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Random Matrix Regime

* No longer valid if p,n oo with pfn e C (0, oc),

||(T'L'.p — Gyl # 0.

» For practical p, n with p >~ n, leads to dramatically wrong conclusions

» Even for p = n /100,
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Spiked Models

Small rank perturbation: &) — 7, — 77, 7 of low rank.
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Spiked Models

Theorem (Eigenvalues [Baik,Silverstein’06])
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Spiked Models
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Other Spiked Models

Similar results for multiple matrix models:

P Y, = LU PN N+ PR
Y- 1N, X4 P

>V, — DX 4+ PIX

P Y, = (X + P)N X+ )

» etc.
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Application to Machine Learning
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Takeaway Message 1

"RMT Explains Why Machine Learning Intuitions
Collapse in Large Dimensions”
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Clustering setting in (not so) large »,p:
» GMM setting: :cl"'), e -.'v.E{:_:" ~ A, Cadra=1....,k
» Mon-trivial task:

lpta — o] = O, tr(Cu — Gy} = QLR tr|{Ca — C3)2] = Op)

Classical method: spectral clustering

» Extract and cluster the dominant eigenvectors of

) ) . 1 .
K= {r;.{,::.;_.:r:_J)}?_jzl y o Al eg) = f (;Hif‘-i — .'f:_}-||2) .

* Why? Finite-dimensional intuition
G
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.
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The curse of dimensionality and its consequences (2}

In reality, here is what happens...
Kernel Ky — ex-p{—._}TM.,; — x|} and second eigenvector 1

(g ~ N dp) e = (2,0, 00T € 37,
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The curse of dimensionality and its consequences (3)

MNIST ImageNet 20NewsGroup
Faw VGG-features BERT embedding
p— V84, n— 500 p — 30584, n — 500 P — 300, n— 500
4 1 4

il
ST
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{Major) consequences:
» Most machine learning intuitions collapse
» But luckily, concentration of distances allows for Taylor expansion, linearization...

Theorem ([C-Benaych’16] Asymptotic Kernel Behavior)

Under growth rate assumptions, as p,n — 00,

RTINS . 1
||K K| %0, R fenatl, + =227 4 0A0T 4
— — P
O (n)
with J = [j1,....7:] € mrxk g — 0, 1n,, 0T (the clusters!) and A € Rk
function of:
> ) P £
B g — | b (G — ), (O, (_,';,]2), for o b c {1.... k).

-+ This is a spiked model! We can study it fully!

21747



Performance prediction: spectral clustering

o Asymptotic analysis of eigenvectors of K (MNIST, p — 28 x 28(— 784))

(+)

Hga

XKim

N

(+)

vi— [WWM} vo = [WWM} vy = [W\‘WWWMM]

22747



Performance prediction: spectral clustering
o Asymptotic analysis of eigenvectors of K (MNIST, p — 28 x 28(— 784))

*1 Xga — X —
. 1 . . 4
Keid XKim — Kiag —

vz V3
] ? + I
ﬁr+
+ +:_?_. el
+ + ++ +
w ty A . +
++|+-L y +
PSR R A i ¥
+ oo -é——"*ﬂt' +
e e 4}+
+3.§'-' —4—33_-:-_\:*—0—?*' . ﬁ}—#o—»w b
+ A T ++-£+ o ¥ #&
i ++F'¢i ++ + & +-;'-— i
+ $+++ ++ +H+ 4
& ot

22747



Performance prediction: spectral clustering

o Asymptotic analysis of eigenvectors of K (MNIST, p — 28 x 28(— 784))
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Takeaway Message 2

“RMT Reassesses and Improves Data Processing”



Improving Kernel Spectral Clustering

s Going further than {[Kammoun, Couillet’17]).

3 fy 1 p T ! Ty 4 T
Ko [l 41 () =227+ 447, avecA_i-"( FER L f {\) , )
— T lita = prsl| 10 (Ca = ) -
O|'|I‘ﬁ:l
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Improving Kernel Spectral Clustering

s Going further than ([Kammoun,Couillet'17]), if f'{+) =0,

/ .f ..'.f k
K= f(r )1ﬂ1T+fr,J,.‘77T JAJT, avecA—r'( JEL S )
S o Jf.‘l-‘*"rJUhT. tr (( o _(-’h)f"'
O' |[r1)
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Improving Kernel Spectral Clustering

s Going further than ([Kammoun,Couillet'17]), if f'{+) =0,

"1

/
K = f(rinl] +fr;L477T+J4JT|aVECA_F( Hr)n g ({‘ , )
‘—v—’ - J;m-r-fm St (Cy — Oy
)

» Gaussian case: N[0, C1) vs. A(0, C3)

-0 -
-0.084 -
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wore DOPE DO7Y LUREE DgE2 0034 Dogdg » ngz n.ga 0. iy wa LR

Kernel Ky; — F‘Yl’)(—— T — Xy |2) Kernel K; — (%| x; — x| T
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Improving Kernel Spectral Clustering

¢ EEG data: sane vs. epileptic patients
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Improving Kernel Spectral Clustering

¢ EEG data: sane vs. epileptic patients
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— Remark: highly counter-intuitive kernell
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Another, more striking, example: Semi-supervised Learning

Semi-supervised learning: a3 great idea that never worked!
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Semi-supervised learning: a3 great idea that never worked!
» Setting: assume now

L™ already labelled {few),

! unlabelled {a lot).

o

» Machine Learning original idea: find “scores™ £}, for .; to belong to class

k

= a-rgminFEgnm.- Z Z I\r-,:_j (F,j” - Fj” ) 2. Fi[i] = 5{”;{( Cul-

a—1 1.
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k

F = agmingegocs B Y Kij (FiuDS = FuD5) 2 Fl =ap,0c,).

a—1 1.
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Another, more striking, example: Semi-supervised Learning

Semi-supervised learning: a3 great idea that never worked!
» Setting: assume now
e ., already labelled (few),

; unlabelled (a lot).

» Machine Learning original idea: find “scores™ £}, for .; to belong to class

k
F = argminppnxw Z Z K (F,;r.Df_j; — Fjr.D;‘j) 2 Fi[i] =800,

a—1 1.

» Explicit solution:
1

[ o B o — I —rx - 3 {
F'u] = (Iﬂ,:“: - D:‘u] I\[-um_'D 1‘[ﬂ.-) D.,{] K -'”":]DC !]F[]

where 1) — diag( K1, (degree matrix) and [ul], [, ... blocks of
labeled/unlabeled data.
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The finite-dimensional case: What we expect
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Figure: Outcome F of Laplacian algorithms (o = 1) for A (., £5) with p = L.
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The finite-dimensional case: What we expect
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Figure: Outcome F of Laplacian algorithms (o = 1) for A (., £5) with p = L.
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The reality: What we see!

Labelled ~ Unlabelled

—— F|..1 (scores for 4)

Labelled ~ Unlabelled
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0 34

Figure: Outcome F of Laplacian algorithms (o =

1K1

130 200

1) for A'{Ep, £,) with p = 80,
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The reality: What we see! (on MNIST)
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Figure: Veclors [I"” o o= 1,2, 3, for 3-class MNIST data {eros, ones, wos), o — 192,
=75, m/n=1/ 16_ Gaussian kernel.
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The reality: What we see! (on MNIST)
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The reality: What we see! (on MNIST)
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= T84, ny/n = 1716, Gaussian kernel. 2547



Exploiting RMT to resurrect SSL

Consequences of the finite-dimensional “mismatch”
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Exploiting RMT to resurrect SSL

Consequences of the finite-dimensional “mismatch”
» A priori, the algorithm should not work
* Indeed “in general” it does not!

» But, luckily, after some (not clearly motivated) renormalization (e.g., & = —1,
Fio+— Fifmyg i), it works again..

» BUT it does not use efficiently unlabelled datal

Chapelle, Schélkopf, Zien, "Semi-Supervised Learning™, Chapter 4, 2009,

Qur concern s this: it is frequently the case that we would be better off just discarding
the unfabeled data and employing a supervised method, rather than taking a
semi-supervised route. Thus we worry about the embarrassing situation where the
addition of unifabeled data degrades the performance of a classifier.
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Asymptotic Performance Analysis

Theorem ([Mai,C'18] Asymptotic Performance of SSL)
For w; & O unlabelfled, score vector I . & 4% satisfies:

F:'!. (-:h H Of (_:_f, ] .-'\-"{'.m.,l,_. E-,",::l
with my, € ®%, 5, € " function of

L ol WO S G PG S o TRV Y DA T ) DY '8
> only .
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Asymptotic Performance Analysis

Theorem ([Mai,C'18] Asymptotic Performance of SSL)

For w; & O unlabelfled, score vector I . & 4% satisfies:

F:'!. e 0, Oy e ,"\"‘{'J’ﬂ.,l,_. E,‘,}

with my, € ®%, 5, € " function of
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Improved SSL

Solution: From RMT calculus (but not from ML intuition!}, solution is to replace K by

- 1
K=rKP P—=1,— —1w11‘
T
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Improved SSL

Solution: From RMT calculus (but not from ML intuition!}, solution is to replace K by

K=rKp, P—l,— =1,17.
T

Theorem ([Mai,C'19] Asymptotic Performance of Improved SSL)

For x; & Cp, unfabelled, score vector F«;‘. & &% satisfies:

f: — Gb — 0, f_:-:rr_, o~ ,a\"’{'ﬁ?,b_. ib}
with fiy, € &%, ¥, € RFXF function of
> Jr[T" f}(“_): ,rHLT}' Fle oo g, (--j| reey (;‘ﬁ:

* 5y and n,,.
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Solution: From RMT calculus (but not from ML intuition!}, solution is to replace K by

- 1
K=rKP P—=1,— —1w11‘
T

Theorem ([Mai,C'19] Asymptotic Performance of Improved SSL)
For x; & Cp, unfabelled, score vector F«;‘. & &% satisfies:
Fio =Gy =0, Gy~ N{p, 5y)
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Improved SSL
Solution: From RMT calculus (but not from ML intuition!}, solution is to replace K by

- 1
K=rKP P—=1,— —1w11‘
T

Theorem ([Mai,C'19] Asymptotic Performance of Improved SSL)
For x; & Cp, unfabelled, score vector F«;‘. & &% satisfies:
Fio =Gy =0, Gy~ N{p, 5y)

with fny, € %, 5, € B function of
> Jr[q—" f}(“_): ,rHLT}' Fle oo g, (--j| reey (;‘ﬁ:
* 5y and n,,.

(B2 -
& 0.8
m
5
g
=1 .78
./ e Laplacian regularization
0.76 1= | il Speciral clustering {unsupervised)
g = = Centered regularizatian

e
24T



What about real data?

RehN o
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L0y

Figure: Top: distribulion of nonmalized pairwise distances for noisy MNIST dala (8,9). Bottom:

average accuracy as a function of np, with ri;) = 10, computed aver 1000 random realizations.
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What about real data?
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What about real data?
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What about real data?
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Experimental evidence: MNIST

P

Digits (0,8) (2,7) (6.9)

o, — 100
Centered kernel (RMT) 89.5 3.6 895 34 853159
Iterated centered kernel (RMT}  89.5=3.6 89.5-34 85.315.9
Laplacian 755456 742=58 700155
Iterated Laplacian 87.2+£47  80.0=h2 81.4+46.8
Manifold 88.0+4.7 88.4=39 823816.5

rey, = 1000
Centered kernel {RMT) 92.240.9 925=0.28 d2.6+1.6
Iterated centered kernel (RMT)}  92,3=0.9 925+ 0.8 92.9+1.4
Laplacian 65.644.1  744=40 695437
Iterated Laplacian 92.2=-0.9 92.4=09 92.0%1.6
Manifold 91.1+1.7  91.4=19 91.4+2.0

Table: Comparison of classification accuracy (35} on MNIST datasets with iy, = 10. Computed over

1000 random iLeralians lor w., = 100 and 100 lor w.,, = 1000,
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Experimental evidence: Traffic signs (HOG features)

Class ID (2,7} £6,10) {11,18)

ey — 100
Centered kernel (RMT) 79.0£104 775192 785£7.1
lterated centered kernel (RMT)  85.3+5.9  89.2+5.6 90.1+6.7
Laplacian 73.8408 77.31£95 TB.6E7.2
lterated Laplacian 893.717.2 88.0+6.8 §7.1+8.8
Manifold 776189 8141104 8231108

rhg, 1000
Centered kernel (RMT) 83.612.4 84,6124 88.719.4
Iterated centered kernel (RMT)  84.813.8 88.0155 96.413.0
Laplacian T2 7+42 88.9+5.7 95.84+3.2
lterated Laplacian 83.0+55 B8.2+6.0 Q27461
Manifald IR =% 85.0+9.0 90.6+8.1

Table: Comparison of classification accuracy (%) on German Traffic Sign datasets with n, = L0,

Computed over 10000 random iterations for w.,, — 100 and 100 for v, — 10000
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Even more striking: new intuitions and cheap algorithms

» Computation cost reduction: (p,n 3 1}

— e-subsampling K ¢ Ene»ns
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» Computation cost reduction: (p,n 3 1}

— e-subsampling K ¢ Ene»ns

» Phase transition of spectral clustering: (v ~ AN {4y, L), »n/p = 100},

||f2]? {easier task —+)

1 | | :
LS
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*
0.5 |- *
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‘\
o e Classification possible
0.6 .
04 i .
0.2
0 | Classification impossible
0.02 0.04 0.06 0.08 0.1
= [e— more sparse)

36747



Even more striking: new intuitions and

» Computation cost reduction: (p,n 3 1}

— e-subsampling K ¢ Ene»ns

— K. = K & B with Biy ~ Bern(g) iid.

cheap algorithms

» Phase transition of spectral clustering: (v ~ AN {4y, L), »n/p = 100},

1 | | :
- === Subsampling
08 *
.
| "
x v Classification possible
LA ~
= e
g Teeel
£ 04 T .
e
= 02
0 | Classification impossible
0.02 0.04 0.06 0.08 0.1
= [e— more sparse)

36747



Even more striking: new intuitions and cheap algorithms

» Computation cost reduction: (p,n 3 1}

— e-subsampling K ¢ Ene»ns

— K. = K & B with Biy ~ Bern(g) iid.

1 - - .
- === Subsampling
T 0.% —— K.
x Classification possible
m Ub -
it e
g bl DN
£ 04 Bl CSN .
-N_ ‘‘‘‘‘‘‘
= 02
0 | Classification impossible
.02 0.04 0.06 008 0.1

= [¢— K. more sparse)

36747



Even more striking: new intuitions and

cheap algorith

» Computation cost reduction: (p,n 3 1}

— e-subsampling K ¢ Ene»ns

— K. = K & B with Biy ~ Bern(g) iid.

||f2]? {easier task —+)

1
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Classification impossible
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= [¢— K. more sparse)
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Takeaway Message 3

“RMT Also Grasps '‘Real Data’ Processing”



From i.i.d. to concentrated random vectors

Beyond Gaussian Mixtures: results still valid for concentrated random vectors.
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From i.i.d. to concentrated random vectors
Beyond Gaussian Mixtures: results still valid for concentrated random vectors.

Definition (Concentrated Random Vector)
x € & is concentrated if, for all Lipschitz [ : 4" — %, there exists .y € L4, such that

r (|f(:r.} — g c‘) < e 9 g increasing function.

w= ) s Qbservations
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. !
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. —‘/
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From i.i.d. to concentrated random vectors

Theorem ([Louart,C'18] [Seddik,C'19] Kernel Universality)

For a; ~ £{j4,, €, } concentrated random vector, under the conditions of
[C-Benaych'16].,

e . 1

t — U = (7)1, + - + /A + *

K-K| X0, K=f(mL.1]) VAW
»

with A only dependent on f{7). f/(=1, f" (70 oo, Gy (e
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From i.i.d. to concentrated random vectors

Theorem ([Louart,C'18] [Seddik,C'19] Kernel Universality)

For a; ~ £{j4,, €, } concentrated random vector, under the conditions of
[C-Benaych'16].,

. N 1
& — £ 250, K= (1,1 + 22"+ 047" + %
»

with A only dependent on f{7). f/(=1, f" (70 oo, Gy (e

-~ Same result as [C-Benaych’16]. . . Universality of first two moments!
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Qk...so what?

Key Finding. GAN-generated data are concentrated random vectors!
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Qk...so what?

Key Finding. GAN-generated data are concentrated random vectors!

Generalor
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Real images
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Qk...so what?

Convolutional Neural Net
=
=
=
=
=
~ _» Concentrated!
L Feature Vector
Lipschitz maps
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.so what?

Ok..
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i,d—1
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M <5
A
W -
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Spectral Clustering

alure Veclors
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Gaussian, GAN, and real data

Results. [Seddik,C'19]

GAN Images

Real Images
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Gaussian, GAN, and real data
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Gaussian, GAN, and real data
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Gaussian, GAN, and real data
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Conclusion

Our Research Activities:

Large-dimensional Performance study
madel analysis
. rsupport vector machines,
graph seml-supens. Iearning,
communlty detacting,
spectral meathods, ... )

{Laplacians, kemels,
ru-lincar furctionals,
Axeg-point models, ... )

f

Applications Algorithm
Proof of Concept improvemsants
e
[Eardiit SIGral processiog, (hyparparametar aptirnization,
hyperspectral taging, asctivationykernel inprovement,
new aigonthms/insigits, ... )

statlstical financa, ...}

The road ahead:
» from theory to practice: exploit theory to improve real-data learning

* beyond explicit learning: implicit optimizations, non-convex problems.

» ML — representation + stat-learning {VAE, NN dynamics?}

-
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Qur Team: the MIAI “LargeDATA™ chair @ University Grenoble-Alpes

G. Basson F. Chatalain F. Comon E. Gausslar N.L# Blhan &. Zozor O Michs!

Inafitut Fourer GIPSA GiFSA LIz GiFSA CieSa GIPSA
péamiitrie statisigies masews  tmiferent kangage sfaks, phesiue simDhc:s thiferi de Vit signal, physimae
M. Seddik L Dal'Amice &, Lovart M.Tlomcko  H. Chakvoun <. Doz T Zarrouk . Séloumné B. Nabat H. Baulart
Approntissage PRpaie Stels i A i Fimanee Trak, sigrs!
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The End

¢ 9 99 9 ¢

Thank you!
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