Bayesian Networks
ETICS 2017

Pierre-Henri Wuillemin (LIP6-UPMC)

pierre-henri.wuillemin@lip6.fr



POI

BNs in a nutshell
Foundations of BNs
Learning BNs
Inference in BNs

Graphical models for copula

pyAgrum
http://agrum.gitlab.io/pages/pyagrum-installation.html
http://webia.lip6.fr/~phw/Docs/tdsBN.zip

2/ 0



Nutshell

3/ 94



Inference in discrete probabilistic model

Inference

Let A, B be (discrete) random variables,

Inference consists in computing the distribution of A given observations on B.
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Bayesian networks : definition

» Definition (Bayesian Network (BN))

A Bayesian network is a joint distribution over a set of random (discrete) variables.
A Bayesian network is represented by a directed acyclic graph (DAG) and by a
conditional probability table (CPT) for each node P(X;|parents;)
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moking? | el ez visit_to_Asia?| b1 b2
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Bayesian networks : definition

» Definition (Bayesian Network (BN))

A Bayesian network is a joint distribution over a set of random (discrete) variables.
A Bayesian network is represented by a directed acyclic graph (DAG) and by a
conditional probability table (CPT) for each node P(X;|parents;)
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Bayesian networks : definition

® Definition (Bayesian Network (BN))

A Bayesian network is a joint distribution over a set of random (discrete) variables.
A Bayesian network is represented by a directed acyclic graph (DAG) and by a
conditional probability table (CPT) for each node P(X;|parents;)

Factorization of the joint distribution in a BN

'D(Xl)"' »Xn) = ﬁp(xilparents(xi))

i=1

P(A) - P(S) - P(TIA) -
P(LIS)-P(OIT,L)-P(BIS)-
P(X|0) - P(D|O, B)

P(A,S,T,L,0,B,X,D)

(24244+4+8+4+4+8 =
32 parameters)

(28 = 256 parameters)

Nutshell 7/ 9%



Bayesian networks : definition

» Definition (Bayesian Network (BN))

A Bayesian network is represented by a directed acyclic graph (DAG) and by a
conditional probability table (CPT) for each node P(X;|parents;)

Inference :

P(dyspnoea) ?

visit_to_Asia? smoking?
al-0.0100 T :0.5000 :
a2 0 9900 £2:0.5000 P

tuberculosis? lung_cancer?
bl:0.0104 I T el-0.0550 I
0209856 €2.0.9450 ]

N/

tuberculos_or_cancer? bronchitis?
c1:0.0648 g1:0 4500
2:0.9352 g2:0.5500 F
pasitive_XraY? dyspnoea?
d1:0.1103 h1:0.4360
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Bayesian networks : definition

» Definition (Bayesian Network (BN))

A Bayesian network is represented by a directed acyclic graph (DAG) and by a
conditional probability table (CPT) for each node P(X;|parents;)

Inference : P(dyspnoealsmoking) ?

visit_to_Asia? smoking? visit_to_Asia? smoking?
tuberculosis? lung_cancer? b tuberculosis? lung_cancer?
tuberculos_or_cancer? bronchitis? tuberculos_or_cancer? bronchitis?
dyspnoea? dyspnoea?

positive_XraY? h1:0.3191 T positive_XraY? h1:0.5528

h2-0 6809 5 h2:0.4472
Inference in 14.29ms Inference in 11.35ms

Pldyspnoealsmoking = 1) Pldyspnoealsmoking = 0)
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BN and probabilistic inference

diagnostic : P(AIF)J

p(A) p(B) @ diagnostic
[mmm) [mmm)
e @ reliability
p(ClAB L .
p(D | B) @ classification

LL
e P prediction P(E|B, A)J
HH .ﬁ. @ (s) @ Process simulation (modelisation)

p(E | F) FIAC p(G | C,D) . )
| PUIAC) | @ forecasting (dynamics, etc.)

@ Behavioral analysis (bot, intelligent
Others tasks | tutoring system)
@ Most Probable Case : arg max P(X|D)
@ Sensitivity analysis, Informational analysis (mutual information), etc.

@ Decision process, Troubleshooting : arg max %
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Application 1 : diagnostic

Diagnostic © NASA

N accum P

Nutshell

NASA :
using a BN
to monitor
the boosters
of the

space shuttle

1 / o4



Application 2 : medical diagnosis

the Great Ormond Street hospital for sick children

Diagnosis of the causes of cyanosis or heart attack in the child just after birth.

disease

age at
\pre&ltation

Nutshell
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Application 3 : risk analysis
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Application 4 : Bayesian classification

X (dimension d, features) and Y (dimension 1, often binary but not necessarily).
)

Using a database TT, = (x! kef1,- v (supervised learning), one can
estimate the joint distributlon P(X, Y).

Classification

For a vector x, values of X, the goal is to predict the class (value of Y) : y

@ Maximum of the likelihood (ML)
y = arg max P(x|y)
y

@ Maximum a posteriori (MAP)
y = argmax P(y|x) = argmax P(y) - P(x|y)
y y

Those distributions may be hard to estimate.
P(X]Y) may induce more parameters than [TT,|!!

Nutshell 14 / 9



Bayesian classification (2) : naive Bayes

How to compute P(X|Y)?

Naive Bayes classifier

if we assume Vk # [, X, 1L X;|Y  then  P(x,y) ]_[k 1 P(xkly)

Very strong assumption! In most cases, it is an approximation. However, this
approximation often gives good results.

Y

@ | 5 t) ‘@

K1 X2 w3 x4

@ Parameters estimation : trivial (if no missing values)

@ ML: Hk 1 P(xxly) .
@ MAP : P(ylxq,--- xd) . inference in the BN !

Nutshell
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Bayesian classification (3) : more complex models

TAN : Tree-Augmented Naive Models

._..1f
Every variable X; can have Y and another parent . "
B D ]
among X (only onel!). ’ = “"
Complete Bayesian network
| B
A ¥ o % o In a BN including Y and (X;), infer
WA ! \'g__.:__.. P(Y‘XI) o )Xn)-
= S Bl | SR Note : There is no need to all X; :
b b e Markov Blanket MB(.))
LA | P(YIX) = P(YIMB(Y))
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Application 5 : dynamic Bayesian networks

dBN (dynamic BN)

A dynamic BN is a BN where variables are indexed by the time t and by i : X" = {X{,--- , Xy} and verifies :

@ Markov order 1 : P(X*|X?, ... | Xt71) = p(Xt| Xt 1),
@ Homogeneity : P(Xf[X!™1) = ... = P(X}X?).
0 1 2 3 4 t=0 t[(t—1

X;

X1 X1 1 X1 @

s )
FEEE e 4
2-TBN

A dBN is characterized by :

@ initial conditions (P(X°)

@ the relations between t — 1 and t (timeslice).

2TBN (2 timeslice BN) allows to specify a dBN of size T by starting with X° and copying T times the pattern
(t|t —1).
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dBN and Markov chain

Markov chain

0.25 @ A state variable (X") (at time n).

(=4

.25
@ Parameters :

0.75 O :
° o Initial condition : P(X©)

W e Transition model : P(X"|X" 1)
0.5 705

025 0 0.75
P(X"X"1y=1| 0.25 025 0.5
025 0.5 0.25

0.25

Q7

<
¥}
G

Equivalent dynamic Bayesian Network :

agn : 0D — () — ()= oren . (D00
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dBN and Hidden Markov Model

HMM
@ A state variable (X”) (at time n).
@ An observation variable (Y")
o Parameters :
o Initial condition : P(X©)
o Transition model : P(X"|X" 1)
o Observation model : P(Y"|X")

Equivalent dynamic Bayesian Network :

H —
aen (0 0D ()

o .
i. o7
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Foundations
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Joint probability, Factorization, conditional independence

@ A joint probability is expensive in memory
K* p(X,Y,Z)

@ A joint probability can be factorized (chain rule)
K3 p(X,Y,Z)=p(X)-p(Y|X) p(Z|X,Y) K+ K2+ K>

o Conditional independence is the key.
With X 1LY and Z 1L X, Y :

K3 p(X,Y,Z)=p(X) p(Y)-p(Z)3K

Goal : how to describe the list of all conditional independence in a joint
probability :

(U, V,W C X with UL V|W}

Independence models 21 / 94



Independence model

More generally, this ternary relation between subsets is called separability.

® Definition (Independence model and separability)

Let X be a finite set, let 3 C P(X) x P(X) x P(X). i.e. a list of triplets of subsets of X.
J is called an independence model.

YU,V,W C X, U and V are separated by W (<K U <>V |W >5) if and only if

(U, V, W) € 7.

i.e. J is the list of all 'separations’ found in X.

Relation between J and p

Jp ={(U, V, W) eC P(X) x P(X) x P(X),U I V|W}is an independence model.
UL VW S<UDV Wy,

Reciprocally, if J is an independence model for X set of random variables, can we
found P a distribution that verifies this list of conditional independence ?

Independence models 22 / 94



Semi-graphoid and graphoid

» Definition (semi-graphoid)
An independence model J is a semi-graphoid if and only if VA,B,S,P C X :

o trivial independence <<A @@ |S>>j

e Symmetry <<A @B |S>>j :> << B <I>A ‘5>>j

© Decorposition KA (BUP)|S>»; = <A<SB|S>;

© vesk union <KA>(BUP)|S>; = <ASB|(SUP)>;
_ <ADB|(SUP)>,

eConrract/on { <<AQ>P|S>>3 :> <<A4>(BUP)|S>>J

» Definition (graphoid)
An independence model J is a graphoid if and only if VA,B,S,P C X :
J is a semi-graphoid

<KADBI[(SUP)>
O ot {<<A<1>P||E5UB§>>:} = <Aw(BUP)|S>s

A These axioms create a strong structure inside the independence model.

Independence models
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Semi-graphoid and graphoid - representation of the axioms

e Decomposition
o Weak union

e Contraction {

o Intersection {

eDecomposition

<KASBI(SUP)>;
<KADGP|(SUB)>5

KA (BUP)|S>5

<A< (BUP)|S>5

KADGBI(SUP)>5
<KADGP|S>5

A

5

B
P

eContraction

A

$

Independence models

=
=

=

=

<KAD>B|S>5
<KADGBI[(SUP)>;

<A< (BUP)|S>;

<A< (BUP)|S>;

°Weak union

A

IS}

oW

elntersection

A

S

V| W| 0| W™
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Semi-graphoid and graphoid

Theorem (probability and graphoid)
Jp is a semi-graphoid.
If p positive then J, is a graphoid.

Is there any other kind of ternary relation that is a graphoid ?
A B

E F G

Theorem (Undirected graph and graphoid)

Let G = (X, E) an undirected graph,

YU, V,W C X,(U|W | V)¢ if and only if every path from a node in U to a node in V
includes a node in W.

{{(UIW V), U, V,W C X} is a graphoid.
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Graphical model

P(X),.AL.]. J Independence model | G=(X,E) (I |>GJ
— —

» Definition (Graphical model)

A graphical model is a joint probability distribution P(X) which uses a graph
G = (X, E) to represent its conditional independence using separation in the
graph.

P(X),. L] | o J Independence model | 75 G:(X)E)»<-|-|->GJ

» Definition (I-map, D-map, P-map, graph-isomorphism)

let G = (X, E) a graph and a distribution p(X).
G is @ Dependenc-map for p & (XA Y|[Z
G is a Independenc,-map for p & (XA Y|[Z
G is @ Petec-map for p & (X1 Y|Z

p(X) is graph-isomorph if and only if 3G =

p = (XI1Z|Y)ec.
p & (XIZ1Y)6.
p & (X|Z]Y)6.
X, E) P-map for p(X).

—_— e

@ The empty graph (X, () is a D-map for all p(X).
@ The complete graph is a I-map for all distribution p(X).
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Undirected graphical model : example 1

example 1

Let p(D1, D2, S) be the joint probability distribution with Dy and D, two (independent)
dice and S = D; + D».

(in)Dependence in example 1

e Dy fSand D L S
e Dy Il Dy but Dy _,M_D2|S

D D>
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Undirected graphical model : example 2

example 2

In a database of users, a strong correlation has been found betweenL the ability to read
and P the size of the shoes.

This correlation is explained by the fact that a third variable A (the age) can be < 5.

(in)Dependence in example 2
oL fAand P L A
oL JPbutl Il P|A
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Directed graphical model

example 1 example 2
D; 1l Dy but Dy JiD2|5 LJinUtLJLP|A
Dy D, A
S P L

Giving more information on the graph by adding the orientation.
directed example 1 directed example 2
Dy L O buit Dy JL D[ L JPbutl Il PlA

O<« ;?O '/A\

Os Or LO

collider or V-structure

We need a separation criterion for directed graphs : d-separation.

Independence models
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Directed graphical model and d-separation

Let C = (x;)je; be an undirected path in 8 = (X, E).
x; is a C-collider if C contains : x;_1 — X; ¢ Xji1.

» Definition (Active path)

Let Z C X. C is an active path wrt Z ifVx; € C :
e If x; is a C-collider Then x; or one of its descendant belongs to Z.
o Else x; does not belong to Z.

If a path is not active wrt Z, it is blocked by Z.

» Definition (d-separation)

Let 8 (X, E) a directed graph,

Y(U,V,W) C X, U is d-separated from V by W in G ((U W | V)z) if and only if
every undirected path from U to V is blocked by W.
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Sampling some d-separation
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Bayesian network and Markov properties

® Definition (Global Markov Property)

G satisfies the GMP for p < VA, B, S C %,
(AS|B)g = AL BIS.

i.e. 8 is an I-map for p.

® Definition (Locale Markov Property)

C satisfies the LMP for p & VX; € X,
{Xi} AL nd (X;)[TTx,.

where nd (X;) represents the non-descendant nodes of X;

Independence models 32 / 9



Bayesian network and Markov properties (2)

Theorem
(when p(X) positive)

GMP < LMP

® Definition (Bayesian network, graphical Factorization)

Let p(X) be a directed graphical model with the graph 8 = (X,E). p(X) is a
Bayesian network if and only if G is an I-map for p.

Theorem

Let p(X) be a Bayesian network with the graph ? = (X, E),

p(X)= ] p(XiTTx)

XieX

Independence models 33 / 94



Markov Equivalence class

Markov Equivalence

Two Bayesian networks are equivalent if their graphs represent the same

independence model

:"4
= =
=
N

® Definition (Markov Equivalence class)

The Markov equivalence class for a Bayes net represented by G is the set of all
Bavesian networks that are Markov equivalent to

r“\‘x\(‘})y O\\/'OY @ x r“\Y /_)v

\
V4 XA v
XJI_YI X vz

Independence models 4 / W



Causality
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Causality and probability

Conditional probabilities do not allow to deal with causality. They even create
paradox.

Simpson's paradox

Impact analysis : does a certain drug help to cure the patients?
With the values : ¢! (cured) / d* (with drug) / d° (no drug) / M,W (man, woman).

@ P(cl|d') =0.575 > P(ctd%) = 0.5 the drug helps . ..
e P(ct|d', M) =0.7 < P(c'|d’, M) =0.8 ... except if the patient is a man ...
e P(ctd:, W) =02 < P(c!d’, W) =0.4 ... Oor a woman.

A The conditional probability P(c'|d?) is observational and is not relevant,
one wants to give the drug and not to observe : intervention on d : P(ct| —d?)

Conditioning by intervention

Let / be the state of the light switch, cause of L : 'is there light in the room 7'

@ With observational conditioning P(L|/) and P(/|L) (no distinction between cause
and effect),

@ P(L| =)= P(L|I @ Pl —=L) = P(I).

Intervention 36 / 94



Causal Bayesian network

O P(C|—S)=P(C|S)

Smoke Cancer
Genotype
T
{ l
A
. AR
. S P(C|=S) =P(C)
I e
K b
Smoke Cancer
Genotype
T

L P(C |=S) unknown!

Pl AN We do not know how to differentiate the
.
ko' “§ causal impact of the 2 causes from the
A observation.
Smoke Cancer
Genotype
T
[B]
N~
ST
I .~ P(C |<—S) computable! Do-
.
i . Calculus
X M-
Smoke Tar Cancer
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Markov equivalence class, essential graph

» Definition ( essential graph)

A Markov equivalence class can be represented by a partially directed acyclic
graph (PDAG) : the essential graph.

In an essential graph, an arc is directed if every Bayesian network in the
equivalence class have the same arc.

A B A B
y D y D
E E
TaN TaN
OG OH OG OH

The essential graph can be build from a BN by removing orientation of the arcs
that can be reversed without creating or removing a collider.

if the BN is causal, the essential graph indicates the causal arc that can be
learned from a dataset. Undirected arc is an indication for a (possible) latent
cause.
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What can we learn?

Learning in Bayesian network

The goal of a learning algorithm is to estimate from a dataset and from prior :

@ the structure of the Bayesian network (is X parent of Y ?)

o the parameters of the Bayesian network (P(X =0]Y =1)7)
The dataset can be :

@ complete,

@ incomplete (missing values).
The prior knowledge can be for instance :

@ (part of) the structure of the BN,

@ The probability distribution for certain variables, etc.

Therefore 4 main classes of learning algorithms in BN :
“Learning of {parameters [structure} with {complete |incomplete} data".

Learning
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Learning parameters with complete data

A B C E E B

a' d dr d

D:|\v F F V %

... DRI DY ... C
A B C E

di dB dS dE O

Let © be the set of all parameters for the model and L(©® : D) the likelihood :

L(O:D)=P(D|0O)

M
T1Ptdni®) (i)

1

m

Il
=

P(E=d.,B=d2,A=dA C=d5|@)

3
Il
-
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Learning parameters with complete data (2)

Let us rename E, B, A, C with n = 4, (Xj)1<i<n,

~
©)
S
[
=

P(Xlzd;)X2:d5n)Xn:dg1l®)

3
Il
-

|
=
s

P(XI | Pai)@)
m=1 j=1
n M
=TIIIPX1Pa0))
i=1 m=1
= 1", Li(©;: D)

The estimation of the parameters can be decomposed into the estimation of the
different conditional probability table for each node.
No need for only one global dataset : heterogeneous learning.
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Maximization of the likelihood for a single variable

0.04

XH(Lox)* (1-x)*x¥Fx —
Let X be a binary variable. With 6 = P(X = 1) :
©={6,1-06) a
D= (1)0)0)1)1) 9
L@©:D)=[[P(X=dnl|®) )
Here : L(®:D) =0 -(1—0)-(1—0)-6-6. % 0z o0& _ 05 08

0 = argmaxg (930. (1 — 9)2)

Generalization
For X random variable which can take the values (1,---,r),
with ©x = (01,---,0,) where 6, = P(X = i),

and N; = #p(X = i) number of occurrences of i in the dataset D,

L©x:D)=]]oM and Ox = argmaxg, (L(Ox : D))
i=1

Parameters learning complete data
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Maximizing the likelihood in a Bayesian network

Ok = P(Xi = k| Pa; =j) , Njx = #p(X; = k,Pa; =j), ke {1---n}, je{l--.q;}

@L©O@:D)=T]",L(©;:D)=TI7_, TI¥_, P(X; = km | Paj = jm, ©;)
n 9 " Nj;
L©:D)=TITI IT0,*

i=1j=1k=1
OLLO:D) = Y] >V logP(X;| Paj,®) = Y7, > S| Ny log 0
@ >, 05 = 1then 85, =1 — 3 7 0 hence

noa [ri—1 r—1
LL(®:D) = Z Z (Z Nijk log eijk + N,'j,/. log <1 — Z 9,]'1())
k k=1

i=1j=1

@ We are looking for © that maximizes L(® : D) and then LL(® : D) :

~ oLL(® : D ~ Nij; Nijr; Nj;
i.e. ® tel que Vi, Vj, Vk, oLL®: D) (@) =, W

00 Ok izt Ok

iy ul 1i

1— > Ok
K=
Nijr. N Nij(r:—1) A
@ Finally, —& = L — ... = i) (3nd Bk =1):
Y 5y T 5(r;—1) (and 2, 03 )

Vk € {1, o0og) I’,'}, /9\,'1';( = ,X/”lk

=

) r
With N = 5,7 N,-ij

Parameters learning complete data
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Bayesian prediction

The a posteriori distribution of ® is P[@ | D].

PO|D)xPD|®)-PB)=L[E: D) PO J

Goal to take into account a prior on @ in order to integrate experts knowledge or
to stabilize the estimation if the dataset is too small.

The Dirichlet distribution is the conjugate prior of the categorical distribution and
multinomial distribution.

Chrichlet Distribution :

Flpr - prio, o o LI 1™
(where ¥ ;p; = L) : 4 i
f can be interpret as !
PIPIX=1il=p Hx-i=w;—1]

If the prior P(Q] is a Dirichlet distri-
bution : . ‘
nooq K e 1 <ol 4
P©) =111 O !
[wvikipedia] Clockuise Tram lop el

I | P T T - - T L A - S A
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Bayesian prediction (2)

N9 Ny 1
erP(©) =TITITI eyk'fk
i=1j=1k=1
n G i Nijk
oL(©:D) =TI I IT 0
i=1j=1k=1

oo fifIf |

i=1 j=1 k=1

MAP : maximum a posteriori EAP : expectation a posteriori

OMAP _ arg max P(® | D)

gMAP _ Nijk + ot — 1

BT 3 (N + o — 1)

Parameters learning complete data

@EAPZJ ©®-P(©|D)dO
(€]

GE,’?P Nijk + otiji
’ >k (N + exijid)

6 | 9



Parameters learning with complete data

With Njj the count of occurrences in the dataset where variable X; has the value k and its parents have the
values (t-uple) j, With o the parameters of a Dirichlet prior.
Parameters estimation

Two main solutions :

@ MLE (Maximum Likelihood Estimation)

B = 0 _ N
ik = Y{xi=klpai=j} — T’
@ Bayesian estimation (with Dirichlet prior)
GMAP _ G ok + Ny — 1
ijk = Y{xi=klpai=j} —
Y o+ Nj—r;
OEAP = B hipoi) = otk + Nk
ijk {xi=k|pai=j au + NU

@ Prior important when Ny — 0 : no occurrence in the dataset.
@ All these estimations are equivalent when Nj — oo

A ojji are often hard to find =Laplace smoothing : «jjx = constant(= 1)
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Learning parameters with missing values

E B
dt df df df
v F 2 v
D:|v F 2 v A
> F 7V

a

dy dy dy  dy
D =D°uD" respectively observed data and unobserved.

Typology for lncomplete dataset
With M =d; € D"

@ MCAR :P(M | D) = P(M) (Missing Completely At Random).
@ MAR : P(M | D) = P(M | D°) (Missing At Random).
@ NMAR :P(M | D) (Not Missing At Random).

Parameters learning with incomplete data 48 / 94



EM for BNs

Expectation-Maximization for BNs
Repeat until convergence
Step E : Estimate Ny, from P(X;|Pa;, 0%,)
inference in the BN with parameters 0],

- N D
B 13 — ijk
Step M : 0" = ey
i
P S Parameters
ol ? @P(P)=1[6p 1—6p]
P S 0|2 OP(S| P =0) = [Osp_0 1—0Osp_,]
@P(S|P=n)=1[05p=p 1—0sp—sl
o n
n n
With MLE : 8p — }
(0] (0]
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EM in a BN : example

@ Initialisation

We have to choose a initial value for each parameters : 9;?2,7 =0.3, 0L —0.4
=0 S|P=n

°Step E using (%)

P(S|P=o0) P(S| P =n)
P S = o S=n S=o0 S=n

> 7 03 07 0 0

n ? 0 0 0.4 0.6

o n 0 1 0 0

n n 0 0 0 1

o o 1 0 0 0

NF 13 1.7 0.4 1.6

Step M
(1) _ 1.3  _ (1) _ _ 04 _
Os1p_o = 13577 — 0-433 and Os1pp = 52516 = 0-2
eStep E using o

P(S|P=o0) P(S|P=n)

P S S=o0 S=n S=o0 S=n

° 7 0.433 0.567 0 0

n ? 0 0 0.2 08

° n 0 1 0 0

n n 0 0 0 1

o o 1 0 0
N® 1433 1567 0.2 18
Step M
(2) _ 1.433 _ (2) _ _02 _
Osip—o = Ta3s11567 — 0-478 and Osip—, = 52518 — 0-1

eetc.

(05{p_,— 05 and B, —0)
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EM in BNs

S
l [A[BJCTE]
A

1325 ? 0 1 0

C

What is the step E?
@ Replace the 7 by P(A|B=0,C=1,E =0)
o =inference in the BN with the parameters O

Learning parameters with missing values

@ EM converges to a local optimum,
@ Sensibility to initial parameters
@ Each step E can be expensive (as an inference in a complex BN)

Parameters learning with incomplete data 51 / 94



Structural learning with complete data

@ Goal : learning the arcs of the graph from data.
@ Theoretically : X2 test plus enumeration of all the possible models : OK

@ In practice : many different problems but above all :

Set of Bayesian networks (Robinson, 1977)

The number of different possible structures for n random variables is
super-exponential.

1 USE
f— n i [ i
NS(n) Z(_l)’+1 . Cin . 2,-(n71) . NS(n— 1) ,n > 1
i=1

Robinson (1977) Counting unlabelled acyclic digraphs. In Lecture Notes in Mathematics : Combinatorial Mathematics V

An algorithm 'brute-force’ is not feasible. The space of Bayesian networks it too large : NS(10) ~ 4.2 - 1081
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Structural learning - introduction

General picture of structural learning

o ldentification of symmetrical relation (independence) + orientation
e algorithm IC/PC
e algorithm IC*/FCI
Important for causal models.
@ Local search

o In the (very large) space of structures,
e Greedy algorithms maximizing a score (entropy, AIC, BIC, MDL,BD, BDe
BDeu, - -).

Structure learning with complete data
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|dentification of symmetrical relation

Statistically, the relation that can be tested between variables are symmetrical :
correlation or independence.

However, once these symmetrical relations have been found, other tests
(conditional independence) can lead to the discovery of colliders which force some
orientation.

Main principle for (IC, IC*, PC, FCI)

@ Build an undirected graph based on symmetrical relation statistically found (x2, correlation,
mutual information, etc.) :

o Add edges from the empty graph.
@ Remove edges from the complete graph.

Q Identify colliders and add the implied orientations .

© Finalize the orientations without creating any other colliders (in order to stay in the same

Markov equivalence class.

Major drawback : a very large number of statistic tests is needed. Each test is not robust in the size of the
dataset.
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Example : PC

@ Let P be a BN, We generate a dataset of 5000 lines compatible with £.1

Etape 0 : Graphe nan oriantd reliant tous les naauds.

@ Using x* test, every possible marginal independence (X AL ¥} is tested. Then every remaining possible

canditional independence (X 1L ¥ | Z) are tested. Then with 2 parents. etc.
Etape 1b : Suppression daes ind. conditionnalles d'ordre 1

= I =

Etape 1a : Suppression des ind. cenditionreles d'erdre O

LxlsiLelr|s

Wefind: T |4 o ols
xlvjooly eliysxlejooleo

P —T),

weind: AlSLlARBL e lAax AR lAT]S,
plTole x e
ol x|o
55 / 04

1. trom Fhilippe Laray
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Example : PC

@ We continue with x? conditioned on 2 variables.

Etape 1c : Suppression des ind. conditionnelles d'ordre 2

wefind: DI S| (L,B), XILo|(T,L),DlLO|(T,L).

@ Looking for colliders, propagation of orientation constraints, orientation of the last edges in the Markov
equivalence class.

Etape 2 : Racharche des V-structures Etape 4 : Instanciation du PDAG
» -
P " “r
]
Wefind: T W Land T L|O Orientation in the same Markov equivalence class.

@ Conclusion : with 5000 lines, PC has lost many information (noisy x? tests).
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Structural learning with local search

Local search
A local search is composed of :
@ a space of all possible solutions (search space),

@ a neighborhood defined by elementary transformations of a solution.The
neighbors of a solution are the solutions that can be obtained by the
application of an elementary transformation.

@ a score (heurisitic) that evaluates the quality of a solution.

From an initial solution, the local search then produces a sequence of solutions
such that every solution in the sequence has a better score than the precedent
solutions in the sequence (Greedy Search).

Local search in Bayesian networks
@ space of Bayesian networks (huge)
@ The score (see next slide)
@ The initial solution (empty Bayesian network for instance)
e Elementary operations : add/remove/reverse an arc
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Scores

Properties for a score
Let D a dataset, T the graph of the current solution and © its parameters.A score must satissfy :

@ Likelihood : The solution must explain the data (max L(T,® : D)).

© Occam’s razor : The score must prefer simple graphs for T rather than complex ones (min
Dim(T)).

© Local consistency : Adding a useful arc should increase the score.

Q@ Score equivalence : Two Markov-equivalent Bayesian networks should have the same score.

» Definition (Dim(T))
The dimension of a Bayesian network is its number of free parameters.
Dim(T) =3, ((ri—1) - qi)
where r; is the size of the variable X; and q; is the number of configurations for
the parents of X;.

Maximizing the likelihood is not a good score : it leads to a complete graph :
overfitting.
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Some scores (1) : AIC/BIC

Key idea : Maximizing likelihood but minimizing the dimension of the Bayesian network.

score AIC (Akaike, 70)

@ Akaike Information Criterion

Scoreaic(T, D) = logoL(OMY, T : D) — Dim(T)

score BIC (Schwartz, 78)

@ Bayesian Information Criterion

1
Scoregic(T, D) = logo L(OM-, T : D) — 5 Dim(T) - logoN

Structure learning with complete data
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Minimum Description Length (Rissanen,78)

The MDL score consists in consider the compacity of the representation as a good
indicator for the quality of the solution.

score MDL (Lam and Bacchus, 93)
@ Minimum Description Length

ScorempL (T, D) = logoL(OMY, T : D) — |arcs 7| - logaN — ¢ - Dim(T)

where arcst is the set of arcs in T, c is the number of bits needed to represent a
parameter.
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Bayesian Dirichlet score Equivalent

With a Bayesian score, we want to maximize the joint probability of T and D :

P(T,D) = J'@ P(D1O©,T)-PO|T)-P(T)dO

= P(T) .L) L©,T:D)-PO]| T)d®

With some independence hypothesis and a Dirichlet prior :

score BDe

noqi 1
Mo ) T'(Nijx+ o)
Score _,_ D _ P T sJ )y sJ s
BDe( T, D) ( )EE I"(N,-‘J-—f—oc,-,j) g r(fxi,j,k)

Structure learning with complete data

61 / 9%



Recherche locale : Example

With the same dataset.
Réseau obtenu vs. théorique

Major drawbacks :@ The algorithm may be trapped in zones where all the neighborhood has the same score.
@ The algorithm may stop in local minima.

Solutions
Meta-heuristic :
@ Random restart (not only from empty Bayesian networks)
@ TABU-search (force the algorithm to find new solutions)
@ Simulated annealing (accept from time to time structures with decreasing

score)
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Learning trees

In order to reduce the state space, this algorithm can find only one parent for each
random variables.

This may be an over-simplification of the model, but learning tree brings :
@ a mathematically beautiful solution (find the global optimum),
@ a small number of parameters (=minimize the risk of overfitting).
Basic idea : decomposition of the log-likelihood
LL(T) =) LLi,pa(i))= Y LLY « X)+K
i X—=Y

With LL(Y «— X) = LLy (Y, X) — LLy(Y,0)

Learning optimal tree
e VX, Y, compute LL(Y «+ X)

e Find the tree (forest) that maximize LL(T).
Max Spanning Tree Algorithm — O(n? - log(n))
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Inference
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Inference in a Bayesian network

@ Elementary operations on a joint probability :

Marginalization Z Plx,y|z)=p(x|z)

y
Total sum Z Plylz)=1
y

Decomposition  P(x,y | z)=P(x|y,z)-Ply| z)

Chain rule  P(Xy,-++, Xp) = [ [P (Xi | Xo,-++, Xi1)
i=1

Independence X 1LY |Z = P(x|y,z) =P(x|z)
Bayes rule P(x|y,z) < P(y|x,z)-P(x|z)

@In a Bayesian network : n
Markov local  P(Xy,--+,X,) = H P (X; | parents(X;))
i=1

Inference
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Hard and soft evidence

Let P(Xy,---,X,) be a Bayesian network, let € be an event.
P(le"' ,X,,‘E) X P(€‘X1,"' )Xn) . P(Xla »Xn)

Evidence in a Bayesian network
Let assume that 3(€;);cq1,... ;o) S.t.
® € =Nj¢g/€;
e Viel el Xq, -, Xii1, Xivt, -, Xal X

n
then P(Xy, -+, Xny€) = [ [ P(xilm) - [ | PLeilXi)
i—1 icl
o if P(€;|X;) contains a 1 and many 0, €; is called a hard evidence. €; is the
event " X; takes a certain value”.
@ otherwise, €; is called a soft evidence.
€; acts like 'virtual child' of X;. Evidence will not appear in the following since

they belong to the general framework.
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Inference in a Bayesian network (1) : P(D)?
©
OO 7

:ZZZP(a,b,c,d)
—ZZZP P(b|a)-P(c|b)-P(d]b)

_ZZP P(bla)-P(d|b)- (ZPCIb)
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Inference in a Bayesian network (2) : P(D | a)?

©
O—O_
.\®
P(d|a) = ZZZPabcdla
_ZZZP3|3 P(b|a,a)-P(c|b,a)-P(d]|b,a)

_ZZPa|a P(b|a,a)-P(d|b,a)- (ZPC|b3>
—

all BA Al DB
=1

zgp (d|b)- (;P(ala)-P(ba))

in D in A in B
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Inference in a Bayesian network (3) : P(C|d)?

Bayes rule for P(b | d)

P(b|d) o P(d|b)- p(b)

x P(d|b)-Y p(bla)-P(a)
S~ T =

®~g

in D

in B

in A
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Inference in a Bayesian network (4) : P(A|d)?
©
e N

P(a|d) < P(d|a)-P(a)

{
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Inference in a Bayesian network (5) : P(B|¢,a)?
©
OO 7

P(b|c,a) o< P(c|b,a)-P(b]a)

x P(c|b)-Y p(bla)-Plala)
in C ® nB in A
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Inference in polytree

\)ﬂ<UI) ﬂx(Un))

U ¥ 2,
o
ni(x) =P (x|et) w X § 4
» Y Ax (Up) Ax (Un)
/VO . Cﬂ» “Ylp "&mm
vi A RN Y
e \_))\Yl(x) )\ym(xu

If a node has n neighbors (parents or children), he must know n— 1 messages in
order to send its message to the last neighbor.

Once all messages have been sent (2 - |E|), every node knows all the information
received by the graph.

If a node has n neighbors (parents or children), he must know n messages in order
to compute its own posterior.
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A first algorithm for inference in polytree

@ Propagation : repeat
e for all node N with n neighbors,

o if NV received n — 1 messages then N can send the message to the last neighbor.
o if N received n messages then N can send all its messages.

@ until all messages have been sent

@ Every node can compute its posterior.

Complexity
O(IE[)
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Inference in polytree (2)

1b 464 \2b b 3a s T4 N2b
5 7T

ﬁ /%’) 2 /54 1/ 1\
1a
O+0 O

~“a

Centralized version
@ Selection of a root
°
Each node send the message to the root (as soon as he can).

@ Intégration
The root has received all its messages from its neighbors and can send all the
messages to its neighbors.

°
When a node receives its message from the root, it sends all the remaining
messages.
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Problem with message passing algorithms in DAG

P(E)=2 ap.cpP(A)-P(BIA)-P(C|A)-P(D|B)-P(E|C,D)
g (A) Message passing algorithm :
1(;(/% B @ m(A) = P(A)
%%(B) Q 11c(A) = P(A)
Ci © 7p(B) = T, P(B] A)- ms(A)

)

) )

/O 0 (D) = Y ¢ P(D | B) | mp(B)
/e @ (€)=Y 4 P(C|A)-7ic(A)

(E1C,D)-me(C) - me(D)

m
©
Y
m

1
™

S

)
e}

Inference 75 / 94



Inference in DAG

Message passing algorithms need a polytree.

From DAG to polytree
o Conditioning : cutting arcs in the graph.
@ Clustering : Merging nodes in the graph.

°
©

Conditioning Clustering

Inference 76 / 94



Conditioning

Conditioning a Bayesian network
G a Bayesian network over the set of random variables V, S C V and s an instantiation of S.

The conditioned Bayesian network G5=5) is the Bayesian network obtained by :

@ removing arcs from every node in S

o if the node Y has parent(s) in S then p(Y|TTy) is changed in p(Y]s,TTy).

A B A B
o
G G
E c EQ‘ c
P(E|A=0)
O O P(FIE,G:I]O OP(D\C,G:I)
F F D

Graph G Conditioned graph GA=0:6=1]

An inference in G with evidence S = s is equivalent to an inference in G5=) with
no evidence.

S is called a cutset.
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Inference by conditioning

VS C V,¥xe V,P(x) =) P(x|s).P(s)

Inference by conditioning

With G Bayesian network,
@ find S C V cutset such that G'*' is a polytree.
@ Vs instantiation of S,

o Compute Ps(x) = P(x | s) in G
e Compute ps = P(s) (secondary result of the last inference).

)
Q@ P(x) =2, (ps- Ps(x))

If #; is the size of S;, the inference computes [ #; inferences in G'°!
i

= O(KPl-|E®)

Finding the minimal cutset is NP-complete.

Inference
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Clustering : Junction tree algorithm

/@‘\ Pls, 1,d,f,v)
P ] = P(s)-P(I|s)-P(d | s)-P(f | 1)-P(v | d, )
’79&?9 = f(s,1) - gls,d) - h(I,f) - k(d, 1, v)

= j(s,1,d) - h(l, f) - k(dy 1, v)

unction graph .
J grap Junction tree

Inference
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How to build a junction tree

Idea : create an undirected graph from the Bayesian network. The cliques of this
undirected graph will be the nodes of the junction tree.

The CPTs P(X | Parentx) of the Bayesian network indicate necessary clusters.

Moralization

The moral graph of a BN is the undirected skeleton of the Bayesian network to
which edges between parents of the same node are added.

S T

S T
i ? L D
L D
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How to build a junction tree (2)

To insure the existence of the junction tree, the undirected graph must be triangulated : every cycle with

length> 3 must have be chordal.

Triangulation
To triangulate a graph : variables elimination :

@ |[teratively remove all nodes in the graphs.
@ When a node is removed, add edge between every pair of its neighbors

@ Start to eliminate nodes that will not create new edge (no neighbor, only one neighbor, neigbours
already connected).

S T S T S T
i ? L D L D
L D
14 F v F 14

Elimination order : F, V, T, S, L, D.

To find the best elimination order is NP-complete.
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How to build a junction tree (3)

The nodes of the junction tree are the cliques of the moralized and triangulated graph, what about its edges?

Junction tree
@ Choose an order in the cliques (C;).
@ for each G, find the clique C; (j < i) that maximize |G U C;.
@ Add an edge between C; and C;.
@ Create the separator S; = C; U C;.

S T S T

~
o

O O

F v F 14

The junction tree is not unique for a Bayesian network.
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Potentials ?

O O

F Vv F 14

Decomposition of P(V) following the cliques :

P(v)=P(s)-P(Ils)-Ptls)-P(d]t)-P(fI1)-Plv]ld)
———

—
b1(d,lss) b2 (s,t,d) b3(F,1)  dalv,l,d)

Another decomposition :

P(s,t,d) - P(s,/,d) - P(/,f) - P(/,d, v)
P(s,d) - P(I)- P(l,d)

P(v) =

Factorization of P in a Junction Tree

T @c(c)
PV =11 05, s5)

Inference
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Propagation on potentials in the junction tree

goal : Transform the potential of all cliques (C) and separators (S) into joint probability of their variables.

Message passing in the Junction Tree

@ Initialization :
VG e,
\y‘é’_ = I1 P(X | TTx) (and the evidence)
X€Cj,XECj,j<i

VS € S, W = 1 (constant function).
@ Root selection : choose a clique as a root for the propagation

@ Collect : send all messages from all cliques to the root (a clique can send a message if it receives all the
others).

@ Distribution : send all messages from the root to all cliques

Message from a clique C; to a clique C; : update ‘{’fcj from \l’gl :
\yt+1
\{,t«jkl Zc \5; /t+1( ) and \yrfl \yt . %
i
@ There still is only a linear complexity in number of arcs, but the clique and the
Ye may be very huge.
@ This algorithm is the most used for exact inference in Bayesian network.
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Copulas Bayesian Network
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Copulas

Let X ={Xi,---,X,} be a set of continuous random variables,
its joint CDF F(x) = P(X < x), its density of probability p(x) :
P(X) = %(Xl) T )Xn)-

Copula
C(uyy -+ ,u,) = CDF for the variable Uy, - -, U, uniformally distributed on [0, 1]

Sklar,1959 VF, 3C copula s.t. F(xg, -+ yxn) = C(F(x1)y -+, F(xn)) :
Clu) = F(Fy M)y 5 Fy Mun)).

Unicity if continuity and p >0
For the density : p(x) = c(F1(x1),-+ - , Falxa)) [0y pilx).

C integrate the structural complexity of the relation between variables and do not
take into account their marginal behavior.

A Copula C(X) rarely used/computed/learned if n > 10
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Copula Bayesian Networks

Let G be a Bayesian network on the density of probability :
p(Xla T )Xn) = HP(XI‘T[/)
i=1

Let ¢ be a copula for p, we define, for each node X,

c(F(X:), F(Py), -+, F(Py))
artr oy (L Flpn)y -+, Flpw))

RC(XI')TEI) -

where k,‘ = |7'[," (If k,‘ = O, RC(X,',T[,‘) = 1)

n

p(Xay -+, Xn) = [ [ R (Xiy i) - p(X0)
i=1

Reciprocally, if {c;}7_; are copulas (> 0) for each (X;,7t.i), then []7_; R (X;, ;)
defines a copula for X.

c(F(X),- -+, F(Xa)) =] ] Re (X i)
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Copula Bayesian Network - Learning and inference

» Definition (Copula Bayesian Network)

A CBN is described by a triplet (G,0¢,0,) where G is a DAG over X, O¢ is a
set of copulas c(Xj, i), ©, is the set of marginals p(X;).
Then the CBN has a joint density of probability p(X) factorised by :

p(Xa,- s Xn) = [ [ Re(Xiy i) - p(X0)
i=1

The same properties of locality hold for CBN as for BN.
@ Large reduction of the number of parameters

@ Parameter learning can be made locally on X;, 7;

e not the same dataset for each R..
e not the same type of copula for each X, m;

@ Structural learning could use the same kind of algorithms than classical BN.

@ Inference is simpified : simulation, Rosenblatts' transformation (etc)
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Copula Junction Tree
@ «Q
(B) (D
0)

- HCeclique(G) p(C)
HSEseparator(G) P(S)

p(X)

Let cs(S) be copula for all S € Junction Tree (clique or separator, with some
restriction for consistency).

- HCGc/ique(G)CC(C)
HSEseparator(G) CS(S)

Copula Bayesian network

c(X) is a copula for p(X)
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Non parametric independence test : Y L Z|X?

@ Bouezmarni and al, 2009.

@ Based on Hellinger distance between a joint copula and the product of
marginal copulas,

I
|

Cxy (X, ¥)Cxz(X. 2)

2
H= f (1 — ) cxvz (X, y, z)dxdydz,
Cxyz(X,Y,2)
[0‘”(!4-2

e Every copula is approximated by a non parametric Bernstein’s copula on a
dataset of size A/ :

|f-‘-

i(l [exv(Ex@®). Fy(y)iexz (Ex (%)), F7(21)) ‘)2
i—1 \X Cxvz(Fx(®;), Fy(yi), Fz(z)) '

o~
H =
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Y I Z|X?

[Bouezmarni and al, 2009] shows that under H0: |Y AL Z|X], T ~ A0, 1] :

N-k—{d+2};’2 E ) ]L .
T=" (4H — N 1Cy k@272 _ N 1B @102 N1l B2 N1 g2y
e 1

with k = +/d (arbitrary) and :

CI - 2—{d+21ﬂ.{d—2],”2‘ T = Vfim./4-)(d+21;2
N d+1 (i) (i) 1/2
B‘] — _z—dn(d-{-l}f? 1_[ (4Tg (1 j ))
N = cxy (gl .?,énl')
L 1A, g‘”gn VI g g
BE — 2—{13.[({.‘-}-1);2_]_ z f (” = : .
i=1 Cxz(81 - 'sgd sgd_g)

N (i) (i}
By =2"@-Dy a1 Cx(8y .. &)

N ¢ (D O
= VI 2P -2y
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Structural Learning with Cl test : PC Algorithm

Algorithm 1 Construction of an undirected graphical model using CI tests.

 Start with a complete undirected graph G = (V, E) whete V is the node set and E is the edge set.
» Set conditional independence test order n=0.
repeat
for Y =V do
for Z c Adjocencies(Y) do
for 5 € Adjocencies(Y)\{Z} and |5| =n do
if Y | 7|S then
remove edge that connects ¥ and Z from E, and update the undirected graph G.
end if
end for
end for
end for
n=n+1
until Adjocencies(Y)\{Z}| < n or 1 =g,
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Early results

A ‘=
1 i
z ¢
1" '
EY - - T s T : - T
[€)] Experimental szrples () - Expanmental samplas
2l C Bl isdeperCent pmigiaal distilutivng P + Eamples from conditional Goussian mixture ||
It A 1 -
= 0F ’ =0 1
1+ b 1 T
at 4 2 1
- : : L - L : L
3_5 4 2 n 1 P 6 4 i 0 3 4
i n
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continuous-PC

Structural identification : increasing blocks, 10 variables, N=10000, 27
minutes.

]

@ CBN proposes to explore the structure inside joint copulas,

Conclusion :

@ CBN may increase the number of dimensions for a joint copula,
o CBN may ease the different inference algorithms,
@ CBN can be automatically learned from data using a non parametric Cl test.
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