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Context

* Numerical simulations are widely used in engineering, especially for uncertainty quantification task

e Their repeated use becomes impractical when codes are computationally expensive

==) [Metamodeling provides a solution by approximating the full code from a limited set of high-fidelity simulations

Original model data

(xi,y1) € (X, Y),

1<i<N

Machine learning tools

. — Surrogate model
(Kriging, neural network, etc.)
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Surrogate modeling for physical fields

 Metamodeling process

Original model data

(xi,y:) € (X, 1Y), mm==) | Machine learning tools m—) Surrogate model
1<i<N

* Inputspace: X c RP
* Output space: Y c RP
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Surrogate modeling for physical fields

 Metamodeling process

Original model data

(xi,y:) € (X, 1Y), mm==) | Machine learning tools m—) Surrogate model
1<i<N
y
* Inputspace: X c RP "=

« OQutput space: Y c RP What if P is very large ? P ~ 10° (collection of physical field outputs) /. n
] |

Output space Y
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Surrogate modeling for physical fields

 Metamodeling process

Original model data

(xi,y:) € (X, 1Y), mm==) | Machine learning tools m—) Surrogate model
1<i<N
y
* Inputspace: X c RP "=

« OQutput space: Y c RP What if P is very large ? P ~ 10° (collection of physical field outputs) /. n
] |

Output space Y

mmmmm) Dimensionality reduction techniques can be used to handle this

Solution :
problem before regression (PCA, KPCA, Isomap)t!

[1] Higdon, D., Gattiker, J., Williams, B., & Rightley, M. (2008).
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Surrogate modeling for physical fields

 Metamodeling process

Original model data

(xi,y:) € (X, 1Y), mm==) | Machine learning tools m—) Surrogate model
1<i<N
y
* Inputspace: X c RP "=

« OQutput space: Y c RP What if P is very large ? P ~ 10° (collection of physical field outputs)

Solution =) Dimensionality reductiqn techniques can be used to handle this
problem before regression (PCA, KPCA, Isomap)t!

Output space Y

 Now, what if the high dimensional fields are governed by physical constraints?

X Machine learning tools fail to guarantee physical constraints in prediction implicitly

[1] Higdon, D., Gattiker, J., Williams, B., & Rightley, M. (2008).
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Surrogate modeling for physical fields

 Metamodeling process

Original model data

(xi,y:) € (X, 1Y), mm==) | Machine learning tools m—) Surrogate model
1<i<N
y
* Inputspace: X c RP "=

« OQutput space: Y c RP What if P is very large ? P ~ 10° (collection of physical field outputs)

Solution =) Dimensionality reductiqn techniques can be used to handle this
problem before regression (PCA, KPCA, Isomap)t!

Output space Y

 Now, what if the high dimensional fields are governed by physical constraints?

X Machine learning tools fail to guarantee physical constraints in prediction implicitly

Solution =) |mposing physical constraints explicitly in the model: Physics informed machine learning!

[1] Higdon, D., Gattiker, J., Williams, B., & Rightley, M. (2008).
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Linear constraints from physics

Many physics problems are governed by linear constraints, for example:

O The law of conservation of mass implies linear relationships between the concentrations or proportions of different
chemical species in a given solution

0 The incompressibility condition in fluid dynamics leads to linear constraints on the velocity field or, equivalently, a zero-
trace stress or strain tensor

@ ETICS Annual Resarch School - Nassouradine Mahamat 10/10/2025 415



Linear constraints from physics

Many physics problems are governed by linear constraints, for example:

O The law of conservation of mass implies linear relationships between the concentrations or proportions of different
chemical species in a given solution

0 The incompressibility condition in fluid dynamics leads to linear constraints on the velocity field or, equivalently, a zero-
trace stress or strain tensor

In this work, we are considering:
* An observed Q-dimensional vector field output on a fixed mesh of size S: y; = (y;, ...,yiQ) € RS® ,

 The vector output regression function to estimate: f = (f1,...,f%): X — RS?
* The class of linear constraints defined through the sum of the Q scalar fields f7(.):

Q
FIU@ = ) d@P@=cx) @

J=1

where a/(.) are input-dependent scalar weights, f/(.) and c(.) are scalar fields. We assume a’ and c are known.
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Problem statement

Simultaneous modeling of linearly constrained fields

« X c RP: Input space (PDEs parameters)
« UYcC RS Output space (collection of spatial fields)
. (xi,yi = (y}, ...,yiQ)){i=1 N} € X X Y: iid samples from Q scalar fields

in fixed discretization (mesh, time discretization, etc.)
« NoteP=Qx*S: y€eRP
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Problem statement

Simultaneous modeling of linearly constrained fields

« X c RP: Input space (PDEs parameters)
« UYcC RS Output space (collection of spatial fields)
. (xi,yi = (y}, ...,yiQ)){i=1 N} € X X Y: iid samples from Q scalar fields

in fixed discretization (mesh, time discretization, etc.)
« NoteP=Qx*S: y€eRP

We are considering the multi-output regression task of finding f =
(fl» ""fQ): X — Y, such that:

( y = f(x), y is a high dimensional tensor, i.e. P =~ 10°
{ Q

FIFI = ) @/ @) = ()

\ j=1
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Problem statement

Simultaneous modeling of linearly constrained fields

Main mathematical tools:
« X c RP: Input space (PDEs parameters)

e UYcC RS®: Output space (collection of spatial fields) - Constrained Gaussian processes:
. (xi»)’i = (yil, ""yiQ)){i=1 N € X X Y: iid samples from Q scalar fields — Can deal with constrained problems
in fixed discretization (mesh, time discretization, etc.) x Not suited for high dimensional output

« NoteP=Qx*S: y€eRP
*  Multi-output GP2 ;

We are considering the multi-output regression task of finding f = — Well suited for multitask regression
(fl, ...,fQ): X — U, such that: x Complexity 0(N3P3) makes optimization impracticable when
output dimension is large
( y = f(x), y is a high dimensional tensor, i.e. P = 10° «  MOGP with dimensionality reduction:
— handles high-dimensional outputs and is well known in spatial

\ ¢ . . fields modeling

Flf ol = Z al (O)f7(x) = c(x) X Does not respect linear constraints

\ J=

[2] Alvarez , M. A, Rosasco, L., & Lawrence, N. D. (2012)
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\ ¢ . . fields modeling

Flf ol = Z al (O)f7(x) = c(x) X Does not respect linear constraints

\ J=

How can we combine constrained Multi-output GP regression with
dimensionality reduction ?

[2] Alvarez , M. A, Rosasco, L., & Lawrence, N. D. (2012)
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Constrained Gaussian Process regression

Given a linear constraint on f: L[f] = 0, £ linear operator

Parametrization approach*:

* Suppose that: f(x) = G,[g]

* Then we impose the constraint on the operator G,:

[ £[G,] = 0 |

* Gaussian processes are closed under linear transformation
g ~GP(ug(x),ky(x,x"))
/«‘f(x) = gx[ﬂg]' kf = gxkggg

[1] Jidling, C., Wahlstrém, N., Wills, A., & Schén, T. B. (2017)
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Constrained Gaussian Process regression

. . . . nstrain P illustration
Given a linear constraint on f: L[f] = 0, £ linear operator Constrained GP illustratio

3 Train y1

Parametrization approachi3': ’ "
* Suppose that: f(x) = G,[g] i
* Then we impose the constraint on the operator G,: . ¢ .

[ £[G:] = 0 | '

* Gaussian processes are closed under linear transformation
g ~GP(ug(x),ky(x,x"))
ﬂf(x) = gx[ﬂg]' kf = gxkggg

lllustration: L[f]=fi+f, =0

[3] Jidling, C., Wahlstrém, N., Wills, A., & Schén, T. B. (2017)
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Constrained Gaussian Process regression

. . . . nstrain P illustration
Given a linear constraint on f: L[f] = 0, £ linear operator Constrained GP illustratio

3 Train y1
e Trainy;
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Constrained GP illustration

3 Train y1
e Trainy;
—— single GP
=== SO-GP:y1 +y>
2 —— Constrained MOGP

=== SO-GP:y1 +y>
=== MOGP-C:y1+Yy>

=3

Problem: O(N3P3) complexity !
We need to combine it with a dimensionality reduction techniques,

but how, and which techniques ?
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Space-modulation form (SMF) PCA for Vector fields [4]

*  Al-dimensional spatial field y;' € RS

vector Yia

representation
1 _
I yi =

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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Space-modulation form (SMF) PCA for Vector fields [4]

*  Al-dimensional spatial field y;' € RS

vector Yia

representation
1 _
I yi =

« A Q-dimensional spatial field y; € RS x R?

matrix Yia

representation
——) yi =

Q\A 4 zls

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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Space-modulation form (SMF) PCA for Vector fields [4]

A Q-dimensional spatial field y; € RS x R?

matrix

representation _
p— Vi =

o

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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Space-modulation form (SMF) PCA for Vector fields [4]

« A Q-dimensional spatial field y; € RS X R?

matrix

representation
p— .YI

o

Vi

1
Vis

e A Q-dimensional spatial field data {y; € RS x R?,i =1, .

oo

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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Yis.

Vi1
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Space-modulation form (SMF) PCA for Vector fields [4]

A Q-dimensional spatial field y; € RS x R?

o

matrix

representation _
——— Yi =

« A Q-dimensional spatial field data {y; € RS Xx R?,i = 1, ..., N}

V1=

N iid samples

[4] R, W, Preisendorfer and C. D. Mobley. (1988)

YN =

a ETICS Annual Resarch School - Nassouradine Mahamat

_yl;l,l lel

_y;1'5 yi.(,zs_
3’1%:/,1 yI\E/Q,l_
YN S 3’1\(;12,5_
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A Q-dimensional spatial field y; € RS x R?
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matrix

representation _
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V1=

N iid samples
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YN =

a ETICS Annual Resarch School - Nassouradine Mahamat

_yl;l,l lel

_y;1'5 yi.(,zs_
3’1%:/,1 yI\E/Q,l_
YN S 3’1\(;12,5_

»  Given a spatial vector e € R

€1
e=|:

es
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Space-modulation form (SMF) PCA for Vector fields [4]

A Q-dimensional spatial field y; € RS x R?

matrix

representation
I

o

Vi =

« A Q-dimensional spatial field data {y; € RS Xx R?,i = 1, ..., N}

— 1 Q —
Vi1 Y11 N iid samples
Y1 = S
Q
V1,8 Vis)

[4] R, W, Preisendorfer and C. D. Mobley. (1988)

E ETICS Annual Resarch School - Nassouradine Mah

YN =

amat

_3’1;1,1 lel

_y;1'5 yi.(,zs_
3’1%:/,1 3’1\?,1_
YN S 3’1\(;12,5_

»  Given a spatial vector e € R

e The projection of y; in the direction e is:

”e(Yi) = yiTe

€1
5 |
Vi1 Yisl| : Wl-l
: :|l=1:|eRC
Q... . .. Qll : Q
Yi1 Yisl|, Wi
S
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Space-modulation form (SMF) PCA for Vector fields [4]

« A Q-dimensional spatial field y; € RS x R? |« Given a spatial vector e € RS
e The projection of y; in the direction e is:
— 1 Q —
Yii i1
matrix : : | 1 1 1[€1
representation ¥, = : : | . Yia Yis|| : Wi
——— - ¢ ! N =vlie = : | = :
1 : : - e (yi) Yyie 0 : 0 : .Q € R?
.1 Q E y' 1 e oo e e e ee e y' : W'
Q\A Vis Vs : b Lsd] eg :

° . . . . 2- . Q.
« A Q-dimensional spatial field data {y; € RS Xx R?,i = 1, ..., N} We define the magnitude of 7, (y;) by its L"-norm in R™:

| _ _ T ol
1 Q N : | 1C |
Vi1 yl.,l N iid samples yl\,”l 3’1\:1,1 i [ |yl |
VL = .t YN =
1 Q
Yi,s leS_ NS Yns

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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Space-modulation form (SMF) PCA for Vector fields [4]

° i H S
« A Q-dimensional spatial field data {y; € RS X R?,i = 1, ..., N} Given a spatial vector e € R

e The projection of y; in the direction e is:

1 1
Vi1 Y15 e,
1 1
Vi1 Yis|| : w;
T : | = :
. . o mO=yle=| NS
Y= yl’l yl'S ; yl’1 ) cee cee yi’s e:S Wl
»  We define the magnitude of 7, (y;) by its L>-norm in R¥:
1 1 i
yN’l coe coe coe yN'S : T 2
. | [Iy7el|
0 0 * Hence, the variance of projection of the Q-dimensional field along e is
YN 1 Yn,s

2
=3 |IyFel| = G yTr)

Y € R x RS the dataset matrix

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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Space-modulation form (SMF) PCA for Vector fields [4]

« A Q-dimensional spatial field data {y; € RS X R?,i = 1, ..., N}

Vi1

Y € R x RS the dataset matrix

[4] R, W, Preisendorfer and C. D. Mobley. (1988)

Yis

a ETICS Annual Resarch School - Nassouradine Mahamat

The goal of space-modulation form PCAI4 is to find the
subspace direction e such that the projection of the Q-
dimensional field has maximum variance:

4 N
N

2
argmaxz ||yTe||

||e||=1 x=1

= As for classical PCA, this problem can be solved by performing
SVD on the dataset matrix Y

Dimensionality reduction : —_, retainonlyafew M < S

eigenvectors that capture a large proportion of the total variance
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PCA-Constrained GP

Space-modulation form PCA for vector fields [4] :
* Linear dimensionality reduction technique
* Explicitly data reconstruction

v" Preserves linear constraints on data: the PCA
weights follow the linear constraint (1)

22 (xpw] = c(x)

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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X,y = -Y0)
€ (RD,RQS)
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projection
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PCA-Constrained GP

Space-modulation form PCA for vector fields [4] :
* Linear dimensionality reduction technique
* Explicitly data reconstruction

v" Preserves linear constraints on data: the PCA
weights follow the linear constraint (1)

22 (xpw] = c(x)

fren (): X — RQ”

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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Proposed model
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SMF PCA
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PCA-Constrained GP

Space-modulation form PCA for vector fields [4] :
* Linear dimensionality reduction technique
* Explicitly data reconstruction

v" Preserves linear constraints on data: the PCA
weights follow the linear constraint (1)

22 (xpw] = c(x)

fren (): X — RQ”

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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Proposed model

X,y = -Y0)
€ (RD,RQS)

SMF PCA
projection

X, Tl:M(y) — (Wl, ,WQ) €
(RD,RQM)  MKS

Constrained GP

regression

Ty (y) = fm)

Train

— | xayO) = fo, (2%)

Prediction
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PCA-Constrained GP

Space-modulation form PCA for vector fields [4] :
* Linear dimensionality reduction technique
* Explicitly data reconstruction

v" Preserves linear constraints on data: the PCA
weights follow the linear constraint (1)

22 (xpw] = c(x)

fren (): X — RQ”

[4] R, W, Preisendorfer and C. D. Mobley. (1988)
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Proposed model

X,y = 1 -Yq) x5y = 1Y)

€ (RD,]RQS) € (RD,RQS)
SMF PCA 1
projection
x, Ty (y) = (Wy, ...,wp) € SMF PCA
(IRD,IRQM) L M«LS Reconstruction
Constrained GP
regression
T[M(y) = fTL’M(x) X*InM(y*) = le'M(x*)
Train Prediction
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Metamodel for population dynamics

Lotka-Volterra equations: , 20- ] z::ﬂz
p: prey density population p'(t) = ap(t) — bp(t)q(t) 151
q: predator density population {q’(t) — —cq(t) + dp(t)q(t) 1 ®
(po, o): initial condition 8 10
Metamodeling problem:
* Inputs:x = (b,d) i o] J
* Outputs: y(t,x) = [p(t,x), q(t,x),r(t, x),s(t,0)]" i N
with s = log(p),r = log(q) 5 =50 1600 120 2600

Time ()
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Metamodel for population dynamics

Lotka-Volterra equations: | 20/ p-true
! — Q.true

G- redtordendy populaton {07 PO-mOID )

- PTECEior B ¥ DoP q'() = —cq(t) + dp()q(t) 3

(po, o): initial condition 3
310

Metamodeling problem:

e Inputs:x = (b, d) 5 o

* Outputs: y(t,x) = [p(t,x),q(t,x),r(t,x),s(t,x)]" i N

with s = log(p), 7 = log(q) o é 5 50 10 Bw 200
* Input dependent linear constraint from the Hamiltonian ! Time (s)

structure [ of (1):

dp(t) —cs(t) + bq(t) —ar(t) —Cy =0

* Dataset: (xi, y(ty, %), ., Y (s, xl'))lsig]v

[5] Nutku, Y. (1990)
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Metamodel for population dynamics

Lotka-Volterra equations: , 201 z::z:

_ : : S | | | | N | S p pred
D bretiator dendty population (pO=@@-wou0 gy T aped
P e Y PP q'(t) = —cq(t) + dp(t)q(t) 3
(po, o): initial condition 3 10
Metamodeling problem: |

| 91
* Inputs:x = (b,d) |
+ Outputs: y(t,x) = [p(t, %), 4(t, 1), 7(t, %), 56, 01" Y V)| ANVAN
with s = log(p), 7 = log(q) o ; 5 =0 1600 200 2600

* Input dependent linear constraint from the Hamiltonian ! Time (s)

structure [ of (1):

dp(t) —cs(t) + bq(t) —ar(t) —Cy =0

* Dataset: (xi, y(ty, %), o, ¥ (&s, xl'))lsl'g]v

[5] Nutku, Y. (1990)
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Metamodel for population dynamics

Lotka-Volterra equations: , 201
¢ redtor dendty populaton | /O PO-nOI0 )
g q'(t) = —cq(®) + dp(t)q(t) 9
(po, o): initial condition T 10
Metamodeling problem: .
| 97
* Inputs:x = (b,d) |
+ Outputs: y(t,x) = [p(6,x), (&, 1), 7(6,%), 56, )] A _
with s = log(p),r = log(q) 5 50 1600
* Input dependent linear constraint from the Hamiltonian i Time (s)
structure B! of (1): o oo
s PCA-ICM
dp(t) — cs(t) + bq(t) —ar(t) —Co =0 ot IR
! IndPCA_ICM
: W 107° e ColPCA GP
» Dataset : (x;, y(t, X, ., ¥y (ts, %)), _._, | Z |
M |
10"

[5] Nutku, Y. (1990) 4 5 6 7
Latent dimension
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Constraint violation results

_ LU.x.)

-C(v,x,) = [IF vl

~\ N,
- Quantile of level a of {C (v, x,fl))}i=1 C Qac = C([N*af])(v)
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Constraint violation results

] Y {CED) i : OA R —
Clv,x,) = TR Quantile of level a of {C (v, X, )}i=1  Gac = Cn,ap (V)

0035/ =™ PCACGP  —— PCAIndGP — IndPCA ICM
— PCA-ICM —— IndPCA-IndGP  —— CoPCA GP

0.030-
- 0.005- 0.025-
O Q0.0ZO'

&€~ 0.010- =
o  0.015
_oots, 0.010-
0.005

= PCA-CGP —— PCA-IndGP —— IndPCA ICM
-0020{ —— PCAICM  —— IndPCAInd@®® —— ColPCAGP 0.0001
0 20 40 60 80 100 0 20 40 60 80 100
Time (s) Time (s)

Standard PCA-GP does not satisfy the constraint at any time while
our PCA-CGP satisfies the linear constraint all the time
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Metamodel for the turbulent Reynolds stress tensor

* Context: Uncertainty propagation study in RANS modeling
* Turbulence closure model: standard k — ¢
* Inputs: closure parameters of the standard k — € turbulence

model

X = (Cu_; O-kl O-Sl Cé'j_’ CSZ)

'u’ and the turbulent

* Output: Reynolds stress tensor 7;; = u; ’

kinetic energy k
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Metamodel for the turbulent Reynolds stress tensor

* Context: Uncertainty propagation study in RANS modeling
* Turbulence closure model: standard k — ¢
* Inputs: closure parameters of the standard k — € turbulence

model

X = (Cu_; O-kl O-Sl CSj_’ CSZ)

'u’ and the turbulent

* Output: Reynolds stress tensor 7;; = u; ’

kinetic energy k

* The incompressibility condition is translated by:

T11+ To2 —§k=0

Datasets generation details:

Mesh composed of 200 000 triangular elements
CEA/DES CFD solver TrioCFD

Reynolds number = 18000

" Nipqin =50and Ngpor = 100
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Metamodel for the turbulent Reynolds stress tensor

* Context: Uncertainty propagation study in RANS modeling
* Turbulence closure model: standard k — ¢
* Inputs: closure parameters of the standard k — € turbulence

model

X = (Cu_; O-kl O-Sl Cé'j_’ CSZ)

'u’ and the turbulent

* Output: Reynolds stress tensor 7;; = u; ’

kinetic energy k

* The incompressibility condition is translated by:

T11+ To2 —§k=0

Datasets generation details:

Mesh composed of 200 000 triangular elements
CEA/DES CFD solver TrioCFD

Reynolds number = 18000

" Nipqin =50and Ngpor = 100
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.\
T—
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Figure: Simulation vs prediction results of the 7;; component on the fine mesh
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Results on the LEVM Reynolds stress tensor

PCA-CGP 4.33e-15 £ 1.66e-15 0.9963 +£0.0294 0.0002 £ 0.0018
PCA-ICM 1.08e-02 £ 2.88e-03 0.9961 £ 0.0294 0.0002 £ 0.0018
PCA-IndGP 2.00e-01 * 6.44e-02 0.9977 £0.0298 0.0001 +0.0018
IndPCA-GP 1.69e-01 £ 7.31e-02 0.9978 + 0.0041 0.0001 + 0.0003
IndPCA-ICM 1.16e-02 £ 3.33e-03 0.9952 £ 0.0034 0.0003 + 0.0002
ColPCA -GP 5.37e-04 * 3.80e-05 0.9978 + 0.0042 0.0001 + 0.0003

The results on the quality of prediction are comparable between all methods while
only our PCA-CGP strictly satisfies the linear constraint
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Conclusion & Perspective

We proposed PCA-Constrained GP model to handle metamodeling problem with linear constraint in high
dimensional context

v' Gaussian process regression is preferred for its probabilistic framework and small data context

v" Our framework guarantees constraint satisfaction globally and not just on set of collocation points

v' A comparison against state-of-the-art physical fields models illustrates the efficiency of the PCA-CGP model

Perspective :
» Extend the combination of Constrained GP with non linear dimensionality reduction techniques
(Autoencoder, isomap, kernel PCA)

» Extend the method to problems with a non-fixed mesh

A paper on the prediction of physical fields under linear
— constraints is currently being finalized. Submission is
planned for October
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Appendix : Gaussian process regression

=  Single-output GP regression!

(o Yg=1,..0} € X XR, y;=f(x) +€, € ~N(0,0%)
Prior: f(x) ~ GP(0,k(x,x")), Kernel: k(-+) : X XX - R
Posterior: f(x,)|y ~ N(f.,cov(f,))

. fo=kT(k(X,X)+0%1)71

. cov(f,) = k(x,x,) — kIT(k(X,X) + 021)7 1k,

Prior GP Posterior GP

Samples Samples

@ Train points @ Train points

[2] Rasmussen, C. E. (2003)
[3] Alvarez , M. A, Rosasco, L., & Lawrence, N. D. (2012)

@ ETICS Annual Resarch School - Nassouradine Mahamat

=  Multi-Output GP (MOGP) [3]
(0, ¥)gi=1,.81 € X XRF
yi=f(x)+e, €~N(OXI
Prior: f(x)~ GP(0, k(x,x"))
Kernel: k(-,+) : X X X —» RP x RF
—  Matrix valued kernel

— Symmetric positive definite

Kernel models:
* Intrinsic coregionalization model
k(X,X) = BQk(X,X)
* Linear model of coregionalization
k(X,X) = 32, B;®kq(X,X),

By €RP*P k() : XXX > R

10/10/2025
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Appendix B

Lotka-Volterra Constraint :

» Constraint given by the Hamiltonian structurel! of (1):
H(p,q) = dp — c log(p) + bq — alog(q) = Co

* Reparametrized Hamiltonian structure:

dp —cs+bq—ar =C,
with s = log(p),r = log(q)

Constraint evaluation metric:
° — ; Ntest 3, .
RO = =X hi(D),

* h(®) = dpi(t) — 8 () + bg;(t) — afy(t) — c;(¢)

E ETICS Annual Resarch School - Nassouradine Mahamat

RRMSE metric :

N
1 . ,
RRMSEZ = Nz RRMSEZ(yslimr yglared)
i=1

RRMSE2(ylim, Virea) =

. , 2
||y;im - yzl)red”

2
i 2
S||ysim||00

10/10/2025
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Appendix B

Uncertainty propagation

Parameters of the k — & standard turbulence model calibrated on
experimental data :

* (C, :constant

* 0. The Prandtl turbulent dissipation number
* (¢, :The source term coefficient

* Cg,: The well term coefficient

® Oy .

0.09 1.30 1.00 1.44

Table: The usual values of the calibrated parameters
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