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Plan

@ Goal : Reducing the variance of ratio of means estimators

@ Existing method : Control variates

@® Proposed method : Control variates with jointly optimized coefficients
@ Illustrations of the variance reduction guarantee

@ Application : Reduced-variance Extreme Value Index estimator
A (very) brief introduction to Extreme Value Theory
A variance-reduced Hill estimator of the Extreme Value Index
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Goal : Reducing the variance of ratio of means estimators

Goal : estimate a ratio of means
_ E[A]

R= g0

where A and C are arbitrary random variables. Assume E[C] # 0.
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Goal : Reducing the variance of ratio of means estimators

Goal : estimate a ratio of means
_ E[A]

R= g0

where A and C are arbitrary random variables. Assume E[C] # 0.

Classical estimator : ratio of Monte Carlo estimators

.
Rmc =
MC

Ol

where X, = % > 7, Xj the Monte Carlo estimator of E[X], with (X;)j=1..., i.i..d. samples of a random variable X
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Goal : Reducing the variance of ratio of means estimators

Goal : estimate a ratio of means
_ E[A]

R= g0

where A and C are arbitrary random variables. Assume E[C] # 0.

Classical estimator : ratio of Monte Carlo estimators

Ol

.
Rmc =
MC

where X, = % > 7, Xj the Monte Carlo estimator of E[X], with (X;)j=1..., i.i..d. samples of a random variable X

Problem : high variance of the Monte Carlo estimator
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Method : Control variates, applied to a mean estimator

Control variates estimator of E[A] : with control variate B
Acy = A, + o (E[B] — B,)

(Ai, Bi)i=1...n i.i.d. samples from the joint distribution of the random variables A and B
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Method : Control variates, applied to a mean estimator

Control variates estimator of E[A] : with control variate B
Acv = A, + a(E[B] - By)

(Aj, B;)j=1...n i.i.d. samples from the joint distribution of the random variables A and B

o= argergyn Var (A, + a(E[B] - B,)) = %&)B)

Var(Acy) = (1 — Corr(A, B)?) Var(A,)
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Method : Control variates, applied to a mean estimator

Control variates estimator of E[A] : with control variate B
Acv = A, + a(E[B] — B,)
(Ai, Bi)i=1...n i.i.d. samples from the joint distribution of the random variables A and B

, — — Cov(A, B)
< == argmin Var (A, + a(E[B] — B,)) = i’
a ar(gERm ar (A, + a(E[B] ) Var(B)

Var(Acy) = (1 — Corr(A, B)?) Var(A,)

— |Corr(A, B)| /= Var(ZCV) N

—  Worst case scenario Corr(A, B) = 0 = Acy = A, the Monte-Carlo estimator
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Method : Control variates, applied to a ratio of means estimator

Control variates estimator of R = EA :

E[C] *
Bey — Acv A, +a(E[B] - 7)
& Cov  Co+B(E[D] - Dn)

(A, B;, Ci, D;)j=1.. . i.i.d. samples from the joint distribution of the random variables A, B, C, and D
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Method : Control variates, applied to a ratio of means estimator

Control variates estimator of R — % :

Acv A, +a(E[B] — B,)
~ C,+ B(E[D] - D,)

Re

“\
<K<

~ Cev

® the classical coefficients for mean estimators :

ac = argmin Var (A, + a(E[B] — B,)) B. := argmin Var (C, + B(E[D] — D,))
acR BER
EX
'F‘,E;‘,’,'g"‘%“ M ISEIB /4 09/10/25 L. Bocquet-Nouaille ETICS :’%
—_—

1 AEROSPACE LAB SUPAERO




Method : Control variates, applied to a ratio of means estimator

Control variates estimator of R — % :

Acv A, +a(E[B] — B,)
~ C,+ B(E[D] - D,)

Re

“\
<K<

~ Cev

® the classical coefficients for mean estimators :

ac = argmin Var (A, + a(E[B] — B,)) B. := argmin Var (C, + B(E[D] — D,))
a€ER BER

¢ the coefficients introduced in [Gordon et al., 1982] :
An + ag(E[B] — )>
Dn)

g = argmin Var (A, + (E[B] - B,))  fg := argmin Var(c + B(E[D] -
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Method : Control variates, applied to a ratio of means estimator

Control variates estimator of R — % :
ﬁ o AC\/ o Ai OL(E[B] 787,,)
v Coy G B(E[D] — Dy)

® the classical coefficients for mean estimators :

ac = argmin Var (A, + a(E[B] — B,)) B. := argmin Var (C, + B(E[D] — D,))
a€ER BER
¢ the coefficients introduced in [Gordon et al., 1982] : (E[B] - B)
A, + o (E[B
= argmin Var (A, + a(E[B] — = argmin Var 3 >
ap = argmin Var (4, + a(E[E] - B,)) 6, = argmin Var (%" e ClEL B

— with these coefficients, the variance can be increased with certain covariance structures
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Academic use case : lllustration of the variance increase

Ratio to estimate R = %

with control variates B and D

n = 100 samples
(A,B,C,D)T ~ N (1, X)

50 1
| 20 | -0.99 1
B=1 10 =1 099 099 1
100 ~0.02 002 -001 1

Reported simulation values averaged over
10,000 independent repetitions.
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Academic use case : lllustration of the variance increase

5.20
. . [e] [}
Ratio to estimate R = % .
. . 5.15 1 i E
with control variates B and D i
5.10 A
n = 100 samples
(A,B,C,D)T ~ N (p,X)  5:05 1
S
50 1 ES00T o o
20 ~0.99 1 8
- - 4.95 -
® 0] % 099 -099 1
100 —-0.02 0.02 001 1 490 1
4.85 - o g !
Reported simulation values averaged over o o
10,000 independent repetitions. MC/MC cvicy cvicy
(classical) (Gordon et al.)
——- Reference value (RVR=-54.12%) (RVR=-53.56%)
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Proposed method : Control variates with jointly optimized coefficients

i i —EA . B, — A _ Arto(E[B]-B,)
Control variates estimator of R = B - Rey = AEX = 2 BEIDI DY)
e proposed optimal coefficients :
. A, E[B] - B,
(ao, Bo) := argmin Var ( + (E[B] )>
Cn+ B(E[D] — Dy)

(o,B)ER?
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Proposed method : Control variates with jointly optimized coefficients

i i _EA. B _ A _ Ata(E[B]-B,)
Control variates estimator of R = B - Rey = EEX = 2 BEIDI DY)
¢ proposed optimal coefficients :
. A, E[B] - B,
(ao, Bo) := argmin Var < + (E[B] )>
(.B)ER? Cn+ B(E[D] — Dy)

_ Var(D)Cov(A, B) — RVar(D)Cov(B, C) + RCov(B, D)Cov(C, D) — Cov(B, D)Cov(A, D)
N Var(B)Var(D) — Cov(B, D)2

_ Cov(B, D)Cov(A, B) — RCov(B, D)Cov(B, C) 4 RVar(B)Cov(C, D) — Var(B)Cov(A, D)
N R (Var(B)Var(D) — Cov(B, D)?)

o
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Proposed method : Control variates with jointly optimized coefficients

i i _EA . B _ Acv _ Ata(E[B]-B.)
Control variates estimator of R = wq - R% = EEX = 2 BEIDI DY)
¢ proposed optimal coefficients :
. A, E[B] - B,
(ao, Bo) := argmin Var < + o(E[B] )>
(. B)ER? Cn + B(E[D] — D)

_ Var(D)Cov(A, B) — RVar(D)Cov(B, C) + RCov(B, D)Cov(C, D) — Cov(B, D)Cov(A, D)

Var(B)Var(D) — Cov(B, D)?

o

_ Cov(B, D)Cov(A, B) — RCov(B, D)Cov(B, C) + RVar(B)Cov(C, D) — Var(B)Cov(A, D)

Po R (Var(B)Var(D) — Cov(B, D)?)

—  with these coefficients, the variance reduction is theoretically guaranteed

if |Corr(B, D)| < 1
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Academic use case : lllustration of the variance reduction guarantee

5.20
. . [e] o
Ratio to estimate R = ¢ .
. . 5.15 1 i ﬁ
with control variates B and D i
5.10 A
n = 100 samples
(A,B,C,D)T ~ N (p,X)  5:05 1
S
s _ —0.99 1 * 4051
0.99 —0.99 1
—0.02 0.02 —-0.01 1
4.90 -
T
4.85 - o g E
Reported simulation values averaged over o o
10,000 independent repetitions. MC}MC CV}CV CV}CV CV}CV
(classical) (Gordon et al.) (optimal)
—-==- Reference value (RVR=-54.12%) (RVR=-53.56%) (RVR=97.15%)
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Aircraft design application : lllustration of the variance reduction guarantee

Ratio to estimate : strut mass / total mass

z

o

¥

Figure — ONERA ALBATROS configuration with strut-braced
wings (Figure 11 from [Carrier et al., 2022])

1
0.51 1
0.77 0.4 1
0.83 0.78 074 1

Correlation matrix =
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Aircraft design application : lllustration of the variance reduction guarantee

Ratio to estimate : strut mass / total mass

z

o

¥

Figure — ONERA ALBATROS configuration with strut-braced
wings (Figure 11 from [Carrier et al., 2022])

1
0.51 1
0.77 0.4 1
0.83 0.78 074 1

Correlation matrix =

Multi-fidelity dataset of 1252 samples (n = 200)
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Aircraft design application : lllustration of the variance reduction guarantee

Ratio to estimate : strut mass / total mass

z

o

¥

Figure — ONERA ALBATROS configuration with strut-braced
wings (Figure 11 from [Carrier et al., 2022])

1
0.51 1
0.77 0.4 1
0.83 0.78 074 1

Correlation matrix =

Multi-fidelity dataset of 1252 samples (n = 200)

0.086
0.085 A o g o
=-E 8 o
0.084 4
» 0.083 -
s
3 0.082 | l
—
o
0.081 4
0.080 A _8_
0.079 4 o
o 8
S}
[e]
0.078 1 T T T T
MC/MC cv/cv cv/icv cvicev
(classical) (Gordon et al.) (optimal)

—-=—- Reference value (RVR=-48.61%) (RVR=-1.96%) (RVR=20.47%)
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A (very) brief introduction to Extreme Value Theory

[Bousquet and Bernardara, 2021][de Haan and Ferreira, 2006]

Standard Gaussian PDF with 100 observed samples

0.40 ~ ——- min sample

——- max sample
® Observed samples

0.35 4
0.30 4
0.25

é 0.20 -

0.15 4

0.10 4

=~

0.05 4

0.00 e

~ the Extreme Value Index, key parameter characterizing tails of probability distributions
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A variance-reduced Hill estimator of the Extreme Value Index

Hill estimator (Monte-Carlo ratio estimator) ’VL = %
T T
A=(n(Y") = In(V_o))Leyrsyr, 3 C=Tlyrsyr, 3 (target)
ONERA |Sdg /4 09/10/25 L. Bocquet-Nouaille ETICS ;‘12):3
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A variance-reduced Hill estimator of the Extreme Value Index

Hill estimator (Monte-Carlo ratio estimator) ’VL = ;
A= (In(r") = (VL)) lpyrsyr, 5 C=Tlyrsyr, 3 (target)
(source)

B= (|n(ys) |“(Y —k: n))]l{Y5>Y5 wn} D= Teyssys, 3

Variance-reduced Hill estimator with approximate control variates

~T

e _C7+ /S( n+m n)

A7+ a(Bn+m Fn)
D

with k € {1,.. ., n—1}, YT, >0, and|Corr(B, D)| <1
s ONERA o ",
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Results with the variance-reduced Hill estimator

Pareto marginals

4T =0.25,v° =05

n=1,000, k =100, m = 5,000
Gumbel copula with parameter 6 = 10

0.020 °
°
8 e®
£ 0015 °
& o
3 o,
& 0.010 -
H e

j i
0.005
0.0

0.0010 0.0015 0.0020 0.0025 0.0030 0.0035 0.0040 0.0045
target samples
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Results with the variance-reduced Hill estimator

) 0.350 A
Pareto marginals o
4T =0.254° =05 0.325 °
n=1,000, k = 100, m = 5,000
Gumbel copula with parameter 6 = 10 0.3001 o
Y 8
6 02754
©
: £
0.020 ° g 0.250 - b
° z
%_ 0.015 00 ® 0.225
£ L]
~° °
¢ 0.010 4
3 F 0.200
q®
0.005
0.175
0000 510 0:0015 00520 0.0025 0.0030 0.0035 005D 0,004 Hill Transferred
target samples Target Hill
T EVI RVR=71.49%
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Conclusion

Take-home message

Control variates coefficients need to be optimized for the whole estimator
to keep the variance reduction guarantee

Ex "
FRANCARE. —O NERA Isae/.‘( 09/10/25 L. Bocquet-Nouaille ETICS

SUPAERO

o,
S128
"2


https://github.com/LouB-N

Conclusion

Take-home message

Control variates coefficients need to be optimized for the whole estimator
to keep the variance reduction guarantee

Code available at https://github.com/LouB-N
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Conclusion

Take-home message

Control variates coefficients need to be optimized for the whole estimator
to keep the variance reduction guarantee

Code available at https://github.com/LouB-N

Thank you for your attention.
Questions ?

Ex -
e ONERA 1538 >

v
L1y 09/10/25 L. Bocquet-Nouaille ETICS 2%
THE FRENCH AEROSPACE LAD SUPAERO "o


https://github.com/LouB-N

Bibliographie

[Bousquet and Bernardara, 2021] Bousquet, N. and Bernardara, P. (2021).
Extreme Value Theory with Applications to Natural Hazards From Statistical Theory to Industrial Practice.

[Carrier et al., 2022] Carrier, G. G., Arnoult, G., Fabbiane, N., Schotte, J.-S., David, C., Defoort, S., Benard, E., and Delavenne,
M. (2022).
Multidisciplinary analysis and design of strut-braced wing concept for medium range aircraft.
In AIAA SCITECH 2022 Forum, pages —.

[de Haan and Ferreira, 2006] de Haan, L. and Ferreira, A. (2006).
Extreme Value Theory : An Introduction.

[Gordon et al., 1982] Gordon, H. L., Rothstein, S. M., and Proctor, T. R. (1982).
Efficient variance-reduction transformations for the simulation of a ratio of two means : application to quantum Monte Carlo
simulations.
Journal of Computational Physics, 47(3) :375-386.



Derivating the optimal coefficients

E[A] S 5. _Ac _ A, +o(E[B] - B,)
- MCE = — VvV = < — —/— —
E[C] me G, v Cev Gt B(E[D] - D)
Var (ézt:) = ﬁVaF(AC\/) + F[CACV]] Var(CCVn) — 2rF£ACV Cov <ACV CC\/,,>

0 a c
VWar (5o ) = || = M- |2 = |2
Cevin 0 B o
Var(D)Cov(A,B)—RVar(D)Cov(B,C)+RCov(B,D)Cov(C,D)—Cov(B,D)Cov(A,D)
Var(B)Var(D)—Cov(B,D)2
B = Cov(B,D)Cov(A,B)—RCov(B,D)Cov(B,C)+RVar(B)Cov(C,D)—Var(B)Cov(A,D)
o R(Var(B)Var(D)—Cov(B,D)?)

M inversible if |Corr(B, D)| < 1
We show that Var (§%> < Var (ﬁ%)

= o=
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Optimal coefficients for the CV/CV estimator if |Corr(B, D)| =1

Assume V(a, b) e R* xR,B=aD+ b

Cov(A,D)—RCov(C,D
o3 (%

a

Bo€R

Variance reduction if

Cov(A— RC,D) ¢ (- Var(D),o) U ( M,—!—oo)

2 2
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Lindice des valeurs extrémes (EVI) v

— Approche BM "block maxima" [de Haan and Ferreira, 2006] [Bousquet and Bernardara, 2021]

Théoréme (Loi limite du maximum) : Soit F la fonction de répartition de la v.a.r. Y.
3(an, b,) deux suites telles que a, > 0 et

(max(Yl, Y -

an

lim P

n—oo

“sozam

ou G., hon dégénérée” = F € DA(G,) (F dans le domaine d'attraction de G)

1
1+ —*) siy£0, 1 >0
G (y) = { exp ( (T+y) V7 T (Loi dExtremum Généralisée)

exp(—e™Y) siy=0
v indice des valeurs extrémes (EVI) — caractérise la queue de distribution

* non dégénérée = pas presque slirement constante = de variance > 0
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Lindice des valeurs extrémes (EVI) v

— Approche POT "peaks over threshold" [de Haan and Ferreira, 2006] [Bousquet and Bernardara, 2021]

Théoréme (Loi limite des excés de seuil) :

o F,(y) =P(Y — u > y|Y > u) la fonction de répartition des exces de seuil,
e y* le point terminal défini par y* = sup{y : F(y) < 1},

e o(u) une fonction de normalisation positive.

F € DA(Gy) & lim Fy (o(u)y) = GPy(y)

(Loi de Pareto Généralisée)

GP.(y) = 1—(Q4y) Siy#0, 1+9y>0
7 1—exp(—y) siy=0.

v indice des valeurs extrémes (EVI) — caractérise la queue de distribution
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Lindice des valeurs extrémes (EVI)

4 > 0 : queue lourde, point terminal y* infini — extrémes relativement fréquents
Applications : catastrophes naturelles, assurance, finance, cyber-attaques
Lois usuelles : Pareto, Student

~ < 0 : queue courte, point terminal y* fini
Applications : quantités bornées comme les durées de vie ou des quantités physiques
Lois usuelles : Uniforme, Beta

~ = 0 : queue légere, point terminal y* fini ou infini — extrémes relativement rares
Applications : temps d’attentes
Lois usuelles : Normale, Exponentielle, Gamma, Weibull

y* le point terminal défini par y* = sup{y : F(y) < 1}. [de Haan and Ferreira, 2006] [Bousquet and Bernardara, 2021]
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