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Sobol’s formula for first order indices



Cadarache, 12 January, 2010 Copyright 2010 JRC      Page 3

Sobol’s formula

Classic Sobol’ formula (1993) ),( zyx =
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Sobol’s formula

Sobol’, Tara, Gatelli, Kuche (2007) ),( zyx =
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More stable than the original algorithm

Saltelli (2002)
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Sobol’s formula
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Classic Sobol’ (1993) Sobol’, Tara, Gatelli, Kuche (2007)
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Jansen’s formula for total indices
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Jansen’s formula
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Sampling design
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Sampling design
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Sampling strategies
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Different strategies can be used to generate the input sample

Sampling strategies
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Sampling strategies

…or quasi random sequences
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Convergence properties

Source: Mauntz and Kucherenko, 2005
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Convergence properties
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Convergence properties
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Screening methods
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Screening designs derive from
Design of Experiments (DOE)

Screening designs “highlight” few important inputs 
among many (hundreds, thousands)

Goal: Model simplification

Screening methods
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A 2-Level Full Factorial Design for 3 parameters

X1 X2 X3

1 1 1

-1 1 1
1 -1 1

-1 -1 1
1 1 -1

-1 1 -1
1 -1 -1

-1 -1 -1

The Full Factorial Design

Screening methods
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The full design requires an enormous number of points to get all 
combinations of levels.

Solution
Select only a sub-set of these points to generate a smaller design 
that can still produce useful results

Screening methods

Using 2 levels: 10 parameters   → 210 = 1024 points

20 parameters   → more than a million!!
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A Fractional Factorial design can be generated using 
Hadamard matrices.
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Def. A Hadamard matrix is a matrix of 1’s and –1’s 
that is orthogonal such that:

Screening methods
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Removing the first column, a Hadamard matrix makes 
a balanced Fractional Factorial design. Indeed …
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A 2k×2k Hadamard matrix can be generated 
recursively. For example, for k=2:

Screening methods
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A Hadamard matrix makes a design of 
Resolution III: 
any 2 columns are such that the 4 
combinations 
(1, 1), (1, –1), (–1, 1) and (–1, –1) appear 
equally often in those columns 

[It is possible to make Resolution IV designs where

any 3 columns are such that the 8 combinations: 

(1, 1, 1), (1, 1, –1), (1, –1, 1), (1, –1, –1), (–1, 1, 1), 
(–1, 1, –1), (–1, –1, 1) and (–1, –1, –1) appear 
equally often in those columns]

Screening methods



















−−

−−

−−

111

111

111

111



Cadarache, 12 January, 2010 Copyright 2010 JRC      Page 23
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Screening methods
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For a 2-level FF design, the variance explained by parameter Xi

alone is just 

The main effect of factor Xi on Y in a FF design: 
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The method of elementary effects is simply a derivative (in the form 
of  incremental ratios) computed at different points in the space of the 
input and averaged over the same space. 

Method of elementary effects: is able to “screen” a subset of few 
important inputs among the many (tenths, hundreds) often 
contained in models

Screening methods
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Model ),..,( 1 kxxyy =

Elementary Effect for the i-th input in a point Xo
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(Morris, 1991)

∆ is larger than in local 
methods

Screening methods
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The average of several EEi is taken.
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are computed at X1 , … , Xr

Average of |EEi|’s → µ*(xi)

µ*(xi) is useful to identify inputs that are not 

responsible for output  variation

Screening methods
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The standard deviation σ of the EE’s is a measure of the sum 
of all interactions of xi with other inputs
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Screening methods
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A clever sample design is used to build r trajectories of (k+1)
sample points each providing one EE per input. The total cost of the 
screening is (k+1)r instead of 2kr.
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Screening methods
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µ∗

σ

No effect

Factors driving output 
uncertainty

A graphical representation of results

Screening methods
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http://sensitivity-analysis.jrc.ec.europa.eu/
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http://samo2010.unibocconi.it/


