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Introduction

Sobol” indices (Sobol 1990) allow for a powerful ool in order fo assess input importance on
the variability of the output of a numerical model. They can be interpreted as shares of the
output’s variance, due fo individual input effects, or due to their interaction.

However, it relies on an independence assumption on the probabilistic modelling of the
inputs, which may be ill-suited in practice. Whenever dependence comes into play, there
exists solutions (Chastaing, Gamboa, and Prieur 2012; Mara and Tarantola 2012), but no
general decomposition of the output’s variance.
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Introduction

Sobol” indices (Sobol 1990) allow for a powerful ool in order fo assess input importance on
the variability of the output of a numerical model. They can be interpreted as shares of the
output’s variance, due fo individual input effects, or due to their interaction.

However, it relies on an independence assumption on the probabilistic modelling of the
inputs, which may be ill-suited in practice. Whenever dependence comes into play, there
exists solutions (Chastaing, Gamboa, and Prieur 2012; Mara and Tarantola 2012), but no
general decomposition of the output’s variance.

Godal of the presentation:
Build meaningful model output variance decompositions in the contfext of dependent
inputs using cooperative game theory.

Shapley effects (Owen 2014) are a particular example of such a decomposition.
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Sobol’ indices and dependence

For a model G < L*(Px). where Py is the distribution of ¢ inputs assumed independent, the
Sobol’ indices for o subset of variable A< {1....,d}. are defined as:

_ Tecal=1)"* TPV (RIG(X)| Xa])
Y(6(X) |
They can be inferpreted as the individual effects

{i.e.|4| = 1) and the inferaction effects (l.e..|A| = 1) of the
input on the variability of the output.

When inpuls are dependent, it would be ideal to guantify ¢
third effect: the dependence effects (i.e.. the effect of the &

dependence structure on the variability of the outpuf).

Sa andallow for )" Sc = 1. (1)

However, wheneaver correlation comes into play, the line w
between “interaction effects” and “dependence effects” is
blurred.
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Sobol’ indices and dependence: illustration

Let’s fake an example (looss and Prieur 2019):

X1 0 1 0 P
GX)=Xi+XoX3, X=|[Xo| ~N o|,[0 1 o0 (2)
X3 0 p 0 1
Independent case (p = 0) Correlated case (p # 0)
5=05 $=0, S=0, 5 =05 5=0, S= /)2/27
5{1,2) =0, 5{1,3} =0, 5{2.3} = 0.5, 5{1,2} = /12/27 5{1,3} = *P2/2~, 5{2,3} = 0.5,
5{1,2,3} =0 5{1,2,3} = 7/)2/2
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Sobol’ indices and dependence: illustration

Let’s fake an example (looss and Prieur 2019):

X1 0 1 0 P
GX)=Xi+XoX3, X=|[Xo| ~N o|,[0 1 o0 (2)
X3 0 p 0 1
Independent case (p = 0) Correlated case (p # 0)
5=05 $=0, S=0, 5 =05 5=0, S= /)2/27
5{1,2) =0, 5{1,3} =0, 5{2.3} = 0.5, 5{1,2} = /12/27 5{1,3} = *P2/2~, 5{2,3} = 0.5,
5{1,2,3} =0 5{1,2,3} = 7/)2/2

How can one interpret negative output variance percentages?
Should X; and X, be given an interaction effect? Should X; be given an individual effect?
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Cooperative game theory

In a nutshell, cooperative game theory can
be summarized as “the art of cutting a cake”.

Given a set of players D = {1, ..., d}, who produces a quantity v(D), how can one allocate
shares of v(D) among the d players ?

The “cake cutting process” is often described through axioms (i.e., desired properties), and
results in an allocation.

Formally, a cooperative game is denoted (D, v) where D is a set of players, and
v : P(D) — Ris a value function, mapping every possible subset of players to a real value.
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Cooperative game theory and GSA

In the global sensitivity analysis (GSA) framework, an analogy can be made between
players and input variables. Originally, the chosen value function, for a subset of variables
A € P(D),is (Owen 2014):

V (E[G(X)|Xa]) )

V(G(X))

558 can be interpreted as a measure of the output’s variability due to the subset of inputs
Xa. Since S5 = 1, the cooperative game (D, $9°°) aims at allocating percentages of the
output’s variance to each input variables in D.

v(A) = S3% =
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Cooperative game theory and GSA

In the global sensitivity analysis (GSA) framework, an analogy can be made between
players and input variables. Originally, the chosen value function, for a subset of variables
A € P(D),is (Owen 2014):

V (E[G(X)|Xa]) )

V(G(X))

558 can be interpreted as a measure of the output’s variability due to the subset of inputs
Xa. Since S5 = 1, the cooperative game (D, $9°°) aims at allocating percentages of the
output’s variance to each input variables in D.

v(A) = S3% =

Which allocation to choose ?

5/19



Shapley values

The Shapley values is a particular instance of an allocation. They can be interpreted as

[...] an a priori assessment of the situation, based on either ignorance or disregard of the social
organization of the players.” - L. S. Shapley (2016)

They can be seen as a uniform prior on the underlying bargaining process, i.e., every player
receives an equal part of the coalitional surplus:

_pyA-isl,
shap, ((0,v)) = 32 pcal-1) (8)

ACD:i€eA ‘A‘

They are the unique allocation satisfying:

. (Efficiency) 7, ¢; = v(D) :

. (Symmetry) If v(AU {i}) = v(AU {j}) forall A € P(D), then ¢; = ¢; ;

. (Null player) If v(AU {i}) = v(A) forall A € P(D),then ¢; =0

. (Additivity) If (D, v) and (D, v") have Shapley Values ¢ and ¢’ respectively, then the game with
cost function (D, v + v') has Shapley values ¢; + ¢/ forj € {1,...,d}:

AW N R

They can also be uniquely characterized by other sets of axioms.
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Shapley effects

In the GSA context, this means that the originally
considered “interaction effects” (54.|A = 2) are equally
shared between the interacting inputs. Back to the example :

G{X) = Xy | XXy,

&)L 1 9)

The three inputs have Shapley effects:

Shy = 0.5 — 2p%/12
Shy — 0.25 4 p7/12
Shsy = 0.25 4 p*/12

The Shapley effects (Cwen 2014) can be written as:

Sh; — Shap, ((D,SC'O“)) -3

AZDieA |A
The Shapley effects can be understood as an averaging index over the interaction and dependence

effects. 7/19



Shapley’s joke

The averaging property of the Shapley effects can be useful in order to quantify input
influence (i.e., model exploration).

However, they can fail at quantifying input importance (i.e., factor fixing/prioritization):

X1 0 1 o
GX)=X1+Xo, X=|[Xo| ~N 0,0 0 ,
X3 0 P 1

lead to the following Shapley effects:

o = O

Shy = 0.5 — p?/4, Shy =0.5, Shz = p?/4.

An exogenous variable can have a non-zero Shapley effect.
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Shapley’s joke

The averaging property of the Shapley effects can be useful in order to quantify input
influence (i.e., model exploration).

However, they can fail at quantifying input importance (i.e., factor fixing/prioritization):

X1 0 1
G(X)Z)<1~|>)<27 X=X ~N 0],]0
X3 0 p

lead to the following Shapley effects:

=)

P

)

o = O

Shy = 0.5 — p?/4, Shy =0.5, Shz = p?/4.

An exogenous variable can have a non-zero Shapley effect.

Is there another allocation that circumvents this
phenomenon?
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Proportional marginal values

The proportional values are another example of an allocation, which can be interpreted as

[...] splitting the coalitional surplus so each player gains in equal proportion to that which could be
obtained by each alone.” - B. Feldman (1999)

They can be seen as a proportional redistribution, i.e., every player receives a part of the
codlitional surplus proportional to their marginal contribution over all codlitions. The
formulation is defined recursively:

P(D, w)

PI\/IV,~((D, v)) = L)

-1
1
ith w =V —V w)=w —— d w) =
wi (A) (D) (D\ A), P(Aw) (A) (JEGA P(A\{j},w)) ,and P(0,w) =1

They are the unigque allocation ¢((D, v)) satisfying (Ortmann 2000):
1. (Efficiency) >7, ¢; = v(D)

i i $i(Av)  _ _ ¢i(Av)
2. (Ratio preservation) VA C D, AT = </>,(Aj\\{i}¢v)
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Proportional marginal effects

In the G5A context. this means that the originally
considered “inferaction effects” (54, |A = 2) are shared

between the interacting inputs proportionally to their Back to the example :
individual effect.

G{X) = Xy | XXy,

CR(HEG)!

The three inputs have preporfional marginal
effects;

(==

PME, — 2=2°  pME, — —
4 4

The proportional marginal effects can be written as: PME; = 4

PME; _ PMV, ((D, 50'05))
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Figure 1: Comparison between the Shapley effects and the proportional marginal effects, with

respect to p.
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Exclusion equivalency property of the PME

The Shapley values allow for a zero allocation only if a player i is a null player:
VA C D\ {i},v(AU{i}) —v(A) =0,

meaning that adding i/ fo any coalition does not increase the coalition’s production.

The proportional values, in the other hand, fixes a player i allocation fo zero if it is in every
codlition A € P(D) such that:

v(D)—v(D\ A) =0, and |A| = max {|B] : v(D) — v(D\ B) =0}

meaning that i is in all the biggest codlitions with zero marginal contribution.
Moreover, if X; is a spurious variable (i.e., not in the model G(.)), then automatically PME; = 0.
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Shapley’s joke

Recall the previous example:

X1 0 1 0 »p
GX)=X1+Xo, X=|[Xo| ~N ol,|0 1 O s
X3 0 p 0 1
In this case, one has the following allocations:
Shapley effects: Proportional marginal effects:
Shy =0.5—p°/4 PME; = 0.5
Sh, = 0.5 PME, = 0.5
Shs = p’/4 PME; =0
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Shapley’s joke

Recall the previous example:

X1 0 1 0 »p
GX)=X1+Xo, X=|[Xo| ~N ol,|0 1 O s
X3 0 p 0 1
In this case, one has the following allocations:
Shapley effects: Proportional marginal effects:
Shy =0.5—p°/4 PME; = 0.5
Sh, = 0.5 PME, = 0.5
Shs = p’/4 PME; =0

The proportional marginal effects allow to detect exogenous inputs
in a correlated setting.
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Ultrasonic control of a weld

Non-destructive control of a weld defect, using the ATHENAZD numerical code (looss and
Prieur 2019).

e« 11 input variables:
» 4 elastic coefficients related to the welding material ;
e /7 columnar grain orientation relative to the 7 different zones.
e Output: wave amplitude after the weld defect ultrasonic inspection.

The inputs are assumed fo be Gaussian, and the 7 columnar grain crientation are highly
correlated.

— S — 14/19



PME indices

0.5
I

0.4

Proportional marginal effects
0.2 03
]

0.1

0.0
L

(¢] O o (¢}

4 O

O

T T
C11 C33 C55 C13 Ort Or2 Or3 Or4

Inputs

Or5 O

T T
6 Or7 En

ror

Shapley effects

0.6

0.5

0.4

0.3

0.2

0.1

0.0

Shapley effects indices

[e]
[e]
o o
[e] [¢] o
o o
[¢] o %
T T T
C11 C33 C55 C13 Ort Or2 Or3 Or4 Or5 Or6 Or7 Error
Inputs

Figure 2: PME (left) and Shapley effects (right) for the ultrasonic control of a weld.

The indices have been computed on a 10 i.i.d. sample using a K-NN approach with K = 5 (Broto, Bachoc, and Depecker 2020).
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Conclusion

GSA indices inspired from cooperative game theory are not absolute, and their use need to
be contextualized by the chosen allocation process.

Some allocations allow for a better understanding of the modeled phenomena (e.g.,
Shapley effects), while others prioritize factor prioritization (e.g., proportional marginal
effects).

Other promising allocation results can allow for better insights on the modeled phenomena
such as weighted Shapley values (Kalai and Samet 1987).

Robust and fast estimation of such indices, in particular on a unique i.i.d. sample
(i.e., data-driven), remain one of the main challenge in regards of these methods.
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THANK YOU FOR YOUR ATTENTION!

ANY QUESTION?



Random model representations

Let R(D) be the set of all d! permutations (orderings) of D, let r = (r,. .., ry), and denote r(i)
the position of the player i in a permutation r (i.e., r,; = i). Then:

Shap;((D, v)) = Z %(v(n, o riy) — v, - r(iy—1))

reR(D)
PV((D,v)). = Z p(r)(v(r, .., rey) — v(r, -5 friy—1))
reR(D)
with:
L(r) 1

p(r) _ m7 L(r) = v({rl})V({rh rz})...V(D)

and since, by monotony assumption, one has that:
V({rl}) < V({r17 I’2}) <.< V({f17r27 "7r”})7 Vr e R(N)

L(r) will take relatively high values for order of increasing values.



Dual of a game as a backward procedure

Backward selection procedure

Full Medel : Xy = (X, X,, X3)

/\
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/ / \ / \
Xs\ X10/ Xs\ X1z Xz\‘

First covariate
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Extension of the proportional values

The proportional values (Feldman 1999) are originally defined on strictly positive games (i.e.,
v(A) > 0), which has then been extended to some non-strictly positive games (Feldman

2007). The following results (Margot Hérin) allow to extend the proportional values to any
non-strictly positive games:

Theorem (Continuity in zero of the proportional values)

Let (N, v) be a monotonic cooperative game. Consider the associated sequence of cost functions (v,) defined

by:
Y T B v(S) if v(S) >0
= 4
pEN, VSCN, v(S) -0 ifu(S)=0. (4)
p—r00

Then one can define the extended proportional values as:

vieN, 3w = lim ¢f(v,) (5)



Extension of the proportional values

e |[f there exists a null coalition of cardinality n — 1:

ol ) m ifASCN_; st |S| = ky(N), v(S)=0ie, v(N_;) =0
poroo 1 P 0 otherwise.

o ifky(N) < n—1, ie., if there exists no null coalition of cardinality n — 1:

n—1

ST v(sp)T
rGR(N_,') m=kr+1
- b=ku(N) if 3S C N_; s.t |S| = kp(N), v(S) =0
lim ¢;"(vp) = > I v(sp) ™
fp=e2 rER(N) m=kr+1
kr=kp (N)
0 otherwise.

where VS C N, vs : P(N\S) — RT is defined by: YT C N\S, vs(T) = v(SUT).



Consequences of the extension

Corollary

Let (N, v) be a non null monotonic cooperative game. A player gets null proportional value if and
only if it is included in all the null coalitions of maximal cardinality. Equivalently, a player gets a
strictly positive proportional value if and only if one can find a null coalition of maximum cardinality
which do not include him.

Corollary

If i € N is a variable that is not in the model G(.), i.e., such that one can find a measurable function
f:(R,BR))"* — (R,B(R)) such that Y = f(Xn\(i}), then:

PME; = 0.



Ultrasonic weld control : empirical dependence structure
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Shapley Effects vs. PME: Linear models

Y o X+ Xe + 33X, (X, X, X3) centered Gaussian vector, and Cov( X, X3) .

*. Xz X

0 Mz G4 0E 2E
|
ER TR T
s
1
4 |
0 ME ca4 o 2:
=)
1
i

=l (] oo ur [RY 0. —c bl oe 12 =L 03 (=t 13 Rt
e ] 3
s A, Xy
) ] w - - = _—
\ = - |
o Tan s NS L E
i T T £El T T T il T T T T

Figure 3: Sh and PME indices with respect to p, when Js =1 (top row), and 93 = 2 {bottom row). {611
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