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Introduction

Context

Sensitivity analysis (SA)
Assessing how the uncertainties on the input variables of a phenomenon affect the uncertainty
of the output of interest
It can serve various purposes:
» Better comprehension of the phenomenon
> Model validation
> Model explainability
» Dimension reduction (screening)
>

Uncertainty reduction
<'sepr
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Hierarchical variables

Context: hierarchical variables

Definition: A hierarchical variable Z is a random discrete variable presenting a hierarchical
dependency with the other random inputs (X := {Xi,..., X4} € RY).

Model: Y = G(Z, X) or alternatively a data set (Z,X,Y); for i=1,...,n

First intuition:

/=1
X1, Xo, X3 X1, Xo,

. X1, Xa,

» Some variables are always active : Xi et Xs.
» When a variable is not active, it presents no value (NA), and may usually make no phyng%LF
v
sense
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Hierarchical variables

lllustrative example: housing heating cost

Type of Windows Wood Roof Heating
: : . Surface | Floor : : :
housing isolation density | isolation cost
Z X1 Xa X3 X Xs Y
apartment 6/10 1010 ft? 0 NA NA 25€/month
apartment 8.5/10 | 753 ft? 1 NA NA 12€/month
apartment 4/10 322 ft? 5 NA NA 10€/month

wooden house | 9.7/10 861 ft2 NA | 50 Ib/ft3 12 in 29€/month
wooden house | 5.8/10 | 1200 ft> | NA | 26 Ib/ft3 | 6.5in | 50€/month
brick house 7.6/10 | 1399 ft2 | NA NA 4 in 52€ /month
brick house 4.2/10 750 ft2 NA NA 9in 30€/month

g:{1,2,3} xR> =R
g(Z,X) = gM (X1, Xo, X3)1z21 + 8P (X1, X, Xa, X5)1z=2 + 83 (X1, X, X5)12-3d ey
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Hierarchical variables

Context: hierarchical variables

Other examples of hierarchical variables?

» System architectural choices
P> e.g., turbofan or turbopropeller engine on a plane?

» Demographical data
» e.g., information depending on socio-economical class or location

» Conditional poll questions
» e.g., if you answered yes to the previous questions, could you tell us more?

» Machine learning model architecture parameters
» e.g., neural network layers and associated parameters and weights

<'sepr
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Hierarchical variables

Context: hierarchical variables

The literature is not consistent regarding nomenclature and definition

» Hierarchical variables

» Dimensional variables

» Branching & Nested factors
> Meta-variables

>

Trigger variables

[}
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Hierarchical variables

Objectives

Sensitivity analysis in the presence of hierarchical variables
» How to assess the influence of the hierarchical variables?
» How to assess the influence of the children variables?

» How to assess the influence of the interactions between the two?

» We consider a given-data framework: sensitivity to be performed on a simple data set.

» We focus here on Sobol’ indices [Sob93].

» Intuitive interpretation
» Applicable to non-monotonous and non-linear models / phenomena
» Input variables must be independent

<'sepr

E. Barték, J. Pelamatti, V. Chabridon SA & Hierarchical variables 30/01/2025 7/34



Indices de Sobol’
Problem formalization

How to adapt Sobol’ indices to the presence of hierarchical variables?

Hypotheses:

» The function of interest can be written as:

p
Yi=g(Z.X) =3 g"(X)1z
k=1
> Yk e [1,p], g e [2(Px); X e R
» The hierarchical variables are mutually independent, Pz := x_,P. ;
» The children variables are mutually independent, Px := x¢_;Px. ;
» Both hierarchical and children variables are mutually independent, Pz x := Pz x Px.

» s there a better approach for this probabilistic modeling 7!

[}
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Indices de Sobol’

F-ANOVA decomposition

Sobol’ indices rely on the Functional Analysis of Variance (FANOVA). We define the following
projections:

> 1z = E[g(Z, X)]

> n(Xi) X — R = E[g(Z, X)|Xi] = X ,cimi(Xy)

> nz(Z) : Z2—R =E[g(Z,X)|Z] —ne

> nz)(Z,X1) © Zx X — R :=E[g(Z,X)[Z,XI] = X ,cims(Xs) = Xucimzi(Z, X))
> k= E[gk(Z,X)]

> nf(X)) © X — R = Elg(Z,X)|Xi] — X i m5(X))

[}
& TeDF
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Indices de Sobol’

F-ANOVA decomposition

We obtain the following orthogonal decomposition of the function of interest

g(Z,X) =ng +1z(Z) + > (X)) + > _nzi(Z, X))
ICP ICP
and

gM(X) =05+ nr(X)
IcP

With P the power set of {1,...,d}

[}
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Indices de Sobol’

F-ANOVA decomposition

We can obtain some straightforward expressions for some of the projections:

12(2) = Y- 1) (E[e900] — Ele(z. X)) |
k=1

m(Xi) = zm: P (X1),
k=1

nz(Z,X1) = Lizgnf (X)) —m(X)),
i

which can be plugged into:

5 o Ve (X))
' Var (Y) <'~epF
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Indices de Sobol’

Sobol’ indices Adaptation
Interpretation of the proposed indices:
P> S, mesures the part of variance that depends on the weighted difference between the
means of the submodels g(¥)(X) :

, Tk CERLSTEY |
Var (Y)

<'sepr
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Indices de Sobol’

Sobol’ indices Adaptation
Interpretation of the proposed indices:
P> S, mesures the part of variance that depends on the weighted difference between the
means of the submodels g(¥)(X) :

2
e (E [g00] - EDT?)
S, = :
Var (Y)
> S; quantifies the contribution of X; to the variance of the submodels g(*)(X) :

o Yar(Zho P} (X))
e Var (Y) '

<'sepr
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Indices de Sobol’

Sobol’ indices Adaptation
Interpretation of the proposed indices:
P> S, mesures the part of variance that depends on the weighted difference between the
means of the submodels g(¥)(X) :

2
e (E [g00] - EDT?)
S, = :
Var (Y)
> S; quantifies the contribution of X; to the variance of the submodels g(*)(X) :

o Yar(Zho P} (X))
e Var (Y) '

» Siufz}, in the simple 2 submodels case:

p1p2 (2 E [(77/1()(/) - 77/2(X/))2])
Siv(z) = Var (Y) e
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Indices de Sobol’

Sobol’ indices

Similarly, we can obtain the following total Sobol’ indices

ST k(e — PRE[YE] — 25 ke PKPIE [ YK Y]

Var (Y)
o _ L=y PE[Var (Y4 I9)]
! Var (Y)
o _ i1 PRE [Var (V4| I9)]
{zyui Var (Y)
ket E [VE] (P = P) — 25 k< PkPIE[E[Yil IFTE[YI1]]
Var (Y)
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Estimation

Given-data estimators

We suppose only having access to an i.i.d. sample of inputs and outputs:
(z(f)jx(f)j y(i))lgign_

In practice, estimating the Sobol’ indices boils down to estimating
> Tl =
> T2 =

We propose two estimators for the quantity T1, inspired by the work of Broto [Bro20]:
» Double Monte Carlo (MC): E [Var (Y|X))] = Var (Y) — Var (E[Y|X]]) ;
> Pick-and-Freeze (P&F): E [E[Y|X/]*] — E[Y]* = Var (E[Y|X)]).
These estimators are based on a k-nearest neighbors (knn) approach
<seoF
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Given-data estimators
Core concept:

» The distribution of X; is replaced by its empirical discrete distribution
» replacing conditional sampling of Y|X; = x; with the sample containing the k nearest

neighbors of x;
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Estimation

Given-data estimators

» Double Monte Carlo (MC):

N K K 2

1 k knn’ (i,n) 1 knn!  (i,h)

E[Var(Y|X,)] i ) ( P > :l ( Kok ))_KEZg(XI( Kok ))] )
i=1 n=1 h=1
» Pick-and-Freeze (P&F):
ETY] 1 J (i.k) (knmj 4 (i:2)) 1 (i.k) 2
_ i K,k \ . i
Var €YD = 3y 3 (¢ (x) g (x ) a > s (x9)

<'sepr
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Estimation

Given-data estimators

Estimation of T2 :=E [E [Yk‘X/] E [Yh‘X/”

Nk Nl NI [alal
75— m i m <Z g (X(n,k)) g (X(kn,,;ykrk //(,,,1))) n Zg(k) (X(knn'm/k ’I(n,l))) g (X(n,/))>

n=1 n=1

[ }
& TeDF

E. Barték, J. Pelamatti, V. Chabridon SA & Hierarchical variables 30/01/2025 17 /34



Numerical results

A few numerical results: first toy case

Yii=gM(X) = X1+ Xo + X5 + X — 1
Yy = g@(X) = X3 Xy + X5 X5
g(Z,X) = gM(X)1z-1 + g (X)1z-2

With:
> X = (X, ,X6), Xi ~U([0,1]) i.i.d.
> Z:P(Z=1)=05P(Z=2)=05

[}
& TeDF
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Numerical results

A few numerical results: first toy case
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Nume!

rical results

A few numerical results: first toy case
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Numerical results

Additional test-case

Y1 = GO(X)= X1+ Xo+ X5

Yo := GO(X) = X3X4 + X

Y3 = GO(X) = XXy + X1 X5

G(Z,X) = GM(X)1z=1 + GO(X) 122 + GO (X)1z-3

Where X = (X1, X2, X3, Xa, X5), Xi ~ Unif([0,1]), i =1,...,5

[}
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Numerical results

A few numerical results: second toy case
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Numerical results

A few numerical results: second toy case
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Numerical results

A few numerical results: second toy case

F(Z=1)=02, P(Z=1)=0.33, P(Z=1)=0.2,
P(Z=2)=0.1 P(Z=2)=0.33 P(Z=2)=0.7

P(Z =3)=0.33 B(Z=3)=0.1
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Numerical results

A few numerical results: the G-Sobol function

1+a;

_g(z)(x) =& 1% where (b;); = (0,1,9,99,0,1,9,99)

(Z, X) = gW(X)1721 + g@P(X)17-

_ g(l)(X) 4_ M, where (a;); = (0,1,9,99)
)

With:
> X = (Xg, -+, Xg), Xi ~U([0,1]) i.i.d.
» Z:P(Z=1)=0.5P(Z=2)=05
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Numerical results

A few numerical results: modified G-Sobol function, 10000 samples
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Numerical results

A few numerical results: modified G-Sobol function, 10000 samples
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Numerical results

A few numerical results: modified G-Sobol function, 1000000 samples
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Limitations when dealing with real world data

Numerical results

Measurements on fissile material conditions between exploitation cycles

Gl
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Numerical results

Limitations when dealing with real world data
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Conclusions

Conclusions

Contribution highlights:
» Formalizing the concept of hierarchical variables and their role within the scope of
sensitivity analysis
» Specifying the hypotheses necessary for the adaptation of Sobol’ indices

» Definition of Sobol" indices in the presence of hierarchical variables, and identification of
intuitive expressions

» Proposition of knn estimators allowing to estimate these new Sobol’ indices on an
i.i.d. sample

P Testing on several numerical test-cases

<'~epF
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Conclusions

Limitations & perspectives

Some limitation
» The inputs are considered as independent, which is usually not true

> The independence between hierarchical variables and associated children variables
is a particularly limiting hypothesis

» Closed form 'interpretable’ formulas have only been obtained for the case with a single
hierarchical variable

» The knn estimation of the Sobol’ indices, especially for the total ones, presents a bias and
converges slowly in the presence of strong interactions
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Conclusions

Limitations & perspectives

Now what? Some perspectives

» Exploiting the connection between Sobol’ indices and MDA (based on random forests) in
order to avoid knn related estimation issues [BDVS22]

» The tree-like structure may offer a natural framework for hierarchical variables
» Extending the proposed approach to Shapley indices, allowing to handle dependent inputs
» Shapley or other weight allocation schemes ? (e.g., PMVD)

» Kernel-based sensitivity indices (e.g., HSIC) based on a specifically designed covariance
kernel allowing to deal with hierarchical dependencies [Sav+24; Pel+21]

» Necessary to validate the necessary theoretical properties for these kernels in the presence of
hierarchical variables

<'~epF
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Conclusions
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