Numerical
Optimal Transport

http://optimaltransport.github.io

Entropic Regularization

Gabriel Peyre

| |
wWwWww.numerical-tours.com |BRY
O ° _aum ® Y S
O o0
>’ / SUPERIEURE




Overview

e Entropic Regularization and Sinkhorn
e Convergence Analysis
e Sinkhorn Divergences

e Generative Model Fitting



Entropic Regularization

Schrodinger’s problem: [1931]
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Entropic Regularization

c def. d
Relative-entropy: KL(w|a® 8) = / log ( i (, y)) dr(z,y)
X2 dOddB

Schrodinger’s problem: [1931]
def. 5
W2y (08) 2 min [ day)dn(ey) + KLirla @ 5
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Probabilistic Interpretation

, o. d
Relative-entropy: KL(w|a® ) = / log . (z,y) | dm(z, y)
XQ dOéd/B -4

Schrodinger’s problem: [1931] .
(8™ min [ @ y)dn(ey) + KLl 0 ) gEETE
X2 7 1 .

mT1=a,m2=0

min {E(c(X,Y)) +el(X.V): X ~a,Y ~ 3} gities

i . Léonard
(X,Y) Mutual information



Probabilistic Interpretation

Relative-entropy: KL(7w|a ® B) def/ log dr (z,y) | dr(z,y)
X2 dOéd/B

Schrodinger’s problem: [1931] .
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X2 7 1 .
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Impact of Regularization
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Impact of Regularization

Cumulative: C(wy@{ﬁmﬁ;dﬂ%w
Copula:  y.(s,t) = Cr(C7(s), Cﬁ_l(t))
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Sinkhorn’s Algorithm

. P. .
min dlx:.u: PP -+ ePs s lo ( @,J)

PcU(a,b) ZZ’] ( “yj) ij + 1,5 108 a;b;
def. __ d(x’i’yj)p

Proposition: P;; =u; K, ;v; K, < e~ =



Sinkhorn’s Algorithm

Lamin X, d(r, )PPy + Py log (Pt

. . def. _ d(aj’l, yj)p
Proposition: P;; =u; K, ;v; K, < e~ =

Row constraint: u® (Kv) =a (Col. constraint: vo (K'u)=b



Sinkhorn’s Algorithm

Lamin X, d(r, )PPy + Py log (Pt

. . def. _ d(aj’l, yj)p
Proposition: P;; =u; K, ;v; K, < e~ =

Row constraint: u® (Kv) =a (Col. constraint: vo (K'u)=b

a b

Sinkhorn iterations: u<+— — V < =
Kv K'u

Theorem: [Sinkhorn 1964] (u,Vv) converges.



Sinkhorn’s Algorithm

. Pl’j
Pe%l(g,b) Zzy d(wi,y;)"Pi,; + eP; jlog (aiba’)

d(z;,y5)P

S def. __
Proposition: Pi; =uw; K, ;v K, < e~ =

Row constraint: u® (Kv) =a Col. constraint: vo (K'u) =b

a b

Sinkhorn iterations: u<+— — V < =
Kv K'u

Theorem: [Sinkhorn 1964] (u,Vv) converges.

Only matrix/vector multiplications.
Matrix-vectors Matrix-matrix

parallehzatlon
_ . __| B8

1
— Convolution on regular grids, separable kernels.

v v4
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Many names:

Sinkhorn algorithm

DAD scaling Udny 1912
Kruithof, 1937

Deming and Stephan in 1940

Iterative proportional fitting
Biproportional fitting
RAS algorithm Sinkhorn 1964

Matrix scaling



Sinkhorn Evolution
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Other Regularizations

min {/ |z — y|?dn(z,y) + eR(7) ; 11 = o, mg = ﬂ}
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Other Regularizations

min {/ |z — y|?dn(z,y) + eR(7) ; 11 = o, mg = ﬂ}
T R2

M Dykstra’s algorithm




Unbalanced OT

W;’p(&a ﬁ) déf. m7T111f dPdm + TKL(ﬂ'1|O&) i TKL(ﬂ'Q’B)

[Chizat, Schmitzer, Peyré, Vialard 2015]

[Liereo, Mielke, Savaré 2015] See also:
[Kondratyev, Monsaingeon, Vorotnikov 2015]



Unbalanced OT

def.

W2P(a, B) = mﬂinf dPdrm + 7KL(71|a) + 7KL(73|3)

[Chizat, Schmitzer, Peyré, Vialard 2015]

[Liereo, Mielke, Savaré 2015] See also:
[Kondratyev, Monsaingeon, Vorotnikov 2015]

J(Va - B2 «e— I8 WP(a, ) — L2 H0 L WP(a, §)

Hellinger Q Unbalanced Balanced
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Unbalanced OT

Wg’p(a, B) = mﬂinf dPdm + TKL(7m|a) + TKL(72|5)

[Chizat, Schmitzer, Peyré, Vialard 2015]

[Liereo, Mielke, Savaré 2015] See also:
[Kondratyev, Monsaingeon, Vorotnikov 2015]

J(Va - B2 «e— I8 WP(a, ) — L2 H0 L WP(a, §)

Hellinger Q Unbalanced Balanced

\

def.

WP (o, B) = mﬂinf dPdm + 7KL(71|a) + 7KL(72|8) + eKL(7|a ® )

Sinkhorn’s algorithm: |, , ( a )1+% V(_( 2 )1+;
Kv K'u



Wasserstein Barycenters

Barycenters of measures (a)s: Yo As =1 E : ‘

B* € argmm > s AW (as, B)

T 0 &

[Solomon et al, SIGGRAPH 2015]



Wasserstein Barycenters

Barycenters of measures (ag)s: Y A\ =1 »

p* € arg{rgnin > s AW (as, B)

AR,
*
051 B.'.-
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3 _°®

Sinkhorn’s algorithm:
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def. Pz )
KL(P[K) =} P;;log <K> —Pij + K
i, "l

KL(P|K) = D,(P|K) for gp(P):ZPi,j log(P; ;)

KL divergence:

C. .
: min ¢ KL(P|K K, ;e
PEIIIJH(Q,b) (P, C)+eKL(Pla®b PcU(ab) (PIK) J = €

Iterative projections: P < Projfit(P) and P = Projé%L(P(“l))

Theorem: PY — P* = argmin KL(P|K)
For affine (C},C32), Pecancy,

[Bregman, 1967]



Bregman Iterative Projections

Cij

(P, C) +eKL(Pla®b) =cKL(P|K) +cst where K;,=¢e "=

a@-bj

Shrodinger problem:  min  KL(P|K)
PcU(a,b)

9 def.

Ua,b)=ClUC2 CL (P :Pl,=a} C={P:Pl,=bj



Bregman Iterative Projections

|Bregman, 1967

Cij

(P, C) +eKL(Pla®b) =cKL(P|K) + cst where K;,=¢e "= a;b;
Shréodinger problem:  min  KL(P|K)
PcU(a,b)
Ua,b)=ClUC2 CL (P :Pl,=a} C={P:Pl,=bj

Iterative projections: P < Projfi*(P) and P2 < PrOjE%L(P(Hl))

Theorem: P — P* = argmin KL(P|K)
For affine (C},C{), Pecanty,




Bregman Iterative Projections

|Bregman, 1967

Ci,j

(P, C) +eKL(Pla®b) =cKL(P|K) + cst where K;,=¢e "= a;b;

Shrodinger problem:

min  KL(P|K)

PcU(a,b)

U(a, b) _ Cell UCIZ) Cell det. {P . P1,, :a} Cg def. {P : PTlm:b}

[terative projections: PUFY L proi¥l(P®) and P2 L proj¥l(pith)
p .] Ca Cb
Theorem: P — P* = argmin KL(P|K)
For affine (C},C{), Pecant,

Sinkhorn <= iterative projections.
P2) < Qiag(u)K diag(v\), P A L diag(u K diag(v®)




Hilbert Projective Metric

Hilbert’s projective metric: V¥ (u,u’) € (R} ,)* 1 Qf?«@
dy(u, 1) = [ log(u) — log(u') v o’ \(’/
1flv 2 max(f) — min(f) <7
dy is a distance on the set of rays u. 3 -




Hilbert Projective Metric

Hilbert’s projective metric: ¥ (u,u’) € (R} ,)* Qf?«@
o) = loge) —leg@)ly | W) N
1flv 2 max(f) — min(f) <7
dy is a distance on the set of rays u. 3 -




Perron Frobenius

Simplex: Y = {p € R’i P Y i Di = 1}

A: D — ik
Stochastic matrix: A € R”, A1, =1,

If A>0,dlp*, Ap™ = p~.
3p € 0,1], [A*p — p*| <

A\ > o /\

Theorem: |[Perron-Frobenius]

A%y A%y = {p"}



Sinkhorn under Hilbert’s Metric

[Franklin and Lorenz, 1989]

2 and vHD b

Kv(®) KTu(e‘H)

Sinkhorn iterations: u“t)=

Theorem: One has (u,v(9) — (u*,v*)

dy(u',u") = ONK)Y),  du(v,v") = O(AK)).

(0), T
dy (PO, a) 0) .« _ AP 1,,b)
(E) * H mo dH vV v S
d?-l(u , U ) < 1 — )\(K)Q ( ) 1 — )\(K)2

| log(P) —1og(P*)||o < da(u'?, u*) + dyy (v, v*)



Local Analysis of Sinkhorn

Sinkhorn fixed point: ) = &(£9)

1 (f) = clog K" (%) — log(b),

dP=P0 h
2© 1 where {CI)Q(g)5logK(eg/5)—log(a).

Proposition:  0%(f) = diag(a) ' © P © diag(b) ! © PT.

For ¢ large enough, [f“ —f]|=0((1- k)"



Local Analysis of Sinkhorn

Sinkhorn fixed point: ) = &(£9)

D1(f) = e log K™ (/%) — log(b).

d=E D0 P h
2@ @1 where {CI)g(g)5logK(eg/5)—log(a).

Proposition:  0%(f) = diag(a) ' © P © diag(b) ! © PT.
For ¢ large enough, [f“ —f]|=0((1- k)"

Global rate: k ~ e~z Local rate: x ~ ¢

[Franklin and Lorenz, 1989 ) " [Robert Berman 2017]




Local Analysis of Sinkhorn

Sinkhorn fixed point: ) = &(£9)

@, (f) = elog K" () — log(b),
®y(g) = elog K(e8/%) — log(a).

d = Py P, where {
Proposition:  0%(f) = diag(a) ' © P © diag(b) ! © PT.
For ¢ large enough, [ —f]|=0((1- k)"

1

Global rate: kK ~e™ = ) ’ Local rate: Kk ~ ¢
[Franklin and Lorenz, 1989 [Robert Berman 2017]
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Sinkhorn Divergences

W2y (008) 2 min [ @ (e y)dr(e.) + KL

7T1:Oé,7'l'2:5

Problem: W.(a,a) # 0

min W2, (o, 5)




Sinkhorn Divergences

7T1:Oé,7'l'2:5

W2y (008) 2 min [ @ (e y)dr(e.) + KL

Problem: W.(a,a) # 0

min W2, (o, 5)

Wﬁjg(ajﬁ) def. WP (a, 8) — %ngg(a, ) — %Wgys(ﬁ,ﬁ)

[Ramdas, Garcia Trillos, Cuturi, 2017]



Sinkhorn Divergences

W2y (008) 2 min [ @ (e y)dr(e.) + KL

N =Je’ 7'('2_5

o Poit, oo Vot o Yol
TrooLem. o, TR RERER L% RIS STy
L) ..\ ) .' L) "
. 8 , R od @&, o, ‘l‘zz,
Pog st FRirte Pesie:
) % g
Y T 4}4. 2.
o Beoeg :f" ,t’«'. :i.,.z:'-t'.
o 1Y > 22 %% oo
.‘_{.é;". $ -:é;\'.
et RGe..
'

C 2 2 %06 o
> . A So So
] ay % %5 ° A L A Y ° o ° g
II].].Il O{ o 5 » -':"'(4"' 'ﬁ .‘..4: o’ “.-“.}""‘:;?. ot & LX) :l ‘:}:;:
Y I O - ° J - ° -
E,p ) R] b 31t e L % o Lt '.,-%'55:':%“‘..
(@ ) wd BYNE . ., ol oy nb, w8 oy ME,
%t ¥ ®ee Yo °

W, . (a0, 8) = WE (o, B) — LW (a,a) — 1WE (8, B)

[Ramdas, Garcia Trlllos, Cuturi, 2017]

e—0 5P £ — 400
Theorem: Wﬁ(a,ﬁ% ) Wg,p(aaﬁ) > oo = 5“2—&0
[Léonard 2012] [Ramdas, Garcia Trillos,
[Carlier et al 2017] Cuturi, 2017]

Kernel norms (MMD): €] 4 = - — [z d(, y)PdE (x)dE(y)

:

Proposition: | -|_j.|» is a norm for 0 < p < 2. B chu



Sinkhorn Divergences

Wie(02) = W (05) = §Who(0,0) = §W.(5.)

concave CODC&VG

Theorem: [Feydy, Séjourné P, Vialard, Trouvé, Amari 2018]

If e = is positive:

W. , = 0 and Ws,p(-, ) is convex.

Y

Ws,p(an,ﬁ) — 0 = o, wealex 5]

moin WL (a, 8) min We (o, 8)



Sample Complexity

e Tt e
e .:":‘., Y

E(|W,(a, 5) — Wy(a, B)]) = O(n~4)
E(||é — Blx — |a — Blk]) = O(n~%)

Theorem:

Optimal transport: suffers from curse of dimensionality.

— Adapt to support dimensionality [Weed, Bach 2017]
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Theorem:

N
~

Optimal transport: suffers from curse of dimensionality. 5

— Adapt to support dimensionality [Weed, Bach 2017] |
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 Generative Model Fitting



Density Fitting and Generative Models

. def.
Observations: § = LY " 0y,

Parametric model: 0 — ay



Density Fitting and Generative Models

Ob def. | 1 g o o3
servations: [ = =D e Oz, S\ ve® L
(o) | |+ v et
Parametric model: 0 — oy * o o
o

Density fitting: dag(x) = pg(x)dx

Maximum
min KL (g ]8) 5 Zlog P6(%1)  Yikelihood (MLE)



Density Fitting and Generative Models

Ob def. 1 xn X o o[

servations: B ="~ ) .~ 0z, ve® T
/ '6’ | PR "y ® S .'

Parametric model: 0 — oy * o o

Density fitting: dag(x) = pg(x)dx

Maximum
min KL(ag|8) = Zlog Po()) " Jikelihood (MLE)

Generative model fit: oy = gg 3¢

KL (0s|8) = +00 N
— Need a weaker metric.
min ngp(&g, B) = X %o S .;.0.5

0



Deep Discriminative vs Generative Models

, de(z) = p(Ex (... p(&2(p(&a(z) .. .)
Deep networks: < (2) = p(0k (... p(Ba(p(61(2) . ..
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Deep D
Deep networks:




Training Architecture

min £(0) = W, _(ag, B)

0 &,p

Stochastic gradient descent
0« 0 —TVE(®D)
é(@) = Wi,p(% Zz 599(21')7 ﬁ)




Training Architecture

min £(0) = W, _(ag, B)

0 &,p

Stochastic gradient descent
0« 0 —TVE(®D)
é(@) = Wi,p(% Zz 599(21')7 ﬁ)

randn <(C 5 K)b, a>
(92 C — K
— 0, -
s :
p S \4 v
. B4 - xXnK xmK "
' .o ~ — b
o ] - £ ]]_ —_— — 1/
: e 8| |E b e
= SR > ‘ b a £(0)
Generative model 4:’; =l
Q, =
S

Sinkhorn, £ =0,...,L —1




Automatic Differentiation

Setup: &£ : R" — R computable in K operations.
1

L/

N function y = E(x)

— YL a = xil*x

——] b = rho(a)

— z = xi2*%b

N | y = 1/2*norm(z-u)*2

] U

T Hypothesis: elementary operations (a X b,log(a),+/a ...
yp y Op g

and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R"?



Automatic Differentiation

Setup: &£ : R" — R computable in K operations.

1

RACA/

\AXD

Question: What

Finite differences:

L2 a = xilx
b = rho(a)
z = xXi2*Db

L y = 1/2*norm(z-u)*2

function y = E (x)

Hypothesis: elementary operations (a x b,log(a),/a ..

and their derivatives cost O(1).

is the complexity of computing V& : R® — R"?

VEWO) = —(E(0+¢€d) —E(0),...E£(0+¢eb,) —E0))

K(n + 1) operations, intractable for large n.

1
3

)



Automatic Differentiation

Setup: &£ : R" — R computable in K operations.
1

L/

= N function y = E(x) function dx = nablaE (x)
—— sl 12 a = xil*x dz = z-
a b = rho(a) db = xi2’ *dz
— z = xi2*b da = diag(dphi(a)) * db
q | y = 1/2*norm(z-u)*2 dx = xil’ *da
— u
X Hypothesis: elementary operations (a X b, log(a),v/a ...
9 9

and their derivatives cost O(1).

Question: What is the complexity of computing V& : R® — R"?

VEWO)~ —(E(O0+¢eb1) —E(0),...£(0+¢cb,) —E(9))

K(n + 1) operations, intractable for large n.

1
Finite differences: c

Theorem: there is an algorithm to compute V&
in O(K') operations. [Seppo Linnainmaa, 1970]

This algorithm is reverse mode automatic differentiation




Examples of Images Generation
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Examples of Images Generation
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— Influence of €7
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Progressive Growing of GANSs for Improved /\ 4¢f/a/J/ke”/’// \
Quality, Stability, and Variation Jo T
Tero Karras, Timo Aila, Samuli Laine, *\\.
Jaakko Lehtinen, ICLR 2018

X



Progressive Growing of GANSs for Improved /\ 4¢f/a/J/ke”/’// \
Quality, Stability, and Variation Jo T
Tero Karras, Timo Aila, Samuli Laine, *\\.
Jaakko Lehtinen, ICLR 2018

X



