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Parametric estimation of quantiles and superquantiles.

Quantiles and superquantiles.

Let X be a continuous random variable with unknown distribution
function F. Assume that F is continuous and strictly increasing.

Definition

For any « in |0, 1], the quantile of order « of X is the unique solution 6,
of the equation F(x) = «,

F(6,) = .

If X is integrable, the superquantile of order « of X is defined by

el — E[X1 .

Yo = E[X|X > 64] =
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Parametric estimation of quantiles and superquantiles.

Quantiles and superquantiles.

Example (Exponential distribution)
If X has an Exponential £(\) distribution with A > 0,

o = _1X log(1 — a) and Ja =~ (1=In(1-a)).

> =

If X has a Pareto P(a, b) distribution with a > 1 and b > 0,

0a _ b(1 _ a)—1/a and 1904 — aa_b1 (1 _ Oé)_1/a'

— Recursively estime the quantiles and superquantiles 8, and 9.
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Parametric estimation of quantiles and superquantiles.

Recursive estimation of quantiles and superquantiles.

We already saw that we can estimate 6, by the slow down
Robbins-Monro algorithm given by

On+1 = 6n = Tn (I{xn+1<én} B 0‘)

where

and its averaging version

— 1
0n=

S|

n ~
S 6.
k=1
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Parametric estimation of quantiles and superquantiles.

Recursive estimation of quantiles and superquantiles.

We can also estimate v, by

_ 1
Un = n(1— a) Z Xkl{xk>9k 1}

Another strategy is to make use of the convex version

1 _
(0,(_1 + m(xk — Ok )I{Xk2§k—1}>,

mM=

1
n/
_ 1

= Un n(1 _ a) Z Ok 1( {Xk<Ok—1} — )
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Parametric estimation of quantiles and superquantiles.

Recursive estimation of quantiles and superquantiles.

Assume that X is square integrable and let

1
Gul®) = G EXTocn]
1
Ha(0) = WE[XZI{Xw}],
1
Denote
Y, ! X
"= A=) st

We clearly have

E[Yn|Fn_1] = Ga(@n_1) and Var(Yn|Fn_1) = 02(0n_1)
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Parametric estimation of quantiles and superquantiles.

The martingale decomposition.

In addition,

N 1 n 1 n
== > Vo=~ > (Yk —E[YklFx]) + ZE[Yk!]:k 1]-
= N i<

Recalling that ¢, = G,(6.), we obtain the martingale decomposition

_ 1 10 _
In — Vo = BMn + B Z Ga(ek—1) - Ga(aa)

k=1
where

M, = > (Yk — E[Yk|Fk-1]).
k=1
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Parametric estimation of quantiles and superquantiles.

The martingale decomposition.

Therefore,

n
Mh Z Yie = E[Yk|Fi-1]),
N :
<M>, ZVar Yk’]:k 1 Z §«9k 1

It follows from the almost sure convergence of 6, to 6, that (M,) is a
square integrable martingale satisfying

. <M>,
lim

n—oo n

= 02(0.) a.s.
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Parametric estimation of quantiles and superquantiles.

Recursive estimation of quantiles and superquantiles.

Theorom

If X is square integrable, we have the almost sure convergence

. (0n\ _ (6a
o (f)-(5) e

Moreover, we also have the joint asymptotic normality

(g an) S or)

where

a(l—« o
r, = oy (e —fa))
oy (Vo — ba) 74(0a)
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Paramatric estimation of quantiles and superquantiles.

Conditional value at risk in portfolio optimization.

Weekly CvaR Market Comparison

Market Update; 3/20/201%

cvan
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Nonparametric estimation of probability density functions.
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Nonparametric estimation of probability density functions.

Recursive estimation of probability density functions.

Let (X,) be a sequence of iid random variables with unknown density

function f. Let K be a positive and bounded function, called kernel,
such that

fRK(x)dx=1, JRXK(x)dx=0,

J K2(x) dx = ¢2.
R

— Recursively estimate the probability density function f. \
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Nonparametric estimation of probability density functions.

Choice of the Kernel.

@ Uniform kernel
Ka(x) = 55lx<a)
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Nonparametric estimation of probability density functions.

Choice of the Kernel.

@ Uniform kernel ]

Ka(X) = ?al{|x\<a}a

@ Epanechnikov kernel

3 X2
Ko(X) = 45 <1 - b2> Lf|x1<b}s
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Nonparametric estimation of probability density functions.

Choice of the Kernel.

@ Uniform kernel ]

Ka(X) = ?al{|x\<a}a

@ Epanechnikov kernel

3 X2
Kp(X) = 15 (1 - b2> Lt ix|<by

@ Gaussian kernel
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Nonparametric estimation of probability density functions.

The Wolverton-Wagner estimator.

We estimate the probability density function 7 by

The Wolverton-Wagner estimator

P 10
fa(x) = n kz_; Wi (x)

where

The bandwidth (hj,) is a sequence of positive real numbers, h, N\, 0,
nhp, — oo. For 0 < a < 1, we can make use of
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Nonparametric estimation of probability density functions.

The martingale decomposition.

1 n n

= T3 (Wh() ~ EIMAGOD + - D) BIWA(] — F(x).

k=1 k=1
Consequently,

() — () = Ma(x) + - D) EIWk(x)] — (3)
k=1

where n
Mn(x) = ) (Wk(x) — E[Wi(x)]).
k=1
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Nonparametric estimation of probability density functions.

The martingale decomposition.

Therefore,
Ma(x) = > (Wi(x) — E[Wi(x)]).
k=1
<M(x)>, = Zn:Var(Wk(x)).

i
I

The sequence (Mp(x)) is a square integrable martingale such that

M(x
lim <MO)>n _ ¢ a.s.
n— oo nl+a
where
§2f(x)
/= .
1+«
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Nonparametric estimation of probability density functions.

Recursive estimation of probability density functions.

Theorem
For all x € R, we have the pointwise almost sure convergence

nll>moo fa(x) = f(x) a.s.

In addition, as soonas1/5 < o < 1, we have, for all x € R, the
asymptotic normality

V/nhn (Fa(x) — f(x)) = N (o, ﬁzfr();))
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Naonparametric estimation of probability density tunctions.

Application to sea shores water quality.
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Semiparametric estimation in shape invariant models.
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Semiparametric estimation in shape invariant models.

Periodic shape invariant processes.

Consider the shape invariant process given, for all n > 1, by
Yn = h(Xn) + €n

where the function his periodic

h(x) = m+ i axf(x — bg),
k=1

@ The inputs (X,) are random observation times,
@ The outputs (Yy) are the observations,
@ The noises (ep) are unknown random errors.
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Semiparametric estimation in shape invariant models.

Periodic shape invariant processes.

For the sake of simplicity, we focus our attention on the special case

Yn= f(Xn—0)+€n

where (ep) is iid with mean zero and variance o2.

—— Recursively estimate the shift parameter 6,
—— Recursively estimate the shape function f.
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Stochastic algorithms with statistical applications

Semiparametric estimation in shape invariant models.

@
n
=
©
C
©
O)
O
L
8
>
C
0
p—
s
m
0
L
8
S
e
<
—
(®)
o
2
e
(©]
()
p—
()
o




Ssmiparametric estimation in shaps invariant models.

Eco2mix Forecast of electricity consumption.
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Ssmiparametric estimation in shaps invariant models.

Eco2mix Forecast of electricity consumption.
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Ssmiparametric estimation in shaps invariant models.

Eco2mix Forecast of electricity consumption.
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Ssmiparametric estimation in shaps invariant models.

Eco2mix Forecast of electricity consumption.
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Ssmiparametric estimation in shaps invariant models.

Eco2mix Forecast of electricity consumption.
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Semiparametric estimation in shape invariant models.

Hypothesis.

Symmetry and Periodicity

(H4) The shape function f is symmetric, bounded, periodic
with period 1.

Regularity of the density

(H2) The observation times (X,) are iid with density function
g positive on [—1/2,1/2], continuous, twice differentiable
with bounded derivatives.
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Semiparametric estimation in shape invariant models.

A preliminary calculation.
Let X be a random variable sharing the same distribution as (X,). We
shall make use of the auxiliary function

6(t) = E[Si“(zg((j(()_ D) fx - ).

It follows from the periodicity and symmetry of f that

1/2
(1) = L/z sin(2m(x — 1))f(x — 0) dx,

Stochastic algorithms with statistical applications
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Semiparametric estimation in shape invariant models.

A preliminary calculation.
Let X be a random variable sharing the same distribution as (X,). We
shall make use of the auxiliary function

6(t) = E[Si“(zg((j(()_ D) fx - ).

It follows from the periodicity and symmetry of f that
1/2
o(t) = J sin(2m(x — 1)) f(x — 6) dx,
—1/2

1/2
_J sin(2r(y + 6 — £))f(y) dy,
—1/2
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Semiparametric estimation in shape invariant models.

A preliminary calculation.

Let X be a random variable sharing the same distribution as (X,). We
shall make use of the auxiliary function

6(t) = E[Si“(zg((j(()_ D) fx - ).

It follows from the periodicity and symmetry of f that

1/2
o(t) = J sin(2m(x — 1)) f(x — 6) dx,

—1)2
1/2
:J sin(2r(y + 0 — )f(y) dy,
—1)2
1/2
— sin(2r(0 — t))f cos(27y)(y) dy.
—1/2

Stochastic algorithms with statistical applications

Bernard Bercu



Semiparametric estimation in shape invariant models.

A preliminary calculation.

Consequently, we obtain that

o(t) = fisin(2m (0 — t))
where f; is the first Fourier coefficient of f

1/2
fi = J cos(2mx)f(x) dx.
~1/2

Obviously, ¢ is continuous and bounded function such that
$(6) = 0.

We assume in all the sequel that f; > 0. Then, for all t € R such that
|t — 0] < 1/2, the product (t — 6)¢(t) < 0.
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Semiparametric estimation in shape invariant models.

The Robbins-Monro procedure.

Let K = [—1/4,1/4] and denote by 7k the projection on K,

X if |x] <1/4,
k(X)) = 1/4 if x >1/4,
—1/4 if x<—1/4.
Let () be a decreasing sequence of positive real numbers
Z Yn = +00 and Z ‘y;‘; < +oo.
n=1 n=1

For the sake of clarity, we shall make use of

1
’Yn:E-
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Semiparametric estimation in shape invariant models.

Stochastic approximation.

-1 -08 -06 -04 -02 620 02 04 06 08 1
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Semiparametric estimation in shape invariant models.

The Robbins-Monro procedure.

We estimate 6 by

The projected Robbins-Monro estimator

§n+1 = TK (én + Yn+1 Tn+1)a

where the initial value 50 € Kand

sin(27(Xp11 — 0n))
Thit1 = Yinii.
n+1 g(XnJ’_‘] ) n+1

—— One can observe that

E[Tnt1|Fn] = (6n) a.s.
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Semiparametric estimation in shape invariant models.

Almost sure convergence.

Theorem
Assume that (#41) and (#2) hold and that |0| < 1/4. Then,

lim 6, =60 a.s.
n—oo

In addition, the number of times that the random variable

On + Yn+1 Tn+1

goes outside the compact K is almost surely finite.
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Semiparametric estimation in shape invariant models.

Asymptotic normality.

In order to establish the asymptotic normality of O, itis necessary to
introduce a second auxiliary function

sin?(2m(X —
o) = [ X = 0) +07)].

B 1/2 sin?(27(x — 1)), o B 52
_f1/2 a(x) (PO 0y o) ax

As soon as 4xfy > 1, denote

©(6)

2 —
¢ (0)_47rf1—1'
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Semiparametric estimation in shape invariant models.

Asymptotic normality.

Assume that (H1) and (#2) hold and that || < 1/4. Moreover,
suppose that (¢p) has a finite moment of order > 2 and that 4wf; > 1.

Then, we have the asymptotic normality

NG (é,, _ 9) £, M0, 2(0)).

— If f; is known, we can replace v, by
T
o= 27Tnf1 '

Then, 0, is an asymptotically efficient estimator of ¢,

©(0) )

" 42 f12

(6, — 0) L N (o
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Semiparametric estimation in shape invariant models.

The symmetrized Nadaraya-Watson estimator.

We focus our attention on the estimation of the shape function f by

The symmetrized recursive Nadaraya-Watson estimator

k=1 (Wk(x) + Wi (—x)) Yk
Skt (Wk(X) + Wi(—x))

fa(X) =

where

Wa(x) = %’«%ﬁ_x)
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Semiparametric estimation in shape invariant models.

Almost sure convergence.

(H3) The shape function f is Lipschitz.

Assume that (H1), (H2) and (#3) hold, || < 1/4, and that () has a
finite moment of order > 2. Then, for all |x| < 1/2,

nll>moo fa(x) = f(x) a.s.
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Semiparametric estimation in shape invariant models.

Asymptotic normality.

Assume that (1), (H2) and (#3) hold, |6| < 1/4, and that (¢,) has a
finite moment of order > 2. If1/3 < o < 1, we have for all |x| < 1/2
with x =+ 0, the asymptotic normality

% r 22
Vo (100 =100) =N (0 e FaE=)

In addition, for x = 0,

Vb (1(0) - 1(0)) £ (0, ﬁ)
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