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Outline

» Examples of spatial climate data

» Uni-/Multivariate spatial models

» General approaches

» Markovian modeling

» Example: Regional temperature & precipitation change

» Outlook
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Spatial data

General circulation model data

CCSM3 DJF temperature 2080-2100

CCSM3 DJF tempemperature change
2080-2100 vs 1980-2000
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Spatial data

Regional climate model data

MMIS wi

te__tengyperture average
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Spatial data

Typical features

» |Large datasets

» Complex nonstationarities
» Unknown dependencies

» Difficulty visualizing the results
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Univariate modeling: setting

Spatial, additive mixed effects model:

data = signal 4+ noise

fixed effects 4+ trend + spatial term 4+ noise
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Univariate modeling: setting

Spatial, additive mixed effects model:

data = signal 4+ noise
fixed effects 4+ trend + spatial term 4+ noise

or
Y(s) = XB + a(s) + ~v(s) + &(s) secDCR?Y d>1

with

Y (s): observations

X3: fixed effects and trend

a(s): spline component (trend)

~(s): zero mean spatial Gaussian process

e(s): iid Gaussian noise, orthogonal to ~(s)
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Univariate modeling: setting

Parameters 0 = (BT 00", Nar, 047, Q)T
X3. coefficients 3
a(s): basis function coefficients 8,; smoothing parameter A,
v(s): parameters 8~ decribing the covariance function

e(s): variance o2
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Univariate modeling: setting

Parameters 0 = (BT 00", Aa, 07 Q)T

X3. coefficients 3

a(s): basis function coefficients 8,; smoothing parameter A,
v(s): parameters 8~ decribing the covariance function

e(s): variance o2

Statistical tasks:

estimation of 0
smoothing or prediction

uncertainty assessment
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model validation
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Univariate modeling: setting

Parameters 0 = (BT 00", Aa, 07 Q)T

X3. coefficients 3

a(s): basis function coefficients 8,; smoothing parameter A,
v(s): parameters 8~ decribing the covariance function

e(s): variance o2

Statistical tasks:

estimation of 8
smoothing or prediction <«

uncertainty assessment

vV v v Vv

model validation

University of
Zurich™




Multivariate modeling: setting

Spatial, additive mixed effects model:

Yi(s) = X181 + ai(s) + v1(s) + e1(s)

Yp(s) = XpB, + ap(s) + (s) + ep(s) secDCRY d>1
with

Y;(s): observations

X;3,;: fixed effects and trends

a;(S): spline components (trends)

~v;(8): zero mean spatial Gaussian processes

ei(s): iid Gaussian noises, orthogonal to v;(s)
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Multivariate modeling: setting

Modeling the spatial processes themselves:

Dependency:
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Random field:

GRF GMRF

common process(es)

cross-correlation model
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Inlet: dependency modeling

Common process(es):

- G () (57 5y 1 52)
Y—I—Z 2n Yy ’ ZZ EY—I—EZ
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Inlet: dependency modeling

Common process(es):

— (X—|—Z> Y V5% ZX_I_ZZ Ez
Y—I—Z 2n Yy ’ EZ EY—I—EZ

Cross-correlation model:

X ~ Nn(px, 2x)

= Q) () (o 30))

COV(X, Y) = dIxy
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Inlet: random field modeling

Spatial process (GRF):

C(dist(sy, s5))
C(dist(s1, s))

I I I I I
0.0 0.2 0.4 0.6 0.8

Covariance

Distance, lag h

Covariance matrix: X
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Inlet: random field modeling

Spatial process (GRF):

C(dist(sy, s5))
C(dist(s1, s))

Covariance

0.0 0.2 0.4 0.6 0.8

Distance, lag h

Covariance matrix: X
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Lattice data (GMRF):

Elyily—i] = B > Yj

7 neighbor of 2
2
Varlyly—;] = 7

Gaussianity and
regularity conditions:

Y=72(1-B)"1!



Inlet: random field modeling

O
Lattice data:

y»—1

dita pered
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Multivariate modeling: approaches

» Iterative approaches

+ Flexible, numerically feasible

— Uncertainties

» Maximum likelihood
+ Uncertainties, asymptotics

— Numerical issues

» Bayesian hierarchical models
-+ Flexible, uncertainties

— MCMC
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Multivariate modeling: approaches

» Iterative approaches
+ Flexible, numerically feasible

— Uncertainties Backfitting: @ @

» Maximum likelihood
+ Uncertainties, asymptotics

— Numerical issues

» Bayesian hierarchical models
-+ Flexible, uncertainties

— MCMC
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Multivariate modeling: approaches

» Iterative approaches
+ Flexible, numerically feasible

— Uncertainties Backfitting: @ @ |

» Maximum likelihood

+ Uncertainties, asymptotics

— Numerical issues Tapering: @ ; @ @ <]

» Bayesian hierarchical models
-+ Flexible, uncertainties

— MCMC
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Multivariate modeling: approaches

» Iterative approaches
+ Flexible, numerically feasible

— Uncertainties Backfitting: @ @ |

» Maximum likelihood

+ Uncertainties, asymptotics

— Numerical issues Tapering: @ ; @ @ <]

» Bayesian hierarchical models

+ Flexible, uncertainties

— MCMC Dimension-reduction: @ <
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Multivariate modeling: backfitting

Recall:

Yi(s) = X181 + ai(s) + v1(s) + <1(s)

Yp(s) = XpB, + ap(s) + vp(s) + ep(s)
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Multivariate modeling: backfitting

Recall:

Yi(s) = X181 + ai(s) + v1(s) + <1(s)

Yp(S) XpB, + ap(s) + yp(s) + ep(s)

Extending the ‘classical’ backfitting approach to dependent data:

repeat until convergence
repeat until convergence
estimate fixed effects
for all ‘stochastic’ effects
estimate parameters

predict smooth field
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Multivariate modeling: backfitting

» Intuitive, stable.

» Computationally easy to implement, handles very large datasets.
Limitation of handling is one single «o;(s) or ~;(s) field.

» Known covariance structure:
Equivalence after convergence and convergence.

» Unknown covariance structure:
‘Nothing’ can be said.

» Uncertainties . ..

See Furrer, Sain (2009) StCo; Heersink, Furrer (subm.) LAA.
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Multivariate modeling: tapering

Univariate case: tapering based on infill asymptotics
and equivalent Gaussian measures.
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Multivariate modeling: tapering

Univariate case: tapering based on infill asymptotics
and equivalent Gaussian measures.

Idea:
choose an asymptotic framework such that original and tapered

covariance matrix are asymptotically equivalent.

Then the difference in the likelihoods tends to zero almost surely.

Difference

A M

| | | | |
0.0 0.2 0.4 0.6 0.8

University of Distance, lag h

Zurich™




Multivariate modeling: dim-reduction

Difficulty in modeling flexibly joint multivariate processes

Idea for lattice data:

For conditional autoregressive models (CARS),
consider one three-dimensional lattice instead
of several two-dimensional lattices.
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Multivariate modeling: dim-reduction

O O O O O O O
/ / / / / / /
/O /O /. /. /. /O /O
O O o o o O O
/ / / / / / /
O O [ ) o [ ) O O
Q/ <)/ O/ Q/ O/ Q/ <)/
» Univariate CAR:
Elyily—i] = mi+ > Bij(yj —n;)  Varlyly_i] = 77
J7 + regularity conditions
» Multivariate CAR:
Elvily_i] = p;+ > Byj(y; — ;) Varly;ly_;] = T;
JF1

+ reqgularity conditions

» Multivariate CAR, alternative formulation:
(following slide)

University of
Zurich™




Multivariate modeling: dim-reduction
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Elyily—_(ijy] = wij + 2 Bijkg (Wi — k)
ki
+ > Bijie(Wie — tir)
b
+ > Bijkere — bie)

k71,3
Varlyjly_giinl = 7'@'2]'
-+ reqgularity conditions
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Multivariate modeling: dim-reduction

Overparameterized! Simplify to:
» constant variance

» constant dependencies + symmetry
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Multivariate modeling: dim-reduction

Overparameterized! Simplify to:
» constant variance

» constant dependencies + symmetry
For example: bijie = PjeTiTe bijke = GuTjTy results in:

1%} | {pje}: | {Pje} |
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plus p variance parameters: {7}
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Multivariate modeling: dim-reduction

» Falls within the framework of a unidimensional lattice model
» Guarantees sparse precision matrices

» Flexibly modeling multivariate spatial dependencies

» MCMC is (often) required and may be difficult to tame

» Possibility to implement asymmetric cross-dependencies, . ..
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Example: temp. & precip. change

“Multivariate” RCM experiment:

» NCAR/DOE Parallel Climate Model to drive the
NCAR/Penn State Mesoscale Model (MM5)

» One control run from 1995—-2015 and three future runs
(ensemble members) from 2040—2060
(1% annual increase in the amount of greenhouse gases)

» Difference between future and control twenty-year winter (DJF)
and summer (JJA) average temperature and average total
precipitation

» Spatial fields with 44 x 56 = 2464 grid boxes
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Example: temp. & precip. change

2 4 D 3
O |
n -2
=ty — [ 1
<
| o
O |
<
=
0 | L2
: L3
5 2 - 10 105
&\
. % g 2
Lr) E
| \l\d | alk
[Kp]
A
| | o
o |
=
=
o |
o
_ L2
™y ™
130 425 -120 -115 -110 105 -1 = - = = - 130 125 120 -115 -110 -105

Differences in DJF temperature (°K) and in total precipitation (in).

University of
Zurich™ 24




Example: temp. & precip. change

Hierarchical model:

Data level
datavar, run = fixed effectsvar + random effectsvar, run + error

Process level

fixed effectsyagr = latvar + lonvar + elevation var
random effectsvar, run = interceptyar run + MGMRF var, run
Prior level

conjugate or uniform over valid parameter range

~~ run MCMC beast
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Example: temp. & precip. change
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Example: temp. & precip. change
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Example: temp. & precip. change
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Clustering based on the
posterior distribution
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Example: temp. & precip. change

Awinter precipitation

A summer precipitation

[F#]
o .
Winter
e i-.._ _‘\‘\
/ & kN r’x |II \\ I"-I
o | A N 1 VA S
o ] Denver b— —_ | | \ 1
I /K'l ™~ I". N \
Foemn [ i \ Seattie \
1 1 !
|\ Lusﬂngele“s| ||:Ib|-t|and | \
|
T/
m
| x
% k% Franmscqv .l; fl/
.,k \ ek U
R Sacreimenm\
\'.‘Q__ ___/,J 3 -—"
o | \ f
v N
\M_J’f
I | | |
0.5 1.0 1.5 20

A winter temperature

0.6 -0.4 -0.2 0.0 0.2

-0.8

-1.0

Summer

"""" /fa‘tFmd%@g,les
~ —ss\Ecramentﬂ i I,?" "“‘_ “\\

Iand

S

r

( R
/ \
| Denver
| gl
\ o
Y
I ! I I I ! I
0.8 1.0 1.2 1.4 16 1.8 2.0 22

A summer temperature

Approximate 95% contours for the average change in temperature
and precipitation for five consolidated metropolitan areas.
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Example: temp. & precip. change

Zurich™
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Outlook

» Iterative approaches
+ Flexible, numerically feasible

— Uncertainties Backfitting: @ @ |

» Maximum likelihood

+ Uncertainties, asymptotics

— Numerical issues Tapering: @ ; @ @ <]

» Bayesian hierarchical models

+ Flexible, uncertainties

— MCMC Dimension-reduction: @ <
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Collaboration with:

Stephan Sain, NCAR
Noel Cressie, OSU
Reto Knutti, ETHZ

Simon Wood, Bath

URPP Systems Biology / Functional Genomics
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