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Calibration of functional outputs
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Calibration of functional outputs
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Relation between experiment and simulation[Kennedy and O’Hagah, 2

Experiment Simulation Model discrepancy Measurement error

Yopit) = wami(5t) T 5i(t) =+ 0
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Relation between experiment and simulation[Kennedy and O’Hagah, 2

Experiment Simulation Model discrepancy Measurement error

Yopit) = wami(5t) T 5i(t) =+ 0

4 4 4 4
2 2 2 2
0 —_ 0 _I_ 0 _I_ 0
-2 -2 -2 -2
-4 -4 -4 -4
0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0 0.0 0.5 1.0
t t t t
Priors B~U 5~ GP(0,ks) gi~ N(0,021)

@ Non-additive discrepancies for Bayesian model calibration with Functional Outputs, Paul Castéras 01/10/2026 4/28



Bayesian calibration with functional outputs

Bayesian calibration: [Kennedy and O’Hagan, 2001, Higdon et al., 2008]
We apply Bayes’ rule:

P(B | (Yexp,i)i) o< Hp Yexpii | B)m(B)
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Bayesian calibration with functional outputs

Bayesian calibration: [Kennedy and O’Hagan, 2001, Higdon et al., 2008]
We apply Bayes’ rule:

PB | (Yexp,i)i) och Yexpii | B)m(B)

= the likelihood: y.., ;|3 ~ N (Ysimi(3), X5 + 021).
= the prior: 7(/3) is chosen based on physical knowledge.
= the posterior: p( | (Yexp.i)) provides an estimate of J with quantified uncertainty.
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Metamodels: GP with PCA

When simulations are expensive, we run the code N, times and build a metamodel to replace
it.[Perrin, 2020]

Inputs (3;)=1.... Ny, Outputs (Ysimi (55, tk))j=1, .. Numk=1,...N;
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Metamodels: GP with PCA

When simulations are expensive, we run the code N, times and build a metamodel to replace
it.[Perrin, 2020]

Inputs (3;)=1.... Ny, Outputs (Ysimi (55, tk))j=1, .. Numk=1,...N;

Dimension reduction (PCA) ygm’i = Dg’iysim,i €ER?, Q<N

Gaussian process regression gj;”zz(ﬁ) | (B;, ygjl"i(@j))j ~ GP(uby, oby)
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Metamodels: GP with PCA

When simulations are expensive, we run the code N, times and build a metamodel to replace
it.[Perrin, 2020]

Inputs (3;)=1.... Ny, Outputs (Ysimi (55, tk))j=1, .. Numk=1,...N;

Dimension reduction (PCA) ygm’i = Dg’iysim,i €ER?, Q<N
Gaussian process regression gg";z(ﬁ) | (B;, ygjl"i(@j))j ~ QP(,ug);t, Ugjt)

post

Output reconstruction Jsm ;(5) ~ QP(,umeta’,» = Dq.illgy; » Lmetai = Daidiag(agzt) DQJ»)
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Metamodels: GP with PCA

When simulations are expensive, we run the code N, times and build a metamodel to replace
it.[Perrin, 2020]

Inputs (3;)=1.... Ny, Outputs (Ysimi (55, tk))j=1, .. Numk=1,...N;

Dimension reduction (PCA) ygm’i = Dg’iysim,i €ER?, Q<N
Gaussian process regression gg“;z(ﬁ) | (B;, ygjl"i(ﬁj))j ~ QP(,ug’;t, Ogtzt)

post

Output reconstruction Jsm ;(5) ~ QP(,umeta,,' = Dq.iftg); » Lmetai = Daidiag(agzt) DQJ»)

Likelihood with the metamodel

Yexp,i ’ 6 ~ N (/J*mcta,i<ﬁ)> 25 + O—EI + Emota,i(ﬁ))
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Additive discrepancy vs. phase discrepancy

f(t) + 4(t) for different 6 f(y(t)) for different

—— additive perturbation —— temporal perturbation /XK
—— original function —— original function )
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Priors on the phase discrepancies
Phase space [Srivastava et al., 2011]

7(0) =0, ~(1) =1, }

r={y:0=p1| ", " o
v,~" “increasing and differentiable
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Priors on the phase discrepancies
Phase space [Srivastava et al., 2011]

7(0) =0, ~(1) =1, }

r={y:0=p1| ", " L
v,~" “increasing and differentiable

Transformation to the shooting vector space [Srivastava and Klassen, 2016]

v = exp (V) €V = {U € 12 /Olv(t)dt:()}

A prior in the shooting vector space [Kurtek, 2017, Lu et al., 2017, Tucker et al., 2021]

v ~ GP(0, k,) where k, is a Matérn 5/2 kernel conditioned to /v =0
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Priors on the phase discrepancies
Phase space [Srivastava et al., 2011]

7(0) =0, ~(1) =1, }

r={y:01=p1| " " o
v,~" “increasing and differentiable

Transformation to the shooting vector space [Srivastava and Klassen, 2016]

v = exp (V) €V = {v € 12 /Olv(t)dtzo}

A prior in the shooting vector space [Kurtek, 2017, Lu et al., 2017, Tucker et al., 2021]

v ~ GP(0, k,) where k, is a Matérn 5/2 kernel conditioned to /v =0

1.0 1.0
0.51 0.8
0.61

> 0.01 L >
0.41
—-0.51 0.21
-1.0 0.01

0.00 025 050 0.5 1.00 000 025 050 075 1.00
Non-additive discrepancies for Bayesian model calibration Swith Functional Outputs, Paul Castéras t 01/10/2026 9/28



Hyperparameters for the phase prior

v ~ GP(0, k,) where k, dépend on the lengthscale [ and the variance o*.

\‘\
oa

— v A\
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Bayesian model with a phase discrepancy

Yexp,i(t) = Ysim i (B, 7i(t)) + 0:(¢) + &i(¢)
v; = expyy () ~ GP(0, ky)
d; ~ GP(0, ks)
gi(t) ~ N(0,021)
B ~U

We then want to sample from the posterior
P(ﬁa (Uz)z | (yexp,i)) o8 HN<yexp,i<t); ysim,i(ﬁa%(t))7 a?] + 25) W(Uz') 7(5)

In practice, we sample the coefficients (c;); of the Karhunen-Loéve decomposition: v(t) = 3, ¢;b;(t)
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Bayesian model with a phase discrepancy

Yexp,i(t) = Ysim i (B, 7i(t)) + 0:(¢) + &i(¢)
v; = expyy () ~ GP(0, ky)
d; ~ GP(0, ks)
gi(t) ~ N(0,021)
B ~U

We then want to sample from the posterior
P(ﬁa (Uz)z | (yexp,i)) o8 HN<yexp,i<t); ysim,i(ﬁa’Yz‘(t))7 a?] + 25) W(Ui) 7(5)

In practice, we sample the coefficients (c;); of the Karhunen-Loéve decomposition: v(t) = 3, ¢;b;(t)

Limitations:
» v; sampled jointly with 8 — higher-dimensional sampling.

= 7; and §; can explain the same differences — identifiability issues.
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Elastic calibration: a tractable approximation

We consider the following approximation of the posterior: [Kahol et al., 2025]

Pelastic (6 | (yexp,i(t>)i> X max p(ﬁ, (Uz)z | (yexp,i(t))i) (7&/

’Ul,...,vaV (’Uz)z

P(8 (0): | (expi(£)):) (dv1); )

It may be rewritten as an alignment problem:

Vsim,i (B, £) = arg min [[Yexp i(#) = Yoim i (B, % (E) 15,1021 + [[0ilJ3, Q)
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Elastic calibration: a tractable approximation

We consider the following approximation of the posterior: [Kahol et al., 2025]

Pelastic (ﬁ | (yexp,i(t))i> X max p(ﬁ, (vi)i | (yeXp,i(t))i) <7’é/ p(ﬁ» (vi)i | (yeXp,i(t))i) (dvi)i>

V1yeers U EV ('Uz)z
[t may be rewritten as an alignment problem:

Vsim,i (B, £) = arg min [[Yexp i(#) = Yoim i (B, % (E) 15,1021 + [[0ilJ3, Q)

We can rewrite pejastic With the prior on 5 and two independent likelihoods to get elastic calibration
relations [Francom et al., 2025]:

(Amplitude)  zexpi(t) = zeimi (B, 1) + 6:(t) + i(t),
(Shooting vector)  Vexpi(t) = vsimi(5,t) + 67 (t)

where veyp, i () = 0 is the shooting vector of the experiment and zgim i(5,t) = Ysim: (5, Vi(t)),
Zexpi(t) = Yexp.i(t) are the amplitudes.
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Extensions: metamodels and partial elastic calibration

Metamodels
To build metamodels, we first solve (1) for a set of simulations (Ysim (5;)); and then fit two metamodels

for each experiment: the metamodel of the amplitude Z,, ; and of the shooting vector vy, ;.

(Amplitude)  Zexp,i(t) = Zoim,i(5, 1) + 6i(t) +ei(t),
(Shooting vector)  Vexpi(t) = Usim (5, t) + 67 (t)
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Extensions: metamodels and partial elastic calibration

Metamodels
To build metamodels, we first solve (1) for a set of simulations (Ysim (5;)); and then fit two metamodels
for each experiment: the metamodel of the amplitude Z,, ; and of the shooting vector vy, ;.

(Amplitude)  Zexp,i(t) = Zoim,i(5, 1) + 6i(t) +ei(t),
sim,? (ﬁa t) + 621 (t)

N

(Shooting vector)  Vexpi(t) =

Generalization to partial phases I', = {s7:7 € T',s € (0,¢7]}. | .":: E E:;r:?"na?z:t
06 # Stopping point
Prior 04
For 7, = 57, we consider independent priors on 7y and s, where: 02
= 7 is a phase with a GP prior on its shooting vector v, 00
= s ~ N (1,02) truncated to (0,;]. 0 _/\f
-5
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Application to the calibration of an equation of state
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EOS: alignment step
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EOS: metamodels

L— L—

I

Figure: Predicted outputs for the first experiment with metamodels in the amplitude and phase spaces.

95% ClI
—— mean prediction
—— true simulation

t t t t

Figure: Predicted outputs for the first experiment with metamodels in the original space
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EOS: sampling
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EOS: Predictions after sampling
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Figure: Posterior prediction after uncertainty propagation for each experiment. The blue curve corresponds to the
composition of the mean predictions of the various metamodels, evaluated at the posterior mean of the calibration
parameters. The credible intervals and posterior samples are obtained by composing the uncertainties associated with the
metamodels and the calibration parameter.
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APPLICATION: CALIBRATION OF THE
JOHNSON’S DAMAGE MODEL
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Johnson’s damage model

400

_1\2/3
& = 485 —ala— D3(P| - P)sen(P), i |P| > Peg
0, if |P| < Peg

where

Velocity (m/s)
N
o
o

s Pog="%1In (%) equilibrium pressure i _
o Simulations
= ag: effective yield strength _
. effective Viscosi — Experiment
= U: effective viscosity 0!
= «: initial porosity 0 1 2
Time (us)

s (: porosity
Parameters to calibrate: § = (as, v, o)

Experimental conditions: z = (V{, eP, e¢) where V} is the initial velocity and e?, e© are plate thicknesses.

Negp = 7, Negm = 1000
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Johnson: metamodels
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Figure: Predicted outputs for the experiment 18 with metamodels in the original space.
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Discontinuities in the alignment transformation
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Johnson: sampling
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Johnson: Prediction for 5* = (4.2 x 108,19, 1.036)
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Conclusion

Phase discrepancy Elastic calibration
Likelihood Yesp () = Ysim (B, 7(£))+0(t)+e(t) | zexp(t) = zsim (B, t) + (t) + (),
Vesp(t) = vsim (5, 2) +0°(¢)
Metamodels in the original space in the amplitude/shooting vector
spaces
Better metamodels ~ v/ if continuous alignment

X otherwise

Always feasible (multimodal, 4 X
B/v dependencies)

Low dimensional sampling X v

Discrepancies separation X 4
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Conclusion

X otherwise

Always feasible (multimodal, X
B/v dependencies)

Possible improvements: improving the metamodels for discontinous alignments and characterizing
the feasible cases for elastic calibration.
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Transformation of the phase space

7(0) = 0,7(1) =1 }

7,7~ ! increasing and differentiable

yerl = {7: [0,1] — [0,1]
First transformation: ) = Q(7) = /7y € ¥
= [l = Jy ¢(t)? =1= ¥ C S

Second transformation:

Tp(¥) = qv e L? ’ folv(t)¢(t) dt = 0}

o5 (01 = g (41— o)
where k = d,(1,11) = cos™ fo Pi)y)

Figure of [Srivastava and Klassen, 2016]
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EOS: metamodels

L— L—

I

Figure: Reconstructed outputs for the first experiment of the equation of state with partial elastic metamodel.

P L P e

t t t t

Figure: Reconstructed outputs for the first experiment of the equation of state with affine metamodel.
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Anharmonic pendulum: Dataset

2
% + 061% -+ 062<¢ — ozogbB) = 0,
Yexp(t) = ¢*(t + 0.05sin(0.17t)) + n(t),

Ngim = 100

1.0 Simulations
—— Experiment
0.5
)
e
o 0.0
2
-0.5
A3)
-1.0

0 5 10 15 20 25 30
Time (s)

Figure: Dataset for the anharmonic
pendulum.
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Anharmonic pendulum: Alignment

Elastic Rescaling Partial elastic
1.0 Simulations 1.0 Simulations 1.0 Simulations
—— Experiment —— Experiment —— Experiment
0.5 0.5 0.5
E g E
T 00 2 00 @ 00
=) > =)
2 g 2
<
-0.5 -0.5 -0.5
-1.0 —1.0 -1.0
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Time (s) Time (s) Time (s)
20 30
25 25
15
204 20
> 10 >~ 15 ~ 15
101 10
5
59 5
0 01 0
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
Time (s) Time (s) Time (s)
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Anharmonic pendulum: metamodel
11~ D

1 1
_ ‘ _ _ \ . 19=—— surrogate
3 /\ ] ’\\ ‘/\ A B \ A\ A A A K] true function
T of | \ 2 0 FERVRVAY, »
3 ‘ \/\/ / e YAYAVAVIEE \y VvV / 5 ° \ WA
a = / / c \ \/ c \ £
< / < \/ <, <
-1 -1 o -1
0 10 0 10 0 10 0 10

t(s) t(s) t(s) t(s)

1.01- 1.01 1.0 \

3 g 05 \ N B o5 | N B os5{ |

= = \ /) ‘/\\ //\ = \ /) = \

o o WA, o \ o
b) & = 001 | [V /Nl 5 = 0.0 \/\
( ) c c ] \/ \/ V c <

< < _os \ < < s

0 10 0 10
t(s)

t(s)

Figure: Reconstructed anharmonic pendulum outputs for four different test inputs for (a) the
non-elastic metamodel and (b) the partial elastic metamodel.

Q? | IAE | CRPS Npca
Non-elastic | 0.78 | 0.10 0.06 7

Partial elastic | 0.97 | 0.06 | 0.02 | 7 (3+3+1)
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Anharmonic pendulum: Samplings

—— Elastic —— Non-elastic —— Partial elastic —— Rescaling —— True value
4
8 20
26 >
I
g4 10 2
a
2 1
Og@ . i
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Bo B1 B2

Figure: Marginals of the posterior for the different calibration methods for the anharmonic pendulum.
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Anharmonic pendulum: With and without approximation

2.0 -
/ \ r
/ AN A
3 / \ 30/ \\
g1.0/ [\
@ g2 | \
0.5 \ |
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Figure: Pair plot of the posteriors with the maximum

approimation. Figure: Pair plot of the posteriors without approximation.
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P P

Johnson: Sampling for one experiment

le—-8 — exp3
—— exp4
— exp5
— exp7
— expll
— exp 17
— exp 18

3.0

2.5

520

15 - 3
8

as 1le8

15 20
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Damping discrepancy

Experiment vs Simulation Effect of the damping discrepancy
P 450
\ 425
0 400 - 400
E \/ / g375<
> A < 3501
300 3251
. . . 3001
0 1 2 2751

t (us) 0.0 05 10 15 2.0

t (us)

o N - [(a- e P2y (t) dt
T,(y)=e " (y—y)+y, wherey= T =)t
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Sequential Monte Carlo (SMC)

Idea: move a population of particles from the prior to the posterior through a sequence of tempered
distributions [Del Moral et al., 2006]:

pa(Bly) x<ply| B)*p(B), O=ay<a<---<ag=1

We use the PyMC implementation [Abril-Pla et al., 2023] of SMC:
» Draw N particles 3; from the prior (ap = 0)
= Choose oy adaptively so that the effective sample size stays near a threshold
= Reweight the particles with w; o p(y | §;) ¥+~
= Resample the particles, then move each one with a few MCMC steps

= Repeat untilaw =1
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