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Calibration of functional outputs
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Calibration of functional outputs
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Bayesian calibration with functional outputs

Introduced by [Kennedy and O’Hagan, 2001] and extended to functional outputs by
[Higdon et al., 2008].

Linking experiments, simulations, and the true model:

= Measurement error:
YOP(x,t) = Y™ (2, ) + ™z, 1), £™(z,t) ~ N(0,02.,)
= Model discrepancy:

Ytrue(x,t> — YSim<£l§',ﬁ,t) 4 €m0d($,t>, €m0d($,t> ~ QP(O, ke)
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Bayesian calibration with functional outputs

Introduced by [Kennedy and O’Hagan, 2001] and extended to functional outputs by
[Higdon et al., 2008].

Linking experiments, simulations, and the true model:

= Measurement error:
YOP(z,t) = Y2, t) + ™5 (x,t), ™(x,t) ~ N(0,02,,)
= Model discrepancy:
Y (x,t) = Y™ (2, B,t) + ™ (x,t), ™ (z,t) ~ GP(0, ko)

= Yexp<l,, t) | ﬁ, 0r2'r1es7 0 ~GP (YSim(x7 B? t)v k@ + Uries(s(:l:,t)z(x’,t’»
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Bayesian calibration with functional outputs

Introduced by [Kennedy and O’Hagan, 2001] and extended to functional outputs by
[Higdon et al., 2008].

Linking experiments, simulations, and the true model:

= Measurement error:
YOP(z,t) = Y2, t) + ™5 (x,t), ™(x,t) ~ N(0,02,,)
= Model discrepancy:
Y (x,t) = Y™ (2, B,t) + ™ (x,t), ™ (z,t) ~ GP(0, ko)

= Yexp<1,, t) | ﬁ, 0r2'r1es7 0 ~GP (YSim(x7 B? t)v k@ + O—ries(s(:l:,t)z(x’,t’»

Bayesian inference: With priors 7(3), 7(c2_,), and 7(6):

mes

P(B, 0es, 0 | YP) o< P(Y™ | B, 07,65, 0) 7(B) T(00e) T(6)
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Surrogate modeling for functional outputs: GP with PCA

When simulations are expensive, we run the code Ny, times and build a surrogate model to replace
it.[Perrin, 2020]

Inputs: (3;);=1,. Ny, Outputs: (Y™ (2, B;,tk)) j=1, . Nymk=1,....N:
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Surrogate modeling for functional outputs: GP with PCA

When simulations are expensive, we run the code Ny, times and build a surrogate model to replace
it.[Perrin, 2020]

Inputs: (5;);=1....N,,, Outputs: (Y™ (2, 5, 11)) j=1,.... Numk=1,....N¢
Step 1: Dimension reduction (PCA)

chgim — Dgysim c RQ, Q < Nt
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Surrogate modeling for functional outputs: GP with PCA

When simulations are expensive, we run the code Ny, times and build a surrogate model to replace
it.[Perrin, 2020]

lnPUts: (/8]).7:1 Niim> OUtPUts (YSIm(xl’ 5]7 tk)) -+sNsim,k=1,...,Nt
Step 1: Dimension reduction (PCA)

Y5|m Dgysim c RQ, Q < Nt
Step 2: Gaussian process regression [Williams and Rasmussen, 2006]

Each component is treated independently: }75”1“ ~ QP(O, k:g;eta), where 0, is learned by maximizing the
likelihood. We can compute the posterior distribution:

YSIm(.Z'i,B> ’ (5], 5|m( zaﬁj)) ~ gr])( Post 5ost)
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Surrogate modeling for functional outputs: GP with PCA

When simulations are expensive, we run the code Ny, times and build a surrogate model to replace
it.[Perrin, 2020]

Inputs: (8)))-1,....5,,» Outputs: (Y (z;, B, 1)) j=1.... Nom k=1,....V;
Step 1: Dimension reduction (PCA)

Y5|m Dgysim c RQ, Q < Nt
Step 2: Gaussian process regression [Williams and Rasmussen, 2006]

Each component is treated independently: }75”1“ ~ QP(O, k:g;eta), where 0, is learned by maximizing the
likelihood. We can compute the posterior distribution:

Y5|m( B) ’ (5]’ 5|m( zaﬂj)) ~ gr])( Post 5ost)

Step 3: Reconstruction in the original space
Y25, B) ~ QP(DQ(ug’St), ngiag(k:%o“) DQ>
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Bayesian calibration and time warping

Linking experiments, simulations, and the true model:

= Measurement error:

Y (2, 1) = YU (ar, 1) + ™ (2, 1), ™ (a,1) ~ N(0,02,)
= Model discrepancy:
Ytrue(x, t) — YSim<£l§',ﬁ,t) 4 ngd(x, t), €m0d($,t> ~ QP(O, ke)

— Comparison of events that occur at the same time.
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Bayesian calibration and time warping

Linking experiments, simulations, and the true model:

= Measurement error:

YOP(2,) = YU (1, 1) + £™5(x, 1), ™ (z,t) ~ N(0,02,,)

= Model discrepancy:
Ytrue(x, t) — YSim<£L',ﬁ,t) 4 €mod(x, t), €m0d($,t) ~ QP(O, k@)

— Comparison of events that occur at the same time.

[Francom et al., 2025] suggests calibrating in a new space to compare
« Amplitudes: aligned versions of the functions,

= Phases: time warping required for alignment.
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Distances between functions
Which function is the closest to f ?
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Distances between functions
Which function is the closest to f ?
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Distances between functions
Which function is the closest to f ?
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Distances between functions
Which function is the closest to f ?
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Elastic distance

We call a phase a function ~y belonging to: Phase
Q (1)
v(0) =0, ~(1)=1, os
r={y:01-p1y| " " ' I -
v,7" “increasing and differentiable 06
d(f.g1) = inf E(f. g1 07) .
vyel
where s J\/_
E(f1, f2) = |Q(f1) — QUf)l3 and Q(f)(t) = sgnu(f(1))\/ 1/ (2)] o0 ook o e
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Elastic distance

We call a phase a function ~y belonging to:

Amplitude
0) = 0’ 1) = 17 — f
F:{’Yi[(),l]—)[(),l] i )_1. 7.() , , } 4 — .,
v,7" “increasing and differentiable 2
0
d(f,g1) = inf E(f, g1 07) 2
yel
-4
where 00 02 04 06 08 10

E(f1, f2) = |Q(f1) — Q(f2)l13 and Q(f)(t) = sgn(f(£))\/|f (t)|

[Srivastava and Klassen, 2016] introduces two important properties for E:
= Invariance to simultaneous warping: Fory € T, E(f1, f2) = E(fi 07, fa 0 7).
= Inverse symmetry: If v = arginf,cr E(f1, f207), theny~ ! = arginf,cr E(f1 07, f2).

[Srivastava et al., 2011] shows that E satisfies these properties.
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Partial elastic distance [Bryner and Srivastava, 2021]

We call a phase a function «y belonging to: Phase
(0 =0,9(1) =1
r={y:00,1] = [0,1] A b
v,7" " increasing and differentiable o
0.4
= inf FE :
df.q) = _inf  E(f.g107) o pen(ts) 02
- 0.0
where =03 _/V
0
. . -5
E(f1, f2) = 1Q(f1) = Q(f2)lz and Q(f)(t) = sgn(f(1))\/ 1/ ()] R

[Srivastava and Klassen, 2016] introduces two important properties for E:
= Invariance to simultaneous warping: Fory € T, E(f1, f2) = E(fi 07, fa 0 7).
= Inverse symmetry: If v = argmin.cr F(f1, fa 0 ), then y™! = argmin,er E(f1 07, f2).

[Srivastava et al., 2011] shows that F satisfies these properties.
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Alignment of set of functions

For a set of functions f;:
= We choose one function f.. from the dataset

= For each function we compute, v; = argmin,ep E( fref, fi © )
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Alignment of set of functions

For a set of functions f;:
= We choose one function f.. from the dataset

= For each function we compute, v; = argmin,ep E( fref, fi © )

Dataset of functions Amplitude
5 5
w 0 f 0 =
N
- Dataset -5 Dataset
—— Template —— Template
-10 -10
0.00 0.25 0.0 0.75 1.00 0.00 0.25 0.50 0.75 1.00
t t
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Alignment of set of functions

For a set of functions f;:
= We choose one function f.. from the dataset

= For each function we compute, v; = argmin,ep E( fref, fi © )

Dataset of functions Amplitude Phase
10 10 1.0
s 5 0.8
- 0.6

e 0 >0 =
= 0.4
=5 Dataset =5 Dataset 0.2
—— Template — Te lat
“10 10 emplate 0.0
0.00 025 050 0.75 1.00 000 025 050 095 1.00 0.00 0.25 050 0.75 1.00
t t t

[Francom et al., 2025] proposed performing the calibration in the Amplitude/Phase space rather than in
the original space. We propose to adapt their method for partial elastic alignment.
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The model [Francom et al., 2025] with final time
Step 1: Alignment on y,.f between functions with final time [Bryner and Srivastava, 2021]

ite) = arg min  E(Y.s y; © + pen(t
(i ty) = arg_ min _ Eyer, yi 0 7) 0er TP (ts)
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The model [Francom et al., 2025] with final time
Step 1: Alignment on y,.f between functions with final time [Bryner and Srivastava, 2021]

ite) = arg min  E(Y.s y; © + pen(t
(i ty) = arg_ min _ Eyer, yi 0 7) 0er TP (ts)

Step 2: Transformation of the phase space I to a vector space [Francom et al., 2025]:

Y =+/Yyandv = eXp;:,(lb)
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The model [Francom et al., 2025] with final time
Step 1: Alignment on y,.f between functions with final time [Bryner and Srivastava, 2021]

ite) = arg min  E(Y.s y; © + pen(t
(i ty) = arg_ min _ Eyer, yi 0 7) 0er TP (ts)

Step 2: Transformation of the phase space I to a vector space [Francom et al., 2025]:

Y =+/Yyandv = eXp;:,(lb)

Step 3: Surrogate modeling (GPR) of v*™, 5™ = 45im o ~, and ¢°'™, denoted #°™, f¥™ and {*™.
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The model [Francom et al., 2025] with final time
Step 1: Alignment on y,.f between functions with final time [Bryner and Srivastava, 2021]

ite) = arg min  E(Y.s y; © + pen(t
(i ty) = arg_ min _ Eyer, yi 0 7) 0er TP (ts)

Step 2: Transformation of the phase space I to a vector space [Francom et al., 2025]:

Y =+/Yyandv = eXp;:j(lb)

Step 3: Surrogate modeling (GPR) of v*™, 5™ = 45im o ~, and ¢°'™, denoted #°™, f¥™ and {*™.
Step 4: Bayesian calibration 5
[P (z,t) = S'm(m, t, )+ ef(x,t)

VP2, 1) = (2,1, B) + 20l 1)
99 >—f5'm<r B) +eila)
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The model [Francom et al., 2025] with final time
Step 1: Alignment on y,.f between functions with final time [Bryner and Srivastava, 2021]

ite) = arg min  E(Y.s y; © + pen(t
(73, tr) g dnin_ (Yrefs Yi © ) o pen(ty)

Step 2: Transformation of the phase space I to a vector space [Francom et al., 2025]:

Y =+/Yyandv = eXp;i(l/))

Step 3: Surrogate modeling (GPR) of v5'™, fs™ = ¢*M o ~; and {*™, denoted ©°™, fs“", and £°™.
Step 4: Bayesian calibration 5
[Pz, t) = "™ (x,t, ) + ef(x, 1)
v (z,t) = 0" (2,1, B) + &2, 1)
5 (2) = ™ (z, ) + e4(a)

If we denote, 04, 6, and 6, the hyperparameters of £, £, and ¢; and 7 () their priors :

P(B,0y, 00, 0:]y™?) o< P(f7®18,07)P(v™®|8,0,) P(£5715, 0)w (B)m(65) 7 (00)(0)
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Anharmonic oscillator
Equation :

d*0 de 3
ﬁ+a1£+a2(9—a09 ) =0.
Calibration of

B € [0,1]° where ap = 0.483) + 0.5, a1 = 0.38;, g = 235 + 2

Dataset
1.0 Simulations
—— Reference
0.5 —— Experiment
k Beap = [0.5,0.3,0.8),
@ 0.0 o2, = 0.05?,
CCD Nsim - 50’
< Nt = 100.
—0.51
—1.0-

0.0 0.2 0.4 0.6 0.8 1.0
. G . Time (s) . . .
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Anharmonic oscillator: Amplitude/Phase decomposition

Elastic decomposition

Dataset Amplitude Phase
1.0 Simulations 10 Simulations 10 Simulations
— Reference — Reference — Reference
7 : 0.8 :
0.5 —— Experiment 05 —— Experiment —— Experiment
B B 0.6
@ 0.0 @ 0.0 >
2 2 04
< <
-0.5 -0.5 0.2
-1.0 -1.0 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0 5 10 15 20 0.0 0.2 0.4 0.6 0.8 1.0
Time (s) Time (s) Time (s)
. . o e
Partial elastic decomposition
Dataset Amplitude Phase
1.0 Simulations 1.0 10 Simulations
— Reference —— Reference
pu/AS i 0.8+ ___ i
0.5 Experiment 0.5 Experiment
B B 0.6
= = >
o 0.0 @ 0.0 &
2 2 0.4
< <
-0.5 -0.5 Simulations 0.2
—— Reference :
—— Experiment
-10 -10 P 0.0
0.0 0.2 0.4 0.6 0.8 1.0 20 0.0 0.2 0.4 0.6 0.8 1.0
Time (s) Tlme (s) Time (s)
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Anharmonic oscillator : surrogate models

Prediction of the model : Credible intervals of the model :

Q*=1-— >y — ) IAE, evaluates the quality of the quantiles of level
> (yi — )2 a for different values o [Marrel and looss, 2024]

— close to 1= good prediction. — close to 0 = good credible intervals.
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Anharmonic oscillator : surrogate models

Prediction of the model :
Q=1 =W~ yj)2

> (yi —9)

— close to 1 = good prediction.

Without elastic decomposition: )? =

Credible intervals of the model :
IAE,, evaluates the quality of the quantiles of level
« for different values o [Marrel and looss, 2024]
— close to 0 = good credible intervals.

0.85, IAE, = 0.17

1.0 1.01

\ 1.07 5 10 —— metamodel
\ \ “ \ true function
- | - A = (1 = |
T [\ A ANA /\ RNAY g | LN A
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g 00 “‘ [/ /\/\/\\ g 001 | | [\ e [ e oof | \ \_ o
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< | | < | / < | < \
\ | | — |
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Anharmonic oscillator : Functional calibration

. Yexp(t) — Y/sim(ﬁ’ t) + 6mes(lz:)

) mes

I\ €mes(t) ~ N(0,02.,)

) T B~ U([0,1])

I Sampling with Sequential Monte Carlo

a4 “
080 05 1.0 0.0 . 1.0 0.0 05 1.0
Bo B1 B>
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Anharmonic oscillator : Partial elastic calibration

4 /’/A\\
“‘f ‘\\ -
“012 / \\ fexp (t) — f%lm(t} /3) + emes(t)
O\ (D) = (L 6) 4+ emi(r)
0 tchp — tsnm(ﬁ)
10 8 e vae "
iy | emes(x,t) ~ N(0,02,,)
QT'0:4, P “ €m0d<x7 t) ~ g,])(()v Umodkl>
0.2 M 9
0.0 L Omod ™ N(07 1>10§md>0
Lo | I ~T(1,1)
08 i ~ 3
- | L U
Zi / \\ Sampling with Sequential Monte Carlo
-
0[?.30 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Bo B B2
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Anharmonic oscillator : Comparison of the predictions

Without elastic decomposition With partial elastic decomposition
1.0 1.0 —— prediction
—— experiment
059 _ o0s]
© kel
e e
> 0.0 >
) o 0.01
Cc Cc
< -0.51 <
_05.
~1.01 —— posterior
—— experiment
. . . . . . -1.0+= . . . . .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Time (s) Time (s)

@ Bayesian calibration with functional outputs with elastic partial matching, Paul Castéras 08/10/2025 19/21



Conclusion

We introduced a new calibration method based on the Bayesian elastic calibration framework
[Francom et al., 2025] and on partial elastic matching [Bryner and Srivastava, 2021]. It enables:

= Comparison of patterns that do not occur at the same time,
= Model discrepancy in phase,

= Partial elastic surrogate model.
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Conclusion

We introduced a new calibration method based on the Bayesian elastic calibration framework
[Francom et al., 2025] and on partial elastic matching [Bryner and Srivastava, 2021]. It enables:

= Comparison of patterns that do not occur at the same time,
= Model discrepancy in phase,

= Partial elastic surrogate model.

Future work

250
g200 = The alignment transform is not continuous. How
2150 to build surrogate models in those cases ?
3 . . .
g 100 = Investigate other representation that combine

50 phases and final times.

0
0 1 2 3 4
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Transformation of the phase space

VGP:{W’:[OJ]—HOJ] v(0) =0,7(1) =1 }

7,7~ ! increasing and differentiable

First transformation: ) = Q(7) = /7y € ¥
= I3 = fy ()P =1= ¥ C S

Second transformation:

T, (W) =<ve L? ’ [y o(t)w(t) dt = 0}

) = sm(n (djl COS( )w)
where k = d, (1, 1) = cos™ fo Yihr)

Figure of [Srivastava and Klassen, 2016]
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Anharmonic oscillator : surrogate models

Final time but no elasticity: Q? = 0.95, IAE, = 0.06
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With partial elastic decomposition: )° = 0.97, IAE, = 0.02
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Anharmonic oscillator : Calibration

With partial elastic decomposition: Final time but no elasticity:
10
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Anharmonic oscillator : Comparison of the predictions

With partial elastic decomposition Final time but no elasticity
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—— experiment —— experience
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