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Context : Defect detection

Cracks in a Weld of a Pressurized Water Reactor

◮ Cracks can appear during the solidification of the weld

⇒ We perform Non-Destructive Tests !
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Non-Destructive Tests : Ultrasounds

◮ No defect : record the sending and

echo of the ultrasound.

◮ Defect : reflection of the wave on the

defect.
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Review of the Influential Parameters

◮ Y ∈ R : signal measure after NDT.

◮ a > 0 : size of defect. Y is an increasing function of a.

◮ X ∈ R
d : structure’s geometrical properties, (X1, ...,Xd ) ⊥.

◮ ts : the defect is detected when Y (a,X = x) > ts.

◮ Presence of an observation noise : (a, x) → Y (a, x) is STOCHASTIC !
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PoD : Probability of Detection curve

◮ For a same defect a > 0, one can get Y (a,X = x) > ts and

Y (a,X = x) < ts.

◮ Hence : probability of detection (PoD), i.e. for a > 0

∀a > 0 πX=x1
(a) = P (Y (a,X = x1) > ts | X = x1)
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PoD : Probability of Detection curve

◮ For a same defect a > 0, one can get Y (a,X = x) > ts and

Y (a,X = x) < ts.

◮ Hence : probability of detection (PoD), i.e. for a > 0

∀a > 0 πX=x2
(a) = Pδ (Y (a,X = x2) > ts | X = x2)
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PoD : Probability of Detection curve

◮ For a same defect a > 0, one can get Y (a,X = x) > ts and

Y (a,X = x) < ts.

◮ Hence : probability of detection (PoD), i.e. for a > 0

∀a > 0 πX=x3
(a) = Pδ (Y (a,X = x3) > ts | X = x3)
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Random cumulative distribution functions
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FIGURE: 20 realizations of πX .

◮ πX is a random curve - random CDF,

function of X .

◮ Need to define tools to quantify a

CDF random distribution.

◮ Wish to perform Sensitivity Analysis.
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Contrast Functions

Y ’s feature : θϕ(Y ) := arg minθ∈R
EY [ϕ(Y − θ)].

◮ Simple contrasts : ϕ convex, ∀(y , θ) ∈ R
2 ϕ(y − θ) ≥ 0

ϕ(y − θ) = m(y − θ) =| y − θ |2 :

−→ θϕ(Y ) = E[Y ].

If, for α ∈]0; 1[,
ϕ(y − θ) = cα(y − θ) = (y − θ)(α− 1y≤θ) :

−→ θϕ(Y ) = qα(Y ), α-quantile of Y .
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Contrast Extension to CDF’s

πX ’s feature : Θϕ(πX ) := arg minF∈F2 EX [ψϕ(πX − F )].

◮ Real simple contrasts : ∀y , θ ∈ R ϕ(y − θ)

−→ Simple CDF-contrasts :

∀F ,G ∈ F2 ψϕ(F − G) = min
(X ,Y ) r.r.v.
X∼F,Y∼G

E(X ,Y )[ϕ(X − Y )].

◮ Theorem(Cambanis) : for the simple contrasts m et cα

∀F ,G ∈ F2 ψϕ(F − G) = EU [ϕ
(
F−1 (U)− G−1 (U)

)
] U ∼ U([0, 1])

=
∫ 1

0
ϕ
(
F−1 (u)− G−1 (u)

)
du.

N.B. : F−1(U) ∼ F !
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CDF-Contrasts

πX ’s feature : Θϕ(πX ) := arg minF∈F2 EX [ψϕ(πX − F )].

∀u ∈]0, 1[, Θϕ(πX )
−1(u) = arg min

θ∈R

E[ϕ(π−1
X (u)− θ)]

= θϕ
(
π−1

X (u)
)

PoD-mean :

ϕ = m : E[Y ] → E(πX )

E(πX )
−1(u) = EX

[
π−1

X (u)
]

PoD-α-quantiles :

ϕ = cα : qα(Y ) → Qα(πX )

Qα(πX )
−1(u) = qα

X

(
π−1

X (u)
)
.
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PoD-mean & PoD-quantiles
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FIGURE: 25 realizations of πX in

black, E(πX ), and Q0.75(πX ).

◮ PoD-mean : ∀u ∈]0, 1[

E(πX )
−1(u) = EX

[
π−1

X (u)
]

◮ PoD-α-quantile : ∀u ∈]0, 1[

Qα(πX )
−1(u) = qα

X

(
π−1

X (u)
)
,

α = 0.75.
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Sensitivity Analysis with Respect to a Contrast

Need to quantify the variability of θϕ(Y | Xi) !

◮ Sensitivity indices based on contrasts [Fort et al., 2016]

SXi
ϕ (Y ) = min

θ∈R

E [ϕ (Y , θ)]− E

[
min
θ∈R

E [ϕ (Y , θ) | Xi ]

]

= E [ϕ (Y , θ(Y ))]− EXi
[ϕ (Y , θ(Y | Xi))] .

−→ quantifies the variability of θϕ(Y | Xi).

◮ If ϕ(y − θ) = (y − θ)2, SXi
ϕ (Y ) is the Sobol index !
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Indices’ Properties

SXi
ϕ (Y ) = min

θ∈R

E [ϕ (Y , θ)]− E

[
min
θ∈R

E [ϕ (Y , θ) | Xi ]

]

◮ S
Xi
ϕ (Y ) ≥ 0.

◮ We divide S
Xi
ϕ (Y ) by min

θ∈R

E [ϕ (Y , θ)] so that 0 ≤ S
Xi
ϕ (Y ) ≤ 1.

◮ We proved [Browne et al., 2017] :

S
Xi
ϕ (Y ) = 0 ⇔ θϕ(Y | Xi) = θϕ(Y ) a.s.

S
Xi
ϕ (Y ) = 1 ⇔ (Y | Xi = x) = constant(x) a.s.
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Sensitivity Analysis : Extension to Random CDF’s

Need to quantify the variability of Θϕ(πX | Xi) !

◮ Substitution : ψϕ → ϕ, πX → Y .

◮ T Xi
ϕ (πX ) = min

G∈F2
E [ψϕ (πX ,G)]− E

[
min

G∈F2
E [ψϕ (πX ,G) | Xi ]

]
.

◮ T Xi
ϕ (πX ) =

∫ 1

0
SXi

ϕ

(
π−1

X (u)
)

du.

−→ T Xi
ϕ (πX ) quantifies the variability of Θϕ(πX | Xi).
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Numerical Experiments : Toy-Function

For (X1,X2,X3) ∼ U (−π, π) iid :

Y (a,X ) := a + 3
2

(
sin (X1) + 7 sin (X2)

2 + 0.1X 4
3 sin (X1)

)
+ ε(X ),

with ε(x) ∼ N
(
0, δ(x)2

)
, δ(x) := 2 + x1+x2+x3

6
and ts = 15.

◮ PoD-mean-oriented Sensitivity Analysis

◮ PoD-quantiles-oriented Sensitivity Analysis
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Toy-Function : SA over PoD-mean
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FIGURE: Sensitivity Analysis over E(πX ) : Barplot of T Xi
ϕ
(πX ) and

E(πX | Xi), i = 1, 2, 3.
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Toy-Function : SA over PoD-quantiles
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FIGURE: Sensitivity Analysis over Qα(πX ) : Barplot of T Xi
ϕ
(πX ) with

α = 0.1, 0.25, 0.5, 0.75 and 0.9 and Q0.5(πX | Xi), i = 1, 2, 3.
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PoD-curves & Kriging

Hypothesis :

Y (a, x) = α0 + α1a + m(x) + ε(x),

with ε(x) ∼ N
(
0, δ2 (x)

)
the observation noise.

◮ Linear contribution of a

◮ Additive Gaussian Noise ε

◮ ε depends only on x .
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PoD-curves & Kriging

Hypothesis :

Y (a, x) = α0 + α1a + m(x) + ε(x),

with ε(x) ∼ N
(
0, δ2 (x)

)
the observation noise.

∀a > 0 πX (a) = P (α0 + α1a + m(X ) + ε(X ) > ts | X )

= Φ

(
α0 + α1a + m(X )− ts

δ(X )
| X

)
, Φ CDF ∼ N (0, 1),

∀u ∈]0, 1[ π−1
X (u) =

ts +Φ−1(u)δ(X )− α0 − m(X )

α1

wrt X .
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PoD-curves & Kriging

Hypothesis :

Y (a, x) = α0 + α1a + m(x) + ε(x),

with ε(x) ∼ N
(
0, δ2 (x)

)
the observation noise.

∀u ∈]0, 1[ E (πX )
−1 (u) = EX

[
π−1

X (u)
]

=
ts +Φ−1(u)EX [δ(X )]− α0 − EX [m(X )]

α1

Qα (πX )
−1 (u) = qα

X

(
π−1

X (u)
)

=
ts − α0 + qα

X

(
Φ−1(u)δ(X )− m(X )

)

α1
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PoD-Curves & Kriging

Hypothesis :

Y (a, x) = α0 + α1a + m(x) + ε(x),

with ε(x) ∼ N
(
0, δ2 (x)

)
the observation noise.

◮ Assumptions : (x → m(x)) ∼ GP (µm(·), σm (·, ·)),
with σm (x , x ′) = ∆2

mKm(x , x
′) and Km(x , x) = 1.

◮ Assumptions : (x → δ(x)) ∼ GP (µδ(·), σδ (·, ·)),
with σδ (x , x

′) = ∆2
δKδ(x , x

′) and Kδ(x , x) = 1.

◮ Assumptions : Zm⊥Zδ.

Joint Metamodels Approach [Marrel et al., 2012]...
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PoD-curves & Kriging : Predicators

Y (a, x) = α0 + α1a + m(x) + ε(x),

with ε(x) ∼ N
(
0, δ2 (x)

)
the observation noise.

◮ Deterministic Kriging : (δ(·) | D) ∼ GP
(
δ̂ (·) , σ̂δ (·, ·)

)
,

with δ̂(x) = E [Zδ(x) | D], σ̂δ (x , x
′) = Cov [Zδ(x),Zδ(x

′) | D] .

◮ Stochastic Kriging : (m(·) | D) ∼ GP (m̂ (·) , σ̂ (·, ·)),

with m̂(x) = E [Zm(x) | D], σ̂m (x , x ′) = Cov [Zm(x),Zm(x
′) | D].

24 / 27 Thomas BROWNE PoD-curves, Sensitivity Analysis and Kriging



PoD-Curve Definition PoD-mean & PoD-quantiles Sensitivity Analysis over PoD-Curves PoD-Curves & Kriging

PoD-curve Estimates

Y (a, x) = α0 + α1a + m(x) + ε(x).

Kriging PoD-Curve Estimators :

∀u ∈]0, 1[ π̂−1
X (u) =

ts +Φ−1(u)δ̂(X )− α0 − m̂(X )

α1

wrt X .

ÊX (πX )
−1 (u) =

ts +Φ−1(u)
¯̂
δ(X )− α0 − ¯̂m(X )

α1

.

Q̂α (πX )
−1 (u) =

ts − α0 + q̂α
(
Φ−1(u)δ̂(X )− m̂(X )

)

α1

.
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PoD-curve Estimates
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◮ Kriging prediction :

∀x ∈ χ ∀u ∈]0, 1[

π−1
x (u) =

ts +Φ−1(u)δ(X )− α0 − m(X )

α1

∼ N
(
π̂−1

x (u),
Φ−1(u)2σ̂2

δ+σ̂2
m

α2
1

)
.

◮ x1, x2 realizations of X :

πx1
and πx2

.

◮ 95%-Pointwise Confidence

Bounds
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Conclusion

PoD-curves are fun !

◮ Kriging × Sensitivity Analysis

◮ Applications to an industrial simulator : ATHENA_2D

◮ Kriging −→ Sequential Design, Optimization Problems...
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Thank you for your attention !
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PoD-curves & Kriging

◮ Numerical Experiments : n ∈ N inputs {
(
a1, x1

)
, . . . , (an, xn)}.

◮ Noise : ∀j = 1, . . . , n, M ∈ N replicates on

Y
(
aj , x j

)
j=1,...,n

:
(
Y j,k

)
1≤k≤M

.

◮ Estimator for m(x j) : m̃(x j) := 1
M

∑M
k=1 Y j,k − α0 − α1aj .

◮ Noise Standard Deviation : δ(x j) ≃ sd
((

Y j,k
)

1≤k≤M

)
.
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PoD-mean & Confidence Bounds
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N=300

PoD−Mean

PoD−Mean Estim

95%−Conf Bounds

◮ 2 sources of error

◮ Kriging Error : δ̂, m̂.

◮ Monte-Carlo Error :

¯̂
δ(X ) ≃ E[δ̂ (X )] and
¯̂m(X ) ≃ E[m̂ (X )].

◮ Bootstrap over the Confidence

Bounds.
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