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Context and Motivation

Consider a function M : Rd → R such that :

Objective : We aim to estimate E [M(X )].
Existing methods :

Monte Carlo sampling
LHS with rank correlation [Iman and Conover, 1980, Stein, 1987]
Kernel Herding [Chen et al., 2012]
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Existing method

Latin Hypercube Sampling with Dependence (LHSD)

Existing sampling design based on LHS [McKay et al., 1979] to take into
account the dependence of the joint distribution via copulas
[Mondal and Mandal, 2020].

Issue : Requires knowledge of a copula, conditional copula (and its
inverse) and the i.c.d.f. of the marginals.

Propose a sampling methodology with minimal
prerequisites to account for dependence.
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Quantization-based LHS

Vector quantification in a nutshell
Quantization ? Approach a random vector X by a N-quantizer
Γ = {x1, . . . , xN} ∈

(
Rd)N :

X̂ = Proj(X , Γ) =
N∑

i=1
xi1{X∈Ci (Γ)} with Ci : Voronoï partition

Let X̂ associated to the N-quantizer Γ = {x1, . . . , xN}, N ∈ N∗.

We call distortion at level N, the mapping from
(
Rd)N → R :

DX
N (Γ) = ∥X − X̂∥2

2 = E
ï

min
1≤i≤N

|X − xi |2
ò

Any N-quantizer satisfying the following minimization problem is
said to be optimal :

inf
Γ, #Γ≤N

DX
N (Γ) = inf

¶
∥X − X̂∥2

2, Γ ⊂ Rd , #Γ ≤ N
©
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Quantization-based LHS

An example of an optimal quantification application

Context : Application to the normal distribution N (0, I2)
Optimal quantization : difficult to obtain in practice
Use of a stochastic algorithm : Competitive Learning Vector
Quantization (CLVQ)

(a) Initial (b) Sans Poids (c) Avec Poids

Ref : [Pagès, 2015]
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Quantization-based LHS

Quantization-based LHS

Γ∗
Xdep

: optimal quantization of
Xdep

Ui ∼ L(Xdep | Xdep ∈ Ci(Γ∗
Xdep

))
Vi : LHS sample for Xindep

Unbiased estimator based on QLHS :

µQLHS :=
N∑

i=1
P[Xdep ∈ Ci(Γ∗

Xdep
)]f (Ui , Vπ(i))

Reference : [Lambert et al., 2024]

Without LHS, for δ > 0, there exists a constant C̃d,δ > 0 such that :

inf
(Ci )∈CN

I

sup
Lf ≤1

Var(µRQ) ≤ C̃d,δN−2/d∥X∥2
2

Based on [Corlay and Pagès, 2010]
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A design tool for vegetated strips : BUVARD_MES

Random Quantization : E[X1X2] where X = (X1, X2) is a centred
Gaussian vector with cov(X1, X2) = 0.8.
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QLHS : E[(X1 + X2)2Xindep] where Xdep = (X1, X2) is a centred
Gaussian vector with cov(X1, X2) = 0.8 and Xindep ∼ U([0, 1]).
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A design tool for vegetated strips : BUVARD_MES

Reference : [Veillon et al., 2022]
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A design tool for vegetated strips : BUVARD_MES

Schematic diagram of BUVARD_MES

Reference : [Catalogne et al., 2018, Veillon et al., 2022]



11/13

Context and motivation Design of computer experiment Numerical experiment

Water retention curve estimation

Water retention curve estimation

Van Genuchten’ Water retention curve :

θ(h) = θr + θs − θr(
1 + (α|h|)n)1−1/n
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HSIC test on the dependent group

Application to the BUVARD_MES model

µX

µY

Y ∼ PY

X ∼ PX

µY := µ(PY ) = E[k(Y, ·)]

µX := µ(PX) = E[k(X, ·)]

∥µX − µY ∥H

RKHS H

1

Estimation of HSIC via V-stat
Independence test between :
HSIC(Xi , Y ) = 0 ⇔ Xi ⊥ Y

Input p-value Decision
Ref MC QLHS LHSD Ref MC QLHS LHSD

Van Genuchten 0 0.18 0.031 0.096 ✓ ✗ ✓ ✗

Sensitivity Analysis (screening HSIC). Settings : Ref (N = 10000, asymp. test),
{MC, QLHS, LHSD} (N = 400, perm. test)

Results : QLHS performs better than LHSD (LHS+copula) and crude
Monte Carlo.
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HSIC test on the dependent group

Conclusion and outlook

What has been done
1 QLHS provides an effective sampling strategy for dependent inputs.
2 The benefits of quantization compared with an LHSD plan.

Outlooks
Derive an explicit variance reduction factor for QLHS.
Penalized the distortion loss function to obtain equiprobable Voronoï
cells.



13/13

Context and motivation Design of computer experiment Numerical experiment

HSIC test on the dependent group
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