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From empirical astronomy to universal laws

3

Johannes Kepler
1571-1630

Tycho Brahe
1546-1601

Galileo Galilei
1564-1642

Isaac Newton
1642-1727

…



ETICS, 29/09/26 © Framatome – All rights reserved

C0 - Free distribution

Export Control COEDM – EU EC: country FR – marking N / US EC: marking N / OTH EC: country N – marking N | Export Control Other – AL: N / ECCN: N 

Empirical evidences in deep learning…
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Empirical evidences in deep learning…
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Empirical evidences in deep learning…
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Empirical evidences in deep learning…
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… with (on-going) theoretical insights 
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Questions

In the last five years or so, a parallel effort to empirical studies has grown to ask why any of these empirical researches 
works:

• How does gradient descent, run on a wildly non-convex loss, reliably converge? 

• What does neural network learn first, and in what order?

• Why do over-parametrized networks generalize instead of just memorizing?

9
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Motivations
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Reference: [1] M. Belkin, D. Hsu, S. Ma, & S. Mandal,

Reconciling modern machine-learning practice and the classical bias-variance trade-off,
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Neural Network Gaussian Process (NNGP)

We consider an 𝑳-hidden Multi-Layer Perceptron (MLP) 
𝑓𝜃: ℝ

𝑁0 → ℝ𝑁𝐿 , 𝑓𝜃 𝑥 = 𝑓𝐿 𝑥 :

Initialization: 𝑔(0) = 𝑥

Pre − activation: 𝑓𝑖
(𝑙)

𝑥 = 𝑏𝑖
(𝑙)
+

𝟏

𝑵𝒍

෍

𝑗=1

𝑁𝑙

𝑊𝑖​𝑗
(𝑙)
𝑔𝑗
(𝑙)

𝑥

Post − activation: 𝑔𝑗
(𝑙)

𝑥 = 𝜙 𝑓𝑗
(𝑙−1)

𝑥 .

Weight and bias parameters for the 𝑙 -th layer are i.i.d. 

𝑊(𝑙)~𝒩 𝑂, 1  and 𝑏(𝑙)~𝒩 𝑂, 1 . 

𝜃 = 𝑊(0), 𝑏(0), . . . ,𝑊(𝑙) , 𝑏(𝑙),𝑊(𝐿), 𝑏(𝐿) 𝜖ℝ𝑃.
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…

𝐿-hidden layer

𝑁
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𝑔(𝑙) = 𝜙 𝑓(𝑙−1)

𝑥 = 𝑔(0)𝜖ℝ𝑁0

𝑓(𝐿) = 𝑓𝜃𝜖ℝ
𝑁𝐿

𝜙 Lipschitz 
activation
function
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Neural Network Gaussian Process (NNGP)

In 1996, Neal [2] (for 1 hidden layer), and later in 2018, Lee et al. [3] (for deep network) proved that when 𝑁𝑙 → +∞, a 
MLP tends to a GP.

Indeed, following Neal, for 1 hidden layer and the 𝑖-th component:

Pre-activation: 𝑓𝜃 𝑥 = 𝑓𝑖
(1)

𝑥 = 𝑏𝑖
(1)

+
𝟏

𝑵𝟏
෍

𝑗=1

𝑁1
𝑊𝑖​𝑗

(1)
𝑔𝑗
(1)

𝑥 .

Post-activation: 𝑔𝑗
(1)

𝑥 = 𝜙 𝑓𝑗
(0)

𝑥 = 𝜙 𝑏𝑗
(0)

+
𝟏

𝑵0
෍

𝑘=1

𝑁0
𝑊𝑗​𝑘

(0)
𝑥𝑘 .
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Neural Network Gaussian Process (NNGP)

In 1996, Neal [2] (for 1 hidden layer), and later in 2018, Lee et al. [3] (for deep network) proved that when 𝑁𝑙 → +∞, a 
MLP tends to a GP.

Indeed, following Neal, for 1 hidden layer and the 𝑖-th component:

Pre-activation: 𝑓𝜃 𝑥 = 𝑓𝑖
(1)

𝑥 = 𝑏𝑖
(1)

+
𝟏

𝑵𝟏
෍

𝑗=1

𝑁1
𝑊𝑖​𝑗

(1)
𝑔𝑗
(1)

𝑥 .

Post-activation: 𝑔𝑗
(1)

𝑥 = 𝜙 𝑓𝑗
(0)

𝑥 = 𝜙 𝑏𝑗
(0)

+
𝟏

𝑵0
෍

𝑘=1

𝑁0
𝑊𝑗​𝑘

(0)
𝑥𝑘 .

15

 𝑔𝑗
(1) and 𝑔𝑗′

(1)
​are 

independent for 𝑗 ≠ 𝑗′.
i.i.d.

i.i.d.

i.i.d.

i.i.d.

By Central Limit Theorem:
𝑓𝑖
(1)

→ 𝒩 when𝑁1 → +∞.
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Neural Network Gaussian Process (NNGP)

In 1996, Neal [2] (for 1 hidden layer), and later in 2018, Lee et al. [3] (for deep network) proved that when 𝑁𝑙 → +∞, a 
MLP tends to a GP.

Indeed, following Neal, for 1 hidden layer and the 𝑖-th component:

Pre-activation: 𝑓𝜃 𝑥 = 𝑓𝑖
(1)

𝑥 = 𝑏𝑖
(1)

+
𝟏

𝑵𝟏
෍

𝑗=1

𝑁1
𝑊𝑖​𝑗

(1)
𝑔𝑗
(1)

𝑥 .

Post-activation: 𝑔𝑗
(1)

𝑥 = 𝜙 𝑓𝑗
(0)

𝑥 = 𝜙 𝑏𝑗
(0)

+
𝟏

𝑵0
෍

𝑘=1

𝑁0
𝑊𝑗​𝑘

(0)
𝑥𝑘 .
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From the multidimensional Central Limit Theorem, any finite collection of 𝑓𝑖
(1)

𝑥1 . . . 𝑓𝑖
(1)

𝑥𝑘  will have a joint 

multivariate Gaussian distribution. 

Thus, it is a Gaussian process:

 𝑓𝑖
(1)

𝑥 ~𝒢𝒫 𝜇(1), 𝛴(1) , 

with 𝜇(1) 𝑥 = 𝔼 𝑓𝑖
(1)

𝑥 = 0 and 𝛴(1) 𝑥, 𝑥′ = 𝔼 𝑓𝑖
(1)

𝑥 𝑓𝑖
(1)

𝑥′ = 1 +
𝟏

𝑵𝟏
𝔼 𝑔𝑖

(1)
𝑥 𝑔𝑖

(1)
𝑥′ .

By Central Limit Theorem:
𝑓𝑖
(1)

→ 𝒩 when𝑁1 → +∞.

 𝑔𝑗
(1) and 𝑔𝑗′

(1)
​are 

independent for 𝑗 ≠ 𝑗′.
i.i.d.i.i.d.

i.i.d.i.i.d.
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Neural Network Gaussian Process (NNGP)

Lee et al. [3] proved that the work of Neal can be extended to deeper layers by induction.

The output functions of a 𝐿-hidden network 𝑓𝜃, are i.i.d. centered Gaussian process of covariance, defined recursively 
as:

𝛴 0 𝑥, 𝑥′ = 1 +
1

𝑁0
𝑥𝑇𝑥′,

𝛴 𝑙 𝑥, 𝑥′ = 𝔼 𝑓𝑖
(𝑙)

𝑥 𝑓𝑖
(𝑙)

𝑥′ = 1 +
1

𝑁𝑙
𝔼
𝑓𝑖
(𝑙−1)

∼𝒢𝒫 0,𝛴 𝑙−1 𝜙 𝑓𝑖
(𝑙−1)

𝑥 𝜙 𝑓𝑖
(𝑙−1)

𝑥′ .

17
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Neural Network Gaussian Process (NNGP)

Lee et al. [3] proved that the work of Neal can be extended to deeper layers by induction.

The output functions of a 𝐿-hidden network 𝑓𝜃, are i.i.d. centered Gaussian process of covariance, defined recursively 
as:

𝛴 0 𝑥, 𝑥′ = 1 +
1

𝑁0
𝑥𝑇𝑥′,

𝛴 𝑙 𝑥, 𝑥′ = 𝔼 𝑓𝑖
(𝑙)

𝑥 𝑓𝑖
(𝑙)

𝑥′ = 1 +
1

𝑁𝑙
𝔼
𝑓𝑖
(𝑙−1)

∼𝒢𝒫 0,𝛴 𝑙−1 𝜙 𝑓𝑖
(𝑙−1)

𝑥 𝜙 𝑓𝑖
(𝑙−1)

𝑥′ .

Thus, in NNGP, each layer replaces a set of random hidden features with the population of all possible random 
hidden features.

At initialization, an infinitely-wide network is equivalent to sampling a function from a 𝒢𝒫 0, 𝛴(𝐿) , where 𝛴(𝐿) gives the 
similarity between 𝑥 and 𝑥’.

Indeed, when 𝜙 is the ReLU, Cho et al. [4] proved that the kernel is the arc-cosinus. Thus, the kernel computes the 
angle between input vectors in feature space. For highly correlated 𝜙 𝑢  and 𝜙 𝑣 , the angle will be very small, and 
vice versa.

NNGP only describes the network at initialization. It doesn't explain what happens during gradient descent on all 
layers.

18
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Gradient flow dynamics 
and Neural Tangent 
Kernel

2.

19

𝑑𝜃 𝑡

𝑑𝑡
= −∇𝜃ℒ 𝜃
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Gradient flow dynamics

Empirical loss function ℒ:ℝ𝑃 → ℝ+ over 𝑁 samples using a per-sample cost function ℓ: ℝ𝑁0 ×ℝ𝑁𝐿 → ℝ+:

ℒ 𝜃 =
1

𝑁
σ𝑖=1
𝑁 ℓ 𝑓𝜃 𝑥 𝑖 , 𝑦 𝑖 .

Gradient descent update rule:

𝜃 𝑡 + 1 = 𝜃 𝑡 − 𝜂𝛻𝜃ℒ 𝜃 ⇔
𝜃 𝑡 + 1 − 𝜃 𝑡

𝜂
= −𝛻𝜃ℒ 𝜃

with 𝜂 the learning rate.

Gradient flow dynamics, when 𝜂 → 0:
𝑑𝜃 𝑡

𝑑𝑡
= −∇𝜃ℒ 𝜃 : Ordinary Differential Equation (ODE).

20
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Neural Tangent Kernel (NTK)

Following Jacot et al. [5], according to the chain rule, the gradient of the loss is:

𝑑𝜃

𝑑𝑡
= −𝛻𝜃ℒ 𝜃 = −

1

𝑁
σ𝑖=1
𝑁 𝛻𝜃 𝑓𝜃 𝑥 𝑖 𝛻𝑓𝜃ℓ 𝑓𝜃 , 𝑦

𝑖 .

Again, by the chain rule, the network output evolves according to the derivative:

𝑑𝑓𝜃 𝑥

𝑑𝑡
=

𝑑𝑓𝜃 𝑥

𝑑𝜃

𝑑𝜃

𝑑𝑡
= −

1

𝑁
σ𝑖=1
𝑁 𝛻𝜃𝑓𝜃 𝑥 𝑇𝛻𝜃𝑓𝜃 𝑥 𝑖 𝛻𝑓𝜃ℓ 𝑓𝜃 , 𝑦

𝑖 .

The NTK is defined as: 𝐾 𝑥, 𝑥′; 𝜃 = 𝛻𝜃𝑓𝜃 𝑥 𝑇𝛻𝜃𝑓𝜃 𝑥′ .

The feature map form is: 𝜑 𝑥 = 𝛻𝜃𝑓𝜃 𝑥 ⇒ 𝐾 𝑥, 𝑥′; 𝜃 = 𝜑 𝑥 𝑇𝜑 𝑥’ . It measures how much correcting the error at 𝑥′ 
moves the prediction at 𝑥.

If input 𝑥 and input 𝑥′​have gradients pointing in the same direction, updating parameters to fix the error at 𝑥′​will 
simultaneously move the prediction at 𝑥 in the same direction.

If the gradients are nearly orthogonal (small values of 𝐾 𝑥, 𝑥′; 𝜃 ), training on 𝑥′ barely touches 𝑓𝜃 𝑥 .

21

Neural Tangent Kernel (NTK)
𝐾:ℝ𝑁0 × ℝ𝑁0 → ℝ𝑁𝐿×𝑁𝐿
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NTK properties

Jacot et al. [5] proved (by induction) that when 𝑁1, … , 𝑁𝐿 → ∞:

1. At initialization, 𝐾 𝑥, 𝑥′; 𝜃 𝑡 = 0  converges (in probability) to a deterministic kernel 𝐾∞ 𝑥, 𝑥′ , independent of 
the random draw of 𝜃 𝑡 = 0 .

2. During training (gradient flow), 𝐾 𝑥, 𝑥′; 𝜃  stays constant, equal to 𝐾∞ 𝑥, 𝑥′ . The kernel remains frozen 
throughout training.

Naively 𝐾 𝑥, 𝑥′; 𝜃  depends on 𝜃 𝑡  which evolves. But in the infinite-width limit, each individual parameter moves by a 
vanishing amount 𝒪 ൗ

1
𝑁𝑙

 even though their collective effect on 𝑓𝜃 is 𝒪 1 .

So, the kernel itself doesn't change. 

In other words, 𝜑 𝑥 = 𝛻𝜃 𝑡 𝑓𝜃 𝑡 𝑥 ≈ 𝛻𝜃 𝑡=0 𝑓𝜃 𝑡=0 𝑥  remains almost constant during the training.

22



ETICS, 29/09/26 © Framatome – All rights reserved

C0 - Free distribution

Export Control COEDM – EU EC: country FR – marking N / US EC: marking N / OTH EC: country N – marking N | Export Control Other – AL: N / ECCN: N 

Lazy regime

The NTK 𝐾∞ 𝑥, 𝑥′  is frozen, thus the network behaves as its first-order Taylor expansion around initialization [6, 7]:

𝑓𝜃 𝑡 𝑥 ≈ 𝑓𝜃 𝑡
𝑙𝑖𝑛 𝑥 = 𝑓𝜃 𝑡=0 𝑥 + 𝛻𝜃𝑓𝜃 𝑡=0 𝜃 𝑡 − 𝜃 𝑡 = 0 .

Thus, in infinite width, training a network (with non-linear activation) is equivalent to training a linear model on fixed 
random features 𝛻𝜃𝑓𝜃 𝑡=0 .

In other words, during the training, the parameters stay around the initialization.

This is what we call lazy regime or NTK regime.

23
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Kernel components interpretation

Jacot et al. [5] also proved (still by induction) that (when 𝑁1, … , 𝑁𝐿 → ∞), the NTK can be defined recursively for each 
layer by:

𝐾(𝑙) 𝑥, 𝑥′ = 𝛴 𝑙 𝑥, 𝑥′ + 𝐾(𝑙−1) 𝑥, 𝑥′ ሶ𝛴(𝑙) 𝑥, 𝑥′ ,

where ሶ𝛴 𝑙  involves the derivatives of the activation function with respect to their inputs.

To summarize:

𝐾∞ 𝑥, 𝑥′ = 𝐾 𝑥, 𝑥′; 𝜃 = 𝐾(𝐿) 𝑥, 𝑥′ = σ𝑙=1
𝐿 𝛴 𝑙 𝑥, 𝑥′ ς𝑙′=𝑙+1

𝐿 ሶ𝛴(𝑙′) 𝑥, 𝑥′ .

Example for 3 layers: 

𝐾∞ 𝑥, 𝑥′ = 𝐾(3) 𝑥, 𝑥′ = 𝛴 3 𝑥, 𝑥′ + ሶ𝛴(3) 𝑥, 𝑥′ 𝛴 2 𝑥, 𝑥′ + ሶ𝛴(3) 𝑥, 𝑥′ ሶ𝛴(2) 𝑥, 𝑥′ 𝛴 1 𝑥, 𝑥′ .

We can recognize 2 components:

• “NNGP kernel” 𝛴 𝑙 𝑥, 𝑥′ : it gives a “forward sensitivity”, i.e., the similarity between 𝑥 and 𝑥’. 

• “Derivative kernel” ሶ𝛴(𝑙′) 𝑥, 𝑥′ : it gives a “backward local sensitivity” based on the gradient.

Thus, NTK encodes the training dynamics of the neural network.

24
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𝛴 𝑙 𝑥, 𝑥′

ሶ𝛴(𝑙) 𝑥, 𝑥′



ETICS, 29/09/26 © Framatome – All rights reserved

C0 - Free distribution

Export Control COEDM – EU EC: country FR – marking N / US EC: marking N / OTH EC: country N – marking N | Export Control Other – AL: N / ECCN: N 

Empirical study

25

Toy function: 𝑓(𝑥) = 𝑠𝑖𝑛(𝑥) + 𝜀 where 𝜀~𝒩 0,1 .

MLP with 2048 neurons (infinite) and 3 layers.

Stochastic Gradient Descent (SGD) optimizer.

Number of iterations: 600.

Activation function: GELU (Gaussian Error Linear Units) 𝐺𝐸𝐿𝑈 𝑥 = 𝑥 ⋅ 𝛷 𝑥  with 𝛷 the cumulative distribution function 
for Gaussian distribution.
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Empirical study

27



ETICS, 29/09/26 © Framatome – All rights reserved

C0 - Free distribution

Export Control COEDM – EU EC: country FR – marking N / US EC: marking N / OTH EC: country N – marking N | Export Control Other – AL: N / ECCN: N 

Spectral bias

3.
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Kernel regression

Back to NTK, we have:

𝑑𝑓𝜃 𝑥

𝑑𝑡
= −𝐾∞ 𝑥, 𝑥 𝛻𝜃ℒ 𝜃 .

For example, in regression task (Mean Squared Error or MSE loss): 𝛻𝜃ℒ 𝜃 = 𝑓𝜃 𝑥 − 𝑦 .

So, we can solve:

𝑑𝑓𝜃 𝑥

𝑑𝑡
= −𝐾∞ 𝑥, 𝑥 𝑓𝜃 𝑥 − 𝑦 .

At the end, we have (for simplicity, we suppose 𝑓𝜃(𝑡=0) 𝑥 = 0):

𝑓𝜃 𝑥 = 𝑦 − 𝑒𝑥𝑝 −𝐾∞ 𝑥, 𝑥 𝑡 𝑦
𝑡→∞

𝑦 (zero error training).

29
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Kernel regression

For test point 𝑥∗, we still have an ODE: 

𝑑𝑓𝜃 𝑥∗

𝑑𝑡
= −𝐾∞ 𝑥∗, 𝑥 𝑓𝜃 𝑥 − 𝑦 = 𝐾∞ 𝑥∗, 𝑥 𝑒𝑥𝑝 −𝐾∞ 𝑥, 𝑥 𝑡 𝑦.

The solution is (for simplicity, we suppose 𝑓𝜃(𝑡=0) 𝑥
∗ = 0): 

𝑓𝜃 𝑥∗ = 𝐾∞ 𝑥∗, 𝑥 𝐾∞ 𝑥, 𝑥 −1𝑦.

Training an infinitely wide network by gradient descent is equivalent to a kernel (Ridge-less) regression using the 
NTK.
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Spectral bias

Since 𝐾∞ 𝑥, 𝑥  is a real 𝑁 × 𝑁 symmetric matrix, we can diagonalize it:

𝐾∞ = 𝑄𝛬𝑄𝑇 with eigenvalues 𝜆1 ≥ ⋯ ≥ 𝜆𝑁 > 0.

Thus, 

𝑒𝑥𝑝 −𝐾∞ 𝑥, 𝑥 𝑡 = 𝑄𝑒𝑥𝑝 −𝛬𝑡 𝑄𝑇 and 𝑒𝑥𝑝 −𝛬𝑡 = 𝑑𝑖𝑎𝑔(𝑒−𝜆1𝑡 , 𝑒−𝜆2𝑡 , . . . , 𝑒−𝜆𝑁𝑡).

Each spectral component of the target is learned exponentially fast, with rate proportional to its eigenvalue 𝜆𝑘.

Since NTK eigenvalues typically decay with the "frequency" of the corresponding eigenfunction, the gradient descent 
on (wide) neural nets fits low-frequency / smooth components of the target function first, and high-frequency 
components only much later.
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Spectral bias

Xu et al. [9] called that “frequency principle” or “spectral bias”: it is the phenomenon where neural networks trained 
with gradient descent learn low-frequency (smooth) functions first, fitting high-frequency (oscillatory or complex) details 
much later in training.

This is a form of implicit regularization independent of any explicit penalty term.
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Empirical study
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Toy function: 𝑓(𝑥) = 𝑠𝑖𝑛(2𝜋 ⋅ 1𝑥) + 0.6𝑠𝑖𝑛(2𝜋 ⋅ 3𝑥) + 0.4𝑠𝑖𝑛(2𝜋 ⋅ 8𝑥).

MLP with 2048 neurons (infinite) and 1 layer.

Adam optimizer (for faster training than SGD).

Number of iterations: 60000.

Activation function: ReLU.



ETICS, 29/09/26 © Framatome – All rights reserved

C0 - Free distribution

Export Control COEDM – EU EC: country FR – marking N / US EC: marking N / OTH EC: country N – marking N | Export Control Other – AL: N / ECCN: N 

Empirical study

34



ETICS, 29/09/26 © Framatome – All rights reserved

C0 - Free distribution

Export Control COEDM – EU EC: country FR – marking N / US EC: marking N / OTH EC: country N – marking N | Export Control Other – AL: N / ECCN: N 

Over-parametrization 
and double descent

4.
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Summary

NTK properties: 𝜑 𝑥 = 𝛻𝜃 𝑡 𝑓𝜃 𝑡 𝑥 ≈ 𝛻𝜃 𝑡=0 𝑓𝜃 𝑡=0 𝑥  remain almost constant during the training.

Lazy regime: 𝑓𝜃 𝑡 𝑥 ≈ 𝑓𝜃 𝑡
𝑙𝑖𝑛 𝑥 = 𝜑 𝑥 𝑇 𝜃 𝑡 − 𝜃 𝑡 = 0 ≈ 𝜑 𝑥 𝑇𝑤 (for simplicity, we suppose 𝑓𝜃(𝑡=0) 𝑥 = 0).

Kernel regression: for infinite width network, when 𝑡 → ∞ : 𝑓𝜃 𝑥∗ = 𝐾∞ 𝑥∗, 𝑥 𝐾∞ 𝑥, 𝑥 −1𝑦  and 𝐾∞ = 𝑄𝛬𝑄𝑇 with 
eigenvalues 𝜆1 ≥ ⋯ ≥ 𝜆𝑁 > 0.

Spectral bias: neural networks are strongly biased toward simple, smooth functions early in training. 

Noise/high-frequency components correspond to small eigenvalues and are fit last, after the smooth signal has 
already been captured. 

In NTK, SGD acts as a form of implicit regularization independent of any explicit penalty term.

36
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Over-parametrization and double descent

Case of 𝑃 ≲ 𝑁: 𝐾 𝑥, 𝑥′; 𝜃  is nearly singular (at least 𝑁 − 𝑃 zero eigenvalues), forcing 𝑤  (and thus test variance) to blow 
up. No interpolating solution, only common bias-variance trade-off.

Case of 𝑃 ≫ 𝑁: the system 𝑓𝜃 𝑥 𝑖 = 𝑦 𝑖 , ∀𝑖  is under-determined. Thus, gradient flow converges to 𝜃 𝑡 → ∞ −
𝜃 𝑡 = 0 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑤 𝑤 2 𝑠. 𝑡. 𝜑 𝑥 𝑇𝑤 = 𝑦 𝑖 , ∀𝑖.

Gradient descent, started at 𝜃 𝑡 = 0  is lazy, i.e., it only ever moves in directions of data, so it stops at the interpolant 
that requires the least total movement from initialization. In feature space, this is strictly equivalent to the minimum 
RKHS norm (cf. representer theorem and O. Roustant lecture).

In other words, 𝐾 𝑥, 𝑥′; 𝜃 is well-conditioned again (min eigenvalue bounded away from 0), and the min-RKHS-norm 
interpolant found by gradient descent is smooth by construction (spectral bias) rather than noise-fitting. So, test error 
descends a second time even though the model still interpolates the training data exactly.
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Empirical study
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Toy function: 𝑓(𝑥) = 𝑠𝑖𝑛(2𝜋 ⋅ 1𝑥) + 0.6𝑠𝑖𝑛(2𝜋 ⋅ 3𝑥) + 0.4𝑠𝑖𝑛(2𝜋 ⋅ 8𝑥) + 𝜀 where 𝜀~𝒩 0,0.15 . 

MLP with P neurons and 1 layer.

Activation function: ReLU.

Solving Ridge-less kernel regression. Indeed, gradient descent converges more and more slowly as the empirical 
NTK's smallest eigenvalue shrinks near the interpolation threshold (the very mechanism that causes the double-
descent peak), so a fixed iteration budget badly under-trains exactly the widths that matter most. Solving in closed form 
avoids that confound.

Double precision calculation (float64).

8 repetitions.

Use median + Inter-Quartile Range (IQR) rather than mean/std. Indeed, around the interpolation threshold, a small 
fraction of random-feature draws are numerically near-singular and produce astronomically large (but individually rare) 
test errors. The mean is dominated by those rare draws; the median is more robust while the IQR band still visibly 
widens near the threshold.
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Conclusion and 
perspectives

5.
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Conclusion

Multi-Layer Perceptron with infinite width tends to NNGP: network output is a Gaussian process at initialization.

Multi-Layer Perceptron with infinite width + gradient descent tends to NTK regime: the training can be summarized by a  
kernel regression with a fixed kernel 𝐾∞.

Spectral bias: convergence rate per NTK eigenvalue ⇒ low frequencies learned first ⇒ implicit smoothness bias ⇒ 
implicit regularization.

Double descent: NTK regression's minimum-norm interpolation explains why over-parametrization beyond the 
interpolation threshold improves generalization again.
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Perspectives

NTK is a mathematical tool to better understand the training dynamics of neural network in a particular setup (infinite 
width).

In practice, it is very hard to reach infinite width.

Thus, it is much better to achieve feature learning regime instead of lazy regime.

42

Reference: [11] Greg Yang, Edward J. Hu, Feature Learning in Infinite-Width Neural Networks, arXiv:2011.14522, 2020.
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Perspectives

How to reach feature learning regime? 

With which setup, assumptions? 

Why is it better?

To discuss all the answers, I invite you to follow the presentation of Eline 
Pot, PhD student.
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Thanks for 
your
attention
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Over-parametrization and double descent

Representer theorem: for any function of the form 𝑓𝑤 𝑥 = 𝜑 𝑥 𝑇𝑤, the RKHS norm induced by the kernel 𝐾 𝑥, 𝑥′; 𝜃 =
𝜑 𝑥 𝑇𝜑 𝑥’  is defined to equal 𝑤 2. 

The NTK acts as a minimum RKHS norm interpolator.
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Over-parametrization and double descent

Expected prediction error decomposes (for squared-error loss) as:

𝔼 𝑦 − ƶ𝑓 𝐱
2
= 𝑓 𝐱 − 𝔼 ƶ𝑓 𝐱

2

Bias2
+ 𝔼 ƶ𝑓 𝐱 − 𝔼 ƶ𝑓 𝐱

2

Variance

+ ด𝜎𝜀
2

Irreducible​error

.

This is the famous bias-variance trade-off:

• A model too simple ⇒ high bias, low variance ⇒ underfitting.

• A model too complex ⇒ low bias, high variance ⇒ overfitting.
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     f 𝜃  ( x ) = f i  ( 1 ) ​  ( x ) =  b i  ( 1 ) +  𝟏    𝑵 𝟏   ∑  j = 1   N 1   W  i ​ j  ( 1 ) ​  g j  ( 1 ) ​  ( x )


   g j  ( 1 ) ​  ( x ) = 𝜙  (  f j  ( 0 )  ( x ) ) =  𝜙 ⁡   (  b j  ( 0 ) +  𝟏    𝑵 0   ∑  k = 1   N 0   W  j ​ k  ( 0 ) ​  x k )


   g j  ( 1 )


   g  j ′  ( 1 )  


  j ≠ j ′


   f i  ( 1 ) → 𝒩


   N 1 → + ∞


   N l → + ∞


  i


     f 𝜃  ( x ) = f i  ( 1 ) ​  ( x ) =  b i  ( 1 ) +  𝟏    𝑵 𝟏   ∑  j = 1   N 1   W  i ​ j  ( 1 ) ​  g j  ( 1 ) ​  ( x )


   g j  ( 1 ) ​  ( x ) = 𝜙  (  f j  ( 0 )  ( x ) ) =  𝜙 ⁡   (  b j  ( 0 ) +  𝟏    𝑵 0   ∑  k = 1   N 0   W  j ​ k  ( 0 ) ​  x k )


   {   f i  ( 1 ) ​  (  x 1 ) ,  . . . ,   f i  ( 1 ) ​  (  x k ) }


   f i  ( 1 ) ​  ( x ) ~ 𝒢 𝒫  (  𝜇  ( 1 ) ,  𝛴  ( 1 ) )


   𝜇  ( 1 ) ​  ( x ) =  𝔼 ⁡   [  f i  ( 1 ) ​  ( x ) ] = 0


   𝛴  ( 1 ) ​  ( x , x ′ ) =  𝔼 ⁡   [  f i  ( 1 ) ​  ( x )  f i  ( 1 ) ​  ( x ′ ) ] = 1 +    𝟏   𝑵 𝟏 𝔼 ⁡   [  g i  ( 1 ) ​  ( x )  g i  ( 1 ) ​  ( x ′ ) ]


   f i  ( 1 ) → 𝒩


   N 1 → + ∞


   g j  ( 1 )


   g  j ′  ( 1 )  


  j ≠ j ′


  L


   f 𝜃


      𝛴   ( 0 )  ( x , x ′ ) = 1 +  1   N 0  x T x ′ ,    𝛴   ( l )  ( x , x ′ ) =  𝔼 ⁡   [  f i  ( l ) ​  ( x )  f i  ( l ) ​  ( x ′ ) ] =   1 +  1   N l 𝔼   f i  ( l − 1 ) ∼ 𝒢 𝒫  ( 0 ,  𝛴   ( l − 1 ) )  [ 𝜙  (  f i  ( l − 1 ) ​  ( x ) ) 𝜙  (  f i  ( l − 1 ) ​  ( x ′ ) ) ] .


  L


   f 𝜃


      𝛴   ( 0 )  ( x , x ′ ) = 1 +  1   N 0  x T x ′ ,    𝛴   ( l )  ( x , x ′ ) =  𝔼 ⁡   [  f i  ( l ) ​  ( x )  f i  ( l ) ​  ( x ′ ) ] =   1 +  1   N l 𝔼   f i  ( l − 1 ) ∼ 𝒢 𝒫  ( 0 ,  𝛴   ( l − 1 ) )  [ 𝜙  (  f i  ( l − 1 ) ​  ( x ) ) 𝜙  (  f i  ( l − 1 ) ​  ( x ′ ) ) ] .


  𝒢 𝒫  ( 0 ,  𝛴  ( L ) )


   𝛴  ( L )


  x


  x ’


  𝜙


  𝜙  ( u )


  𝜙  ( v )


    d 𝜃  ( t )  d t = −  ∇ 𝜃 ℒ  ( 𝜃 )


  ℒ :  ℝ P →  ℝ +


  N


  ℓ :  ℝ   N 0 ×  ℝ   N L →  ℝ +


  ℒ  ( 𝜃 ) =  1 N   ∑  i = 1 N ℓ  (  f 𝜃  (  x   ( i ) ) ,  y   ( i ) )


  𝜃  ( t + 1 ) = 𝜃  ( t ) −   𝜂 𝛻 𝜃 ℒ  ( 𝜃 ) ⇔   𝜃  ( t + 1 ) − 𝜃  ( t ) 𝜂 = −  𝛻 𝜃 ℒ  ( 𝜃 )


  𝜂


  𝜂 → 0


    d 𝜃  ( t )  d t = −  ∇ 𝜃 ℒ  ( 𝜃 )


    d 𝜃  d t = −  𝛻 𝜃 ℒ  ( 𝜃 ) = −  1 N   ∑  i = 1 N   𝛻 𝜃  f 𝜃  (  x   ( i ) )  𝛻   f 𝜃 ℓ  (  f 𝜃 ,  y   ( i ) )


    d  f 𝜃  ( x )  d t =   d  f 𝜃  ( x )  d 𝜃   d 𝜃  d t = −  1 N   ∑  i = 1 N   𝛻 𝜃  f 𝜃    ( x ) T  𝛻 𝜃  f 𝜃  (  x   ( i ) )  𝛻   f 𝜃 ℓ  (  f 𝜃 ,  y   ( i ) )


    K  ( x , x ′ ; 𝜃 ) = 𝛻 𝜃  f 𝜃    ( x ) T  𝛻 𝜃  f 𝜃  ( x ′ )


  𝜑  ( x ) =  𝛻 𝜃  f 𝜃  ( x )


  ⇒ K  ( x , x ′ ; 𝜃 ) =   𝜑  ( x ) T 𝜑  ( x ’ )


  x ′


  x


  x


  x ′  


  x ′  


  x


  K  ( x , x ′ ; 𝜃 )


  x ′  


   f 𝜃  ( x )


  K :  ℝ   N 0 ×  ℝ   N 0 →  ℝ   N L ×  N L


   N 1 , … ,  N L → ∞


  K  ( x , x ′ ; 𝜃  ( t = 0 ) )


   K ∞  ( x , x ′ )


  𝜃  ( t = 0 )


  K  ( x , x ′ ; 𝜃 )


   K ∞  ( x , x ′ )


  K  ( x , x ′ ; 𝜃 )


  𝜃  ( t )


  𝒪  (  1    N l )


   f 𝜃


  𝒪  ( 1 )


    𝜑  ( x ) = 𝛻  𝜃  ( t )  f  𝜃  ( t )  ( x ) ≈  𝛻  𝜃  ( t = 0 )  f  𝜃  ( t = 0 )  ( x )


   K ∞  ( x , x ′ )


   f  𝜃  ( t )  ( x ) ≈  f  𝜃  ( t )  l i n  ( x ) =  f  𝜃  ( t = 0 )  ( x ) +  𝛻 𝜃  f  𝜃  ( t = 0 )  ( 𝜃  ( t ) − 𝜃  ( t = 0 ) )


   𝛻 𝜃  f  𝜃  ( t = 0 )


  𝜑  ( x )


   N 1 , … ,  N L → ∞


   K  ( l )  ( x , x ′ ) =  𝛴   ( l )  ( x , x ′ ) +  K  ( l − 1 )  ( x , x ′ )    𝛴 .  ( l )  ( x , x ′ )


     𝛴   ( l ) .


   K ∞  ( x , x ′ ) = K  ( x , x ′ ; 𝜃 ) =  K  ( L )  ( x , x ′ ) =   ∑  l = 1 L   𝛴   ( l )  ( x , x ′ )   ∏  l ′ = l + 1 L     𝛴 .  ( l ′ )  ( x , x ′ )


   K ∞  ( x , x ′ ) =  K  ( 3 )  ( x , x ′ ) =  𝛴   ( 3 )  ( x , x ′ ) +    𝛴 .  ( 3 )  ( x , x ′ )  𝛴   ( 2 )  ( x , x ′ ) +    𝛴 .  ( 3 )  ( x , x ′ )      𝛴 .  ( 2 )  ( x , x ′ ) 𝛴   ( 1 )  ( x , x ′ )


   𝛴   ( l )  ( x , x ′ )


  x


  x ’


     𝛴 .  ( l ′ )  ( x , x ′ )


   𝛴   ( l )  ( x , x ′ )


     𝛴 .  ( l )  ( x , x ′ )


  f ( x ) = s i n ( x ) + 𝜀


  𝜀 ~ 𝒩  ( 0 , 1 )


  G E L U  ( x ) = x ⋅ 𝛷  ( x )


  𝛷


    d  f 𝜃  ( x )  d t = −  K ∞  ( x , x )  𝛻 𝜃 ℒ  ( 𝜃 )


   𝛻 𝜃 ℒ  ( 𝜃 ) =  (  f 𝜃  ( x ) − y )


    d  f 𝜃  ( x )  d t = −  K ∞  ( x , x )  (  f 𝜃  ( x ) − y )


   f  𝜃 ( t = 0 )  ( x ) = 0


   f 𝜃  ( x ) = y − e x p  ( −  K ∞  ( x , x ) t ) y  →  t → ∞ y


   x ∗


    d  f 𝜃  (  x ∗ )  d t = −  K ∞  (  x ∗ , x )  (  f 𝜃  ( x ) − y ) =  K ∞  (  x ∗ , x ) e x p  ( −  K ∞  ( x , x ) t ) y


   f  𝜃 ( t = 0 )  (  x ∗ ) = 0


   f 𝜃  (  x ∗ ) =  K ∞  (  x ∗ , x )    K ∞  ( x , x )  − 1 y


   K ∞  ( x , x )


  N × N


   K ∞ = Q   𝛬 Q T


   𝜆 1 ​ ≥ ⋯ ≥  𝜆 N ​ > 0


  e x p  ( −  K ∞  ( x , x ) t ) = Q e x p  ( − 𝛬 t )  Q T


  e x p  ( − 𝛬 t ) = d i a g (  e  −  𝜆 1 t ,  e  −  𝜆 2 t , . . . ,  e  −  𝜆 N t )


   𝜆 k


  f ( x ) = s i n ( 2 𝜋 ⋅ 1 x ) + 0 . 6 s i n ( 2 𝜋 ⋅ 3 x ) + 0 . 4 s i n ( 2 𝜋 ⋅ 8 x )


    𝜑  ( x ) = 𝛻  𝜃  ( t )  f  𝜃  ( t )  ( x ) ≈  𝛻  𝜃  ( t = 0 )  f  𝜃  ( t = 0 )  ( x )


   f  𝜃  ( t )  ( x ) ≈  f  𝜃  ( t )  l i n  ( x ) =   𝜑  ( x ) T  ( 𝜃  ( t ) − 𝜃  ( t = 0 ) ) ≈   𝜑  ( x ) T w


   f  𝜃 ( t = 0 )  ( x ) = 0


  t → ∞


   f 𝜃  (  x ∗ ) =  K ∞  (  x ∗ , x )    K ∞  ( x , x )  − 1 y


   K ∞ = Q   𝛬 Q T


   𝜆 1 ​ ≥ ⋯ ≥  𝜆 N ​ > 0


  w


  P ≲ N


  K  ( x , x ′ ; 𝜃 )


  N − P


   ‖ w ‖


  P ≫ N


   f 𝜃  (  x   ( i ) )   =  y   ( i ) ,   ∀ i


  𝜃  ( t → ∞ ) ​ − 𝜃  ( t = 0 ) ​ =   a r g m i n w ​    ‖ w ‖ 2 ​   s . t .   𝜑  ( x ) T w =  y   ( i ) ,   ∀ i .


  𝜃  ( t = 0 )


  K  ( x , x ′ ; 𝜃 )  


  f ( x ) = s i n ( 2 𝜋 ⋅ 1 x ) + 0 . 6 s i n ( 2 𝜋 ⋅ 3 x ) + 0 . 4 s i n ( 2 𝜋 ⋅ 8 x ) + 𝜀


  𝜀 ~ 𝒩  ( 0 , 0 . 15 )


   K ∞


   f w  ( x ) =   𝜑  ( x ) T w


  K  ( x , x ′ ; 𝜃 ) =   𝜑  ( x ) T 𝜑  ( x ’ )


     ‖ w ‖ 2


  𝔼  [    ( y −  f ˆ  ( 𝐱 ) ) 2 ] =        ( f  ( 𝐱 ) − 𝔼  [  f ˆ  ( 𝐱 ) ] ) 2 ⏟    Bias 2 +     𝔼  [    (  f ˆ  ( 𝐱 ) − 𝔼  [  f ˆ  ( 𝐱 ) ] ) 2 ] ⏟  Variance +      𝜎 𝜀 2 ⏟  Irreducible error .

