

sup
tPr0,1s

ˇ̌
ˇpAα,npt|x0q ´ A0pt|x0q

ˇ̌
ˇ “ oPp1q
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Simple framework: Asymptotic properties of pAα,npt|x0q

Weak convergence of the stochastic process

Theorem 3. Let

´
pAα,npt|x0q

¯
nPN

be the consistent sequence defined in

Theorem 2. Under the assumptions of Theorem 1, the process

!?
nhp

´
pAα,npt|x0q ´ A0pt|x0q

¯
, t P r0,1s

)

weakly converges in C pr0,1sq towards a tight centered Gaussian process

tNt , t P r0,1su
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General framework: Case of unknown margins

F1p.|xq and F2p.|xq are unknown conditional dfs

‚ Consider the triplets

´
´ log

´
Fn,1pY

p1q
i |Xiq

¯
,´ log

´
Fn,2pY

p2q
i |Xiq

¯
,Xi

¯

‚ Compute

qZn,t,i :“ min

¨
˝

´ log
´

Fn,1pY
p1q
i |Xiq

¯

1 ´ t
,

´ log
´

Fn,2pY
p2q
i |Xiq

¯

t

˛
‚

‚ Define the key statistic

qTnpK ,a, t,λ,β,γ|x0q :“ aγ

n

nÿ

i“1

Khpx0 ´ XiqqZ β
n,t,ie

´λaqZn,t,i
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General framework: Case of unknown margins

The MDPDE satisfies the estimating equation

q∆p1q
α,x ,t pApt|x0qq “ 0,

where

q∆α,x ,t paq :“ aα

n

nÿ

i“1

Khpx0 ´ Xiq
"

1

1 ` α
´

ˆ
1 ` 1

α

˙
e´αaqZn,t,i

*
.

Final goal: weak convergence of the stochastic process

!?
nhp

´
qAα,npt|x0q ´ A0pt|x0q

¯
, t P r0,1s

)
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General framework: Case of unknown margins

Decompose

?
nhp

´
qTn ´ErqTns

¯
pK ,a, t,λ,β,γ|x0q

into two terms
!?

nhp pTn ´ErTnsqpK ,a, t,λ,β,γ|x0q
)

` !?
nhp

´
rqTn ´ Tns ´ErqTn ´ Tns

¯
pK ,a, t,λ,β,γ|x0q

)
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General framework: Empirical kernel estimator of Fjp.|xq

Fn,jpy |xq :“
řn

i“1 Kcpx ´ Xiq1l
tY

pjq
i ďyuřn

i“1 Kcpx ´ Xiq
, j “ 1,2

Assumption pF q. There exist MFj
ą 0 and ηFj

ą 0 such that

|Fjpy |xq ´ Fjpy |zq| ď MFj
}x ´ z}ηFj ,

for all y P R and all px ,zq P SX ˆ SX and j “ 1,2.

Assumption pK2q. K satisfies Assumption pK1q and belongs to the linear

span (the set of finite linear combinations) of functions k ě 0 satisfying the

following property: the subgraph of k, tps,uq : kpsq ě uu, can be represented

as a finite number of Boolean operations among sets of the form

tps,uq : qps,uq ě ϕpuqu, where q is a polynomial on R
p ˆR and ϕ is an

arbitrary real function.
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General framework: Preliminary results

Lemma 2. Assume that there exists b ą 0 such that f pxq ě b,@x P SX Ă R
p,

f is bounded, and pK2q and pF q hold. Consider a sequence c tending to 0 as

n Ñ 8 such that for some q ą 1

| logc|q
ncp

ÝÑ 0.

Also assume that there exists an ε ą 0 such that for n sufficiently large

inf
xPSX

λptu P B0p1q : x ´ cu P SX uq ą ε, (1)

where λ denotes the Lebesgue measure. Then for any

0 ă η ă minpηF1
,ηF2

q, we have

sup
py ,xqPRˆSX

|Fn,jpy |xq ´ Fjpy |xq| “ oP

˜
max

˜c
| logc|q

ncp
,cη

¸¸
, for j “ 1,2.
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General framework: Preliminary results

Theorem 4. Assume that there exists b ą 0 such that

f pxq ě b,@x P SX Ă R
p, f is bounded, and pK2q, pDq and pF q hold together

with condition (1). Consider two sequences h and c tending to 0, such that for

nhp Ñ 8 and for some q ą 1 and any 0 ă η ă minpηF1
,ηF2

q

?
nhp rn :“

?
nhp max

˜c
| logc|q

ncp
,cη

¸
ÝÑ 0,

as n Ñ 8. Then, for all γ P R and pλ,βq P p0,8q ˆR` or pλ,βq “ p0,0q, we

have

sup
tPr0,1s,aPr1{2,1s

?
nhp

ˇ̌
ˇqTn ´ Tn ´E

”
qTn ´ Tn

ıˇ̌
ˇpK ,a, t,λ,β,γ|x0q “ oPp1q.
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Simple framework: Asymptotic properties of qAα,npt|x0q

Theorem 5. Let α ą 0. Under the assumptions of Theorem 4 and pA0q, with

probability tending to 1, there exists a sequence

´
qAα,npt|x0q

¯
nPN

of solutions

for the estimating equation such that

sup
tPr0,1s

ˇ̌
ˇqAα,npt|x0q ´ A0pt|x0q

ˇ̌
ˇ “ oPp1q.

Moreover, for this consistent sequence, if
?

nhphminpηf ,ηA0
q Ñ 0, the process

!?
nhp

´
qAα,npt|x0q ´ A0pt|x0q

¯
, t P r0,1s

)
,

weakly converges in C pr0,1sq towards the tight centered Gaussian process

tNt , t P r0,1su defined in Theorem 3.
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Small simulation study

The conditional distribution function of pY p1q,Y p2qq given X “ x is a mixture

model of the form

Fεpy1,y2|xq “ p1 ´ εqFℓpy1,y2|xq ` εFcpy1,y2|xq,

where ε P r0,1s represents the fraction of contamination in the dataset.

Fℓpy1,y2|xq :“ exp
!

´
´

y
´1{x

1 ` y
´1{x

2

¯x )
, for y1,y2 ě 0

and

A0pt|xq “
´

t1{x ` p1 ´ tq1{x
¯x

,

where the covariate X is a uniformly distributed random variable on r0,1s

‚ complete dependence as x Ó 0

‚ independence as x “ 1
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First type of contamination

Given X “ x , the distribution function Fc is

Fcpy1,y2|xq “ 1

2

!
e´y

´1
1 ` e´y

´1
2

)
1lty1ě0,y2ě0u
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Figure 1: On the left the original data and on the right the data after transformation

into (approximate) unit exponentials. Here ε is set to the value 0.1.
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Second type of contamination

The distribution function Fc has completely dependent unit exponential

margins

0 2 4 6 8 10

0
2

4
6

8
10

Y1

Y2

0 2 4 6
0

2
4

6

Y1

Y2

Figure 2: On the left the original data and on the right the data after transformation

into (approximate) unit exponentials. Here ε is set to the value 0.1.
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Small simulation study: Our estimator qAα,n

Cross validation for the sequence c

A random selection of size nr :“ n ^ 1000 from the original observations is

obtained: tpY
p1q
i,r ,Y

p2q
i,r ,Xi,r qui“1,...,nr

cj :“ argmin
rcj PC

nrÿ

i“1

nrÿ

k“1

„
1l!

Y
pjq
i,r ďY

pjq
k ,r

) ´ rFnr ,´i,jpY
pjq
k ,r |Xiq

2

, j “ 1,2,

where rFnr ,´i,jpy |xq :“

řnr
k“1,k‰i Krcj

px ´ Xk ,r q1l
tY

pjq
k ,r ďyuřnr

k“1,k‰i Kcpx ´ Xk ,r q
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Small simulation study: Our estimator qAα,n

Cross validation for the sequence h

h :“ argmin
rhPH

1

nr M

nrÿ

i“1

Mÿ

j“1

qAα,n,p´iq ptj |Xi,r qα

ˆ
1

1 ` α
´

ˆ
1 ` 1

α

˙
e

´αqAα,n,p´iqptj |Xi,r qqZn,tj ,i,r

˙

where qAα,n,p´iqpt|xq denotes the estimator of A0pt|xq obtained on all but

observation i , qZn,tj ,i,r is as qZn,tj ,i but now calculated for pY
p1q
i,r ,Y

p2q
i,r ,Xi,r q, and

qA0,npt|xq :“
řn

i“1 Krhpx ´ Xiqřn
i“1 Krhpx ´ XiqqZt,i
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Small simulation study

‚ C “ t0.06,0.12,0.18,0.24,0.3u and H “ t0.02,0.03,0.04,0.05,0.06u

‚ bi-quadratic function K pxq :“ 15

16
p1 ´ x2q2

1lr´1,1spxq

‚ procedure repeated N “ 200 times, and sample sizes n “ 1000 and 5000

‚ Indicator of efficiency

MISEpε,α|xq :“ 1

NM

Nÿ

i“1

Mÿ

m“1

”
qApiq

α,ε,nptm|xq ´ A0ptm|xq
ı2

where qApiq
α,ε,nptm|xq is our estimator obtained with the i´th sample when the

contamination is ε.
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First contamination: MISEpε,α|xq,n “ 5000
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Figure 3: α “ 0 (black), α “ 0.1 (blue), α “ 0.5 (green) and α “ 1 (red). Here

x “ 0.1 (left) and 0.5 (right).
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Second contamination: MISEpε,α|xq,n “ 5000
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Figure 4: α “ 0 (black), α “ 0.1 (blue), α “ 0.5 (green) and α “ 1 (red). Here

x “ 0.5 (left) and 0.9 (right).
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Coverage probabilities of 90% confidence intervals

t “ 0.3 t “ 0.5 t “ 0.7

x “ 0.1 α 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

ε “ 0.0 0.95 0.95 0.96 0.98 0.95 0.96 0.96 0.97 0.95 0.96 0.96 0.98

n “ 5000 ε “ 0.1 0.14 0.28 0.84 0.90 0.06 0.12 0.69 0.82 0.13 0.29 0.84 0.90

ε “ 0.2 0.02 0.05 0.55 0.83 0.00 0.01 0.16 0.51 0.01 0.03 0.56 0.80

t “ 0.3 t “ 0.5 t “ 0.7

x “ 0.5 α 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

ε “ 0.0 0.97 0.99 0.98 0.97 0.97 0.97 0.97 0.95 0.96 0.97 0.97 0.98

n “ 5000 ε “ 0.1 0.30 0.53 0.91 0.95 0.39 0.56 0.90 0.91 0.31 0.54 0.93 0.94

ε “ 0.2 0.04 0.10 0.70 0.87 0.06 0.11 0.66 0.80 0.05 0.08 0.69 0.86

t “ 0.3 t “ 0.5 t “ 0.7

x “ 0.5 α 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

ε “ 0.0 0.96 0.96 0.97 0.96 0.94 0.93 0.96 0.96 0.96 0.97 0.96 0.96

n “ 5000 ε “ 0.1 0.93 0.98 0.96 0.96 0.48 0.69 0.94 0.96 0.95 0.99 0.99 0.98

ε “ 0.2 0.92 0.98 0.96 0.95 0.20 0.33 0.88 0.96 0.87 0.97 0.96 0.94

t “ 0.3 t “ 0.5 t “ 0.7

x “ 0.9 α 0 0.1 0.5 1 0 0.1 0.5 1 0 0.1 0.5 1

ε “ 0.0 1.00 1.00 1.00 1.00 0.99 0.99 1.00 1.00 0.98 0.98 0.99 0.99

n “ 5000 ε “ 0.1 0.61 0.77 0.97 0.98 0.15 0.39 0.95 0.97 0.60 0.82 0.98 0.99

ε “ 0.2 0.26 0.44 0.92 0.95 0.01 0.09 0.74 0.91 0.24 0.42 0.91 0.96
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Second contamination: x “ 0.5, ε “ 0%
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Second contamination: x “ 0.5, ε “ 10%
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Second contamination: x “ 0.5, ε “ 20%
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Application to air pollution

The dataset contains daily measurements on, among others, maximum

temperature, and ground level ozone, carbon monoxide and particulate

matter concentrations, for the time period 1999 to 2013

Focus on ground level ozone and particulate matter concentrations

ÝÑ calculate component-wise monthly maximum of daily maximum

concentrations

ÝÑ estimate the Pickands dependence function conditional on the

covariates time and location (latitude, longitude)
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Application to air pollution: Houston, April 2002
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Figure 5: Conditional Pickands dependence function in April 2002, α “ 0 (black),

α “ 0.1 (blue), α “ 0.5 (green) and α “ 1 (red).
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