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Experiment Simulation Model discrepancy Measurement error

yexp,i(t) = ysim,i(β, t) + δi(t) + εi(t)
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Priors β ∼ U δ∼ GP(0,kδ) εi∼ N (0,σ2
εI)
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Relation between experiment and simulation[Kennedy and O’Hagan, 2001]
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Bayesian calibration: [Kennedy and O’Hagan, 2001, Higdon et al., 2008]
We apply Bayes’ rule:

p(β | (yexp,i)i) ∝
∏
i

p(yexp,i | β)π(β)

the likelihood: yexp,i|β ∼ N (ysim,i(β),Σδ + σ2
εI).

the prior: π(β) is chosen based on physical knowledge.
the posterior: p(β | (yexp,i)) provides an estimate of β with quantified uncertainty.
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When simulations are expensive, we run the code Nsim times and build a metamodel to replace
it.[Perrin, 2020]

Inputs (βj)j=1,...,Nsim , Outputs (ysim,i(βj, tk))j=1,...,Nsim,k=1,...,Nt

Dimension reduction (PCA) ysim,iQ = DT
Q,iysim,i ∈ RQ, Q≪ Nt

Gaussian process regression ỹsim,iQ,l (β) | (βj, y
sim,i
Q,l (βj))j ∼ GP(µpost

Q,i , σ
post
Q,i )

Output reconstruction ỹsim,i(β) ∼ GP
(
µmeta,i = DQ,iµ

post
Q,i , Σmeta,i = DT

Q,idiag(σ
post
Q,i )DQ,i

)
Likelihood with the metamodel

yexp,i | β ∼ N
(
µmeta,i(β), Σδ + σ2

εI +Σmeta,i(β)
)
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Metamodels: GP with PCA
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f(t) + δ(t) for different δ

additive perturbation
original function

f(γ(t)) for different γ

temporal perturbation
original function
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Phase space [Srivastava et al., 2011]

Γ =
{
γ : [0, 1] → [0, 1]

∣∣∣ γ(0) = 0, γ(1) = 1,

γ, γ−1increasing and differentiable

}

Transformation to the shooting vector space [Srivastava and Klassen, 2016]

v = exp−1
id (

√
γ′) ∈ V =

{
v ∈ L2

∣∣∣∣ ∫ 1

0

v(t) dt = 0

}
A prior in the shooting vector space [Kurtek, 2017, Lu et al., 2017, Tucker et al., 2021]

v ∼ GP(0, kv) where kv is a Matérn 5/2 kernel conditioned to
∫
v = 0
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v ∼ GP(0, kv) where kv dépend on the lengthscale l and the variance σ2.

σ2 = 0.01 σ2 = 0.1

ℓ
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0.
1

f i

f
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id
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f
i

id
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Hyperparameters for the phase prior
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yexp,i(t) = ysim,i(β, γi(t)) + δi(t) + εi(t)

vi = exp−1
id (γi) ∼ GP(0, kv)

δi ∼ GP(0, kδ)

εi(t) ∼ N (0, σ2
εI)

β ∼ U

We then want to sample from the posterior

P
(
β, (vi)i | (yexp,i)

)
∝

∏
i

N
(
yexp,i(t) ; ysim,i(β, γi(t)), σ

2
εI + Σδ

)
π(vi) π(β)

In practice, we sample the coefficients (cj)j of the Karhunen-Loève decomposition: v(t) =
∑

j cjbj(t)

Limitations:
vi sampled jointly with β → higher-dimensional sampling.
γi and δi can explain the same differences→ identifiability issues.
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We consider the following approximation of the posterior: [Kahol et al., 2025]

pelastic
(
β | (yexp,i(t))i

)
∝ max

v1,...,vm∈V
p
(
β, (vi)i | (yexp,i(t))i

)(
̸=

∫
(vi)i

p
(
β, (vi)i | (yexp,i(t))i

)
(dvi)i

)
It may be rewritten as an alignment problem:

vsim,i(β, t) = argmin
vi∈V

∥yexp,i(t)− ysim,i(β, γi(t))∥2Σδ+σ2
εI
+ ∥vi∥2Σv

(1)

We can rewrite pelastic with the prior on β and two independent likelihoods to get elastic calibration
relations [Francom et al., 2025]:

(Amplitude) zexp,i(t) = zsim,i(β, t) + δi(t) + εi(t),

(Shooting vector) vexp,i(t) = vsim,i(β, t) + δvi (t)

where vexp,i(t) = 0 is the shooting vector of the experiment and zsim,i(β, t) = ysim,i(β, γi(t)),
zexp,i(t) = yexp,i(t) are the amplitudes.
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Metamodels

To build metamodels, we first solve (1) for a set of simulations (ysim,i(βj))j and then fit two metamodels
for each experiment: the metamodel of the amplitude z̃sim,i and of the shooting vector ṽsim,i.

(Amplitude) zexp,i(t) = z̃sim,i(β, t) + δi(t) + εi(t),

(Shooting vector) vexp,i(t) = ṽsim,i(β, t) + δvi (t)

Generalization to partial phases Γp = {sγ : γ ∈ Γ, s ∈ (0, tf ]}.

Prior

For γp = sγ, we consider independent priors on γ and s, where:
γ is a phase with a GP prior on its shooting vector v,
s ∼ N (1, σ2

s) truncated to (0, tf ].

p
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Extensions: metamodels and partial elastic calibration
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equation of state

Non-additive discrepancies for Bayesian model calibration with Functional Outputs, Paul Castéras 01/10/2026 14 / 28



Cu CuAl

Vh(t) (measured)

V0

Impactor Target

Material whose equation of state depends on 
parameters to be calibrated : β

0 1 2 3 4 5 6
t

0

500

1000

1500

2000

2500

3000

3500

4000

V

Simulations for exp 4
Experiment 4
Simulations for exp 5
Experiment 5
Simulations for exp 6
Experiment 6
Simulations for exp 7
Experiment 7

β ∈ [0, 1]4, Nexp = 4, Nsim = 100.

Non-additive discrepancies for Bayesian model calibration with Functional Outputs, Paul Castéras 01/10/2026 15 / 28

Application to the calibration of an equation of state
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Figure: Partial amplitudes of the equation of state for the different experiments
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Figure: Partial phases of the equation of state for the different experiments
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EOS: alignment step
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EOS: metamodels
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(Amplitude) zexp,i(t) = z̃sim,i(t, β) + δz,i(t) + εz,i(t)

(Phase) vexp,i(t) = ṽsim,i(t, β) + δv,i(t)

(Initial time) t0exp,i = t̃0sim,i(β) + ε0,i

(Final time) sexp,i = s̃sim,i(β) + εs,i

δz,i(t) ∼ GP(0, kz)

δv,i(t) ∼ GP(0, kv)

εz,i(t) ∼ N (0, σ2
mesI)

εt0,i ∼ N (0, σ2
t0
+ 1i=0σ

2,∗
mod)

εs,i ∼ N (0, σ2
s)

β ∼ U([0, 1]4)

Sampled with Sequential Monte Carlo

* Known synchronisation problem for the first experiment
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EOS: sampling
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Figure: Posterior prediction after uncertainty propagation for each experiment. The blue curve corresponds to the
composition of the mean predictions of the various metamodels, evaluated at the posterior mean of the calibration
parameters. The credible intervals and posterior samples are obtained by composing the uncertainties associated with the
metamodels and the calibration parameter.
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EOS: Predictions after sampling
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α̇ =

{
(α0−1)2/3

ν
α(α− 1)1/3(|P | − Peq) sgn(P ), if |P | > Peq

0, if |P | ≤ Peq

where
Peq =

as
α
ln
(

α
α−1

)
: equilibrium pressure

as: effective yield strength
ν: effective viscosity
α0: initial porosity
α: porosity
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Parameters to calibrate: β = (as, ν, αL)

Experimental conditions: x = (V0, e
p, ec) where V0 is the initial velocity and ep, ec are plate thicknesses.

Nexp = 7, Nsim = 1000
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Johnson’s damage model
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Figure: Predicted outputs for the experiment 18 with metamodels in the amplitude and phase spaces.
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Figure: Predicted outputs for the experiment 18 with metamodels in the original space.
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Johnson: metamodels
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Discontinuities in the alignment transformation

Non-additive discrepancies for Bayesian model calibration with Functional Outputs, Paul Castéras 01/10/2026 23 / 28



yexp,i(t) = Tρi(ỹsim,i(β, γi(t))) + δi(t) + εi(t)

Tρ(y) = e−ρt
2
(y − ȳ) + ȳ,

where ȳ =

∫
(1− e−ρt

2
)2 y(t) dt∫

(1− e−ρt2)2 dt
ρ ∼ E(1/2)

δ ∼ GP(0, kδ)
v ∼ GP(0, kv)
ε ∼ N (0, σ2

ε)

β0 ∼ U(2× 108, 9× 108),
β1 ∼ U(0.2, 20),
β2 − 1 ∼ W(0.8, 3).
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Johnson: sampling
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Johnson: Prediction for β∗ = (4.2× 108, 19, 1.036)
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Phase discrepancy Elastic calibration

Likelihood yexp(t) = ysim(β, γ(t))+δ(t)+ε(t) zexp(t) = zsim(β, t) + δ(t) + ε(t),
vexp(t) = vsim(β, t) + δv(t)

Metamodels in the original space in the amplitude/shooting vector
spaces

Better metamodels ∼ ✓ if continuous alignment
✗ otherwise

Always feasible (multimodal,
β/v dependencies)

✓ ✗

Low dimensional sampling ✗ ✓

Discrepancies separation ✗ ✓

Possible improvements: improving the metamodels for discontinous alignments and characterizing
the feasible cases for elastic calibration.
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γ ∈ Γ =
{
γ : [0, 1] → [0, 1]

∣∣∣ γ(0) = 0, γ(1) = 1

γ, γ−1 increasing and differentiable

}

First transformation: ψ = Q(γ) =
√
γ̇ ∈ Ψ

⇒ ||ψ||22 =
∫ 1

0
ψ(t)2 = 1 ⇒ Ψ ⊂ S∞

Second transformation:

Figure of [Srivastava and Klassen, 2016]

Tψ(Ψ) =

{
v ∈ L2

∣∣∣∣ ∫ 1

0
v(t)ψ(t) dt = 0

}
exp−1

ψ (ψ1) =
κ

sin(κ)

(
ψ1 − cos(κ)ψ

)
where κ = dp(ψ, ψ1) = cos−1(

∫ 1

0
ψψ1)
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EOS: metamodels
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d2ϕ

dt2
+ α1

dϕ

dt
+ α2(ϕ− α0ϕ

3) = 0, (2)

yexp(t) = ϕ∗(t+ 0.05 sin(0.1πt)) + η(t), (3)
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Figure: Dataset for the anharmonic
pendulum.
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Anharmonic pendulum: Dataset
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Anharmonic pendulum: Alignment
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Figure: Reconstructed anharmonic pendulum outputs for four different test inputs for (a) the
non-elastic metamodel and (b) the partial elastic metamodel.

Q2 IAE CRPS NPCA

Non-elastic 0.78 0.10 0.06 7

Partial elastic 0.97 0.06 0.02 7 (3+3+1)

Table: Comparison of the metamodels for criteria computed on a test dataset for the anharmonic pendulum.Non-additive discrepancies for Bayesian model calibration with Functional Outputs, Paul Castéras 01/10/2026 23 / 28

Anharmonic pendulum: metamodel
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Figure: Marginals of the posterior for the different calibration methods for the anharmonic pendulum.
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Anharmonic pendulum: Samplings
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Figure: Pair plot of the posteriors with the maximum
approximation.

Figure: Pair plot of the posteriors without approximation.
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Anharmonic pendulum: With and without approximation
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Johnson: Sampling for one experiment
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Experiment vs Simulation
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Tρ(y) = e−ρt
2

(y − ȳ) + ȳ, where ȳ =

∫
(1− e−ρt

2
)2 y(t) dt∫

(1− e−ρt2)2 dt
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Damping discrepancy
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Idea: move a population of particles from the prior to the posterior through a sequence of tempered
distributions [Del Moral et al., 2006]:

pα(β | y) ∝ p(y | β)α p(β), 0 = α0 < α1 < · · · < αK = 1

We use the PyMC implementation [Abril-Pla et al., 2023] of SMC:
Draw N particles βi from the prior (α0 = 0)
Choose αk+1 adaptively so that the effective sample size stays near a threshold
Reweight the particles with wi ∝ p(y | βi)αk+1−αk

Resample the particles, then move each one with a few MCMC steps
Repeat until α = 1
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Sequential Monte Carlo (SMC)
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