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Gauss-Laplace distribution function
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A very nice distribution

The assumption of normality (or mixture of normals) is very prevalent in
the theoretical and applied statistical research

Asymptotic justification : Central Limit Theorem
Nice properties of Gaussian vectors

Completely characterized by its first two moments
Stability under linearity

Stability under summation

Stability under conditioning



Two central questions

How to analyze extremes without losing the advantages of the Gaussian
distributions ?

m Stability under linearity ?
m Stability under addition ?
m Stability under conditioning ?

How to take advantage of Extreme Value Theory in a state-space
modeling context ?



EVT basics

m Nous avons anticipé dans la
mesure du possible mais on ne
peut pas prévoir I'imprévisible”
Xynthia’s storm, 25th of Feb,
2010

m “/l est impossible que Iimprobable
n‘arrive jamais”
Emil Julius Gumbel (1891-1966)




EVT basics

Max-stability

Let M, = max(Xi, ..., Xs) with X; iid with distribution F.

Definition : F max-stable if

P (Mai_b < x) = F(anx + bn) = F(x)
n

An example
Gumbel F(x) = exp(— exp(—x)) for all real x. Then a, =1 & b, =logn



EVT basics

An historical perspective of Extreme Value Theory

Gumbel (1891-1966) Weibull (1887-1979) Fréchet (1878-1973)

m Emil Gumbel was born and trained as a statistician in Germany, forced to move to
France and then the U.S. because of his pacifist and socialist views. He was a
pioneer in the application of extreme value theory, particularly to climate and
hydrology.

® Waloddi Weibull was a Swedish engineer famous for his pioneering work on
reliability, providing a statistical treatment of fatigue, strength, and lifetime.

m Maurice Frechet was a French mathematician who made major contributions to
pure mathematics as well as probability and statistics. He also collected empirical
examples of heavy-tailed distributions.

Other important names : Fisher and Tippet (1928), Gnedenko (1943), etc



EVT basics

Dally maxima Of CH4 at Gif'sur'YVette (Toulemonde et al., 2009, Environmetrics)
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EVT basics

Maxima Of CH4 at Gif'sur'YVette (Toulemonde et al., 2009, Environmetrics)
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EVT basics

Peak over Threshold (POT)
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EVT basics

Thresholding : the Generalized Pareto Distribution (GPD)

f f

Vilfredo Pareto : 1848-1923

) ; Born in France and trained as an
; engineer in ltaly, he turned to the
social sciences and ended his
career in Switzerland. He
formulated the power-law
distribution (or "Pareto’s Law”), as
a model for how income or wealth
SESTme— s is distributed across society.




EVT basics

GPD : “From Bounded to Heavy tails”




LGREITY

Elliptical distributions

A wide class, allowing for bounded or heavy tailed laws.
A random vector : X € R" with density f is elliptical with

® Parameters : yu € R", ¥ € Mpxn(R) a positive definite
symmetric matrix

e Density generator g such that f0+°° t"/2"1g(t)dt < oo,
iff

F(x) = cal £ 7 28((x = W)E7H(x = ),

[(n/2)
Gy = —
7T"/2 fO t”/zflg(t)dt

Gaussian vectors : a specific case of elliptical vectors with
S

s
generator g(s) = exp(—3) (see e.g[5] or [7] )




LGREITY

Elliptical distributions

Any elliptical vector can be written as :
X =pu+ RAU

where
e U € R" is uniformly distributed on the unit sphere
@ A€ Mpuun(R) is such that AA=X
@ R (called the radial variable) is a positive real random
variable, independent from U and with density

2

n—1 2

h(r) =

An easy way to simulate elliptical distributions. see e.g [5] or [7]



LGREITY

Notations for conditioning

Crucial for filtering data'!

X1
X2
Corresponding blocks for ;1 and X

1 Y11 X1
= , Y =
8 ( 2 ) ( 11 o )

Leth( ),XleRP,XQER”_P

see [5]



LGREITY

Margins, still elliptical

X1 ~ Ep(pa, T11, 81))
with
400 np_4
ga)(s) = A w2z g(s+ w)dw



LGREITY

Conditioning, still elliptical

Xo| (X1 = x1) ~ En—p(21, T2p1, 82)1)
with :

pon = p2+Ta¥i (X — )
Sop = Yoo — Tai¥iiTi

g(s) = glar+s),q= (X1~ p1) T (X — p1)

Same equations as for conditionals from Gaussian laws!



LGREITY

Elliptical distributions and Pareto generator

GP Distribution :

exceeding.

8oe(s)

Commonly used in hydrology to model threshold

= P(Y,¢ > s) where Y, ¢ ~ GPD(0,€)

-1

-
= <<1+£5> )6 with s > 0
o

@ &£ > 0 : heavy tailed distributions
@ £ <0 : bounded ones.

@ Hereafter :

€ > 0 (case £ < 0 is similar)



LGREITY

Elliptical distributions and Pareto generator

Fundamental property

8oc(s + U) = oteu(s)gs ()

A key to obtain explicit expressions for conditional and margins



LGREITY

Pareto versus exponential generators

— .
o
.
— 4 .
°
.
°
. o %
o, 0ol @
. Y .
N el lem s % .
.
.
. 3 &% & o: M
oo o Ld (R4
.".0,... .
. oo ‘o e o o
'Y . oY e .
. #° o0 0o °
- TN oS & 0 @
. S @ 28o o0 o
. * %%s °
o °
® . o.", &
. e 4
.
. ofe @ P .
— o o
) . - by .
. . .
r . 0
o . ®
.
)
- I
.
.

-4 -2 0 2 4 6



LGREITY

AR(1) Xi = FXi—1 + &

Elliptical innovations €; = (Xt — FX;—1|x¢—1) have GPD generator

with parameters :

o+ £qt—1(xe—1)
1—af ’ 1—af

o=

Note : g¢—1 (x¢—1) is as in (5)
Upper bound for £ 1 &oyp = %



LGREITY

AR(1) X; = FXi—1 + e

H:(R) = pbeta

(Freiverm)
3.t \ 0 + &(qe_1(x_1) + R?)

¢ 1— w(u)

where




LGREITY

AR(1) Xi = FXi—1 + &

Elliptical and Gaussian AR(1) model
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Kalman Filters

Data assimilation

Basic principles

sequential, intermittent assimilation:

<

[analysls |-22%L uiw model y [analysla ] 2% »

Dynamical structures :
m Kalman filter, Ensemble Kalman filters, Bayesian approaches



Kalman Filters

State-space modeling

Data assimilation techniques / State-space models

sequential, intermittent assimilation:

<

]i model ]i model model

Observational-equation : Y = Fi(Xt, e),

State-equation : X: = Gi(Xi—1,mt),
where 7; and ¢; correspond to noises



Kalman Filters

State-space modeling

Classical state-space models used in geophysics :

Yi=FXt+e,
Xt = GiXt—1+nt,
where 7n; and ¢; correspond to Gaussian noises



Kalman Filters

Kalman filters

m Ensemble Kalman filters (Anderson, 2001)
m Mixture ensemble Kalman filters (Bengtsson, 2002)
m Particle filtering (Doucet at al., 2001)

A possible Kalman filter definition

A recursive procedure for inference about the state vector X; (Meinhold and
Singpurwalla 1993).



Kalman Filters

Kalman filters and elliptical distributions

e Elliptical innovations €; = (X; — FX;—1|xt—1) and
Ve = (Yl" - GXt|Xt) with
e ~ £(0,7 86x,)
Vi ~ g (O,Zy,géj’xt)

@ Finite time process : t € {0: T}
e Elliptical global vector

W o= (X,X{.. . XE Y] vy
~ 5nT+p (07 ZWagW>

@ Result : Equations for estimates X; and ixt are similar to
those of the gaussian filter. Additional equations for
conditional generators.



Kalman Filters

Kalman filters and elliptical distributions

block matrices in ¥V

Yx, = X+ FIx_ ,F
Yx.x_, = FIx._,
Yv,x_, = GFYx_,

Yy, = GIx G +%,
Yvive, = GFFIi |




Kalman Filters

Kalman filters and elliptical distributions

Generators

nT+p—n 1 W

+o0o
5@)={A W T (5 4wt ge(xe))

+o0
gi(s) = / w2 LW (5 + wt g (xe-1))
0

with ge(xc) = x¢(Xx,) " xe



Kalman Filters

Kalman filters : bringing the GPD

Choose g (s) = g, ¢(s) as a global generator for W.

Upper bound for £ : &p = ATTE

Lemma

Elliptical innovations €; = (X; — FX¢_1|x¢—1) and
ve = (Yy — GX¢|xt) have GPD generator with parameters :

o€ = U+§](.]tga1€((gt)l) €€ = 1—§o¢€§
_ o+€qe(xe _ €
0¥ = s £ = s

with af = 1T=P v — %




Kalman filters : bringing the GPD

Proposition 4.13. Inverse conditional uni variate cdf’s for centered conditional
variables ((Xt,vi\ylzt) — pfjrl> are:

For £ >0
5.5 gbetal 1 _ l(lu 1)
Ot 24Xy, [id] 20 ¢y R > l
- = 3 T—qb s fu>3
FXf,_,\yl.f(“’) = 3 q staééié( )
71 . . 1
7FXt<L‘yl:f(1 - u> lf u < 3
For £ <0:
=Xl g ; 1
1 7(1 ("f(ll $+1(271, — 1) zf u > 3
FX! [y1 z(u) = —& &t
i ly1:e B / N :
7FXt:zIy1:z(1 —u) ifu<s

with o = n'TerftQ(nfp);l , 0t = U+i@"{£glit> & =



Kalman Filters

Simulations

FIGURE 5.1. & > 0, infinite second moments

Elliptical statespace model, GP generator, gaussian and GP estimates
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Kalman Filters

Simulations

Ficure 4.1. £ > 0, extreme radial quantile

Elliptical statespace model, GP generator, gaussian and GP estimates
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Kalman Filters

Simulations
FIGURE 4.3. £ <0
Elliptical statespace model, GP generator, gaussian and GP estimates
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Kalman Filters

Conclusions Part |

m Elliptical distributions with GPD generators provide explicit KF equations
m [t can handle bounded, Gaussian and heavy tails
m Restricted to finite times series
m Looking for applications with symmetrical distributions
|7] E. Gémez, M.A. Gomez-Villegas, and J.M. Marin. Continuous clliptical and
exponential power lincar dynamic models. Journol of Multivariate Analysis,
83(1):22 36, 2002,

|8] E. Gomez, M.A. Gomez-Villegas, and J.M. Marin. A survey on continuous
clliptical vector distributions. Rew. Mat. Complut, 16:345-361, 2003.



Non-symetrical Gumbel maxima

2400 2600

Daily maxima of CH4 (ppb)
2200

MMWW ! W% MI W‘WMNW NWM Wiy AA Jmﬂ M W

r T T T
2002 2003 2004 2005 2006 2007

2
=

1800 2000 200 oo 1800 200 200

F1GURE 1: Gumbel QQplot (on the left) and scatter plot of suctessive values, i.e.
(X+, Xt+1) (on the right) corresponding to the daily maxima of CH4.



Gumbel maxima and alpha-stable

Gumbel(u 4 p2,0/a) = p2 + olog S + Gumbel(p1, o)

where Gumbel(u1,0) denotes a Gumbel r.v. which is independent of S that is a
positive a-stable r.v. (« € (0, 1]) with Laplace transform

E(exp(—uS)) = exp(—u®), for all u > 0.

e A random variable S is said to be (a)-stable if and only if for all k > 1 there
exist c¢x > 0 and dg such that S; + ...+ Sk 4 ckS + di where S1,55... are iid
copies of S.

e Examples and special cases where one can write down explicit expressions for
the density : Gaussian, Cauchy, Levy distributions.



AR(1) Gumbel maxima model

Result (1)

Let {X:,t € Z} be a stochastic process defined by the recurrence relation

X = aXi—1 + aclog S (1)
where o € R}.

Equation (1) has a unique strictly stationary solution,

o0

Xie=o0 Z ot log St—; (2)
j=0

and X follows a Gumbel(0, o) distribution, V't € 7Z.



State-space Gumbel maxima model

eNaveau and Poncet (2007) proposed the following Gumbel state-space model :

Y't = FtlogUt + €+
Ui = GUi—1 + St

where &; corresponds to an iid Gumbel noise and where S; represents an iid
positive a-stable noise.

eThis implies

oo

Y; = Filog <Z Ct,iSt—i> + &t

i=0
where ¢;; =0 fori >t ¢ ; =1fori=0and ¢;; = H;;}) Gy—j otherwise.
oY, are Gumbel distributed, the state-space model is linear and

P(Yr < z1,...,Yr < axr) is explicit (Fougeres et al., 2009).

eProblem : the estimation of U; given the observations Y; has not been solved
yet.



Another state-space Gumbel maxima model

eThe random variable V' = p + o log S, will be called Exponential-Stable with
parameters «, i, 0 : V ~ ExpS(a, p,0).

Yi=vi + HiZi + Nt,as (observational equation)

Zy =121 + €,y (state equation)

with
Zy ~ Gumbel(0,0)

Zi|Zi—1 ~ ExpS (a1, c1x¢—1 — 60 (1l — an), 10)
1)
Y:|Zy ~ ExpS (ag,ut + Hize — Hta—g(l — ag),Hm)
2

% The random variables St o have no explicit density but it is possible

numerically to compute them, to compute quantiles and to simulate values for
V (see Nolan, 1997).

e Filtering density : p(Z;|Y1.4) 77



Filtering

Yy

1
T 1|Yin PT‘E@)Z'OH AV carlct)ion Z0| Vi
P(Zr—1]Y1x 1)P(Zklzk—1)p( |Yik—1) i p(Z5|Y1:k)

P(Zk|Y1k-1) = /p(Zk|Zk—1)p(Zk—1|Y1;k_1)de_1 (Prediction step)

P(Ye| Zk)p(Zk|Yi:k—1) .
Ze|Yi) = Correction ste
Pk k) = | 2o (2 Yok 1) 0 ( P)




Comparing filtering techniques

m Classical Kalman filter (KF)

m Sampling Importance Resampling (SIR)

m Auxiliary Particle Filter (APF-ps) (Pitt Sheppard, 1999)
m Auxiliary Particle Filter with optimal weights (APF-ow)



A simulation

T
¥
_— e
&
|
Lot L
’ Yok L
R T
o ki L
,
a i

[ rE 30 Simulated series for Xy and Y) with o) = 0.8, e =07, H, =2, =10,

g =12,

Y

|
l‘ |||'-’. !
|
“J l'v—\ i

[
\“,-'-:] X ,_Jl"‘] L, ru"

I

i

N by (L i
Mt # i

Lk ey L el ikl

A \.-_w.. o) '-h,q'l ) \.\," v ",J'I“nrlp"-ll ,-f\‘L |J L, s




SIR vesus APF-ps
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APF-ps vesus APF-ow
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APF-ps vesus APF-ow (Zoom)
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Ficini: 8 Histograms of filtered state {black) and simulated series (blue)



Conclusions Part Il

m We propose a state-space model for Gumbel distributed maxima

m Inference about the hidden state is possible by using particle filtering
techniques

m Optimizing the weights does not seem to bring a strong improvement
m Looking for nice applications



Particle filtering

We suppose that the set of weighted particles {¢},_;,w} _; }iL, approximates
the filtering density p(Zk—1|Y1:6-1).
The empirical distribution corresponding to this approximation is
N
N i
p (Zk—1|Y1:k—1) = Z wk—16§271 (Zk—l)-
i=1
An approximation of the prediction density and the filtering density follows :
PV (Ze| Vi) =D wio1p(Ziléimr)
i=1
N . .
p™ (Zi|Yik) @ Zwi—lp(yﬂzk)p(zk\ﬁ;@—ﬂ
i=1
The objective is to obtain a set of weighted particles {¢;, wi} Y, that
approximate p(Zy|Yi.x). .
&, will be sampled according to the importance density ¢(.|¢,_1, Yx) and the
associated importance weight will be computed with the relation

P(Yel€)P(Ek1€k—1)

i i
Wi X Wp_q Y
a(&418%—1> Yr)



Particle filtering

We suppose that the set of weighted particles {£/_, wi_;}}_, approximates
the filtering density p(Zx—1|Y1:k—1).
The empirical distribution corresponding to this approximation is

N
PN (Zi-a|Vin-1) = D wiadgp (Zra).
i=1

An approximation of the prediction d]\(-]:nsity and the filtering density follows :
PV (Ze[Yia-1) = ) who1p(Zeléin)
i=1
A . .
PN (ZeYiw) o Y wi1p(Ye| Zi)p(Zi|€i—1)
i=1
The objective is to obtain a set of weighted particles {¢, wi }iL, that
approximate p(Zx|Y1:x). v
&}, will be sampled according to the importance density g(.|{;,_1, Yx) and the
associated importance weight will be computed with the relation

wj, & wh1p(Yel€L)



Particle filtering

At time t = tg

51 N nd (Xto)

At time to < k < T,

1) Propagation
& ~ p(Xkl€ry) fori=1,..,N

2) Computation of the weights fori=1,...,N
Wi, — P(Yk‘gk)
wj, — %
i=1 Yk

3) Selection step
LN

LN resample(wi ™, €5

k



Particle filtering

At time t =g

1:N iid
g’fo ~ gX o)
utn — ~

At time to < k< T,

1) Selection step
B — w1 P(Yr|Ej— 1)
U — resample(Bi,1: N)

2) Propagation
&~ p(Xlg,) fori=1,.,N
3) Computation of the weights fori=1,..., N

POYiIEL )

wh

wy, —

Z 3 W



Particle filtering

Pitt and Shepard (1999) propose to consider P(Yil€i_1) = p(Yi|Zy, = pi,) with
uy, = E(Zk|€},_1). This filter will be noted APF-ps.

Let recall the Gumbel state-space model we consider
Y =vi + HiZy + Nt (observational equation)
Zy = a1 Zi—1 + €t,ay (state equation)
with
Zy ~ Gumbel(0,0)
Zi|Zi—1 ~ ExpS (a1, a124—1 — do(1 — an), a10)

Y:|Z; ~ ExpS (ag, v + Heze — Hté—a(l — 062)7Ht0')
Q2

In this case, it is possible to compute the optimal weights and to propose an
adapted APF to our model (APF-ow).
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