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Co-kriging model

.. Framework

Mathematical formalism:

z2(x) : x ∈ Q ⊂ R
d 7→ R

Objective: we want to build a surrogate model for the output of the

high-fidelity simulator z2(x).

Framework: a fast and coarse version z1(x) of z2(x) is available.
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Co-kriging model

.. Modelling with recursive formulation

We consider the model:
{

Z2(x) = ρZ̃1(x) + δ(x)

Z̃1(x) ⊥ δ(x)

where

Z̃1(x) ∼ [Z1(x)|Z1 = z1,β1,σ
2
1 ,θ1]

D2 ⊂ D1 and

Z1(x) ∼ GP

(

f
′
1(x)β1, σ

2
1r1(x , x̃ ;θ1)

)

δ(x) ∼ GP

(

f
′
δ(x)βδ, σ

2
δrδ(x , x̃ ;θδ)

)

The predictive distribution is given by (Simple Cokriging):

[Z2(x)|Z2 = z2,Z1 = z1,ρ,β,σ
2
,θ] = GP

(

µZ2,SK (x), σ
2
Z2,SK (x , x̃)

)

where β = (β1,βδ), σ
2 = (σ2

1 , σ
2
δ) and θ = (θ1,θδ).
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.. Important properties

In a Universal Cokriging framework, we denote by:

µZ2,UK (x) = E
[

Z2(x)|Z2 = z2,Z1 = z1,σ
2,θ
]

σ2
Z2,UK (x) = var

(

Z2(x)|Z2 = z2,Z1 = z1,σ
2,θ]

)

Predictive mean and variance decomposition:

µZ2,UK (x) = ρ̂µZ1,UK (x) + µδ,UK (x)

σ2
Z2,UK (x) = ρ̂2σ2

Z1,UK (x) + σ2
δ,UK (x)

Fast Cross Validation equations can be derived. In a Leave-One-Out

case, we denote by:

εLOO,2(x
(2)
i ) = ρ̂−iεLOO,1(x

(2)
i ) + εLOO,δ(x

(2)
i )

σ2
LOO,2(x

(2)
i ) = ρ̂2

−iσ
2
LOO,1(x

(2)
i ) + σ2

LOO,δ(x
(2)
i )
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Illustrations

.. Sequential design strategy

Objective: we want to reduce the generalization error:

IMSE = ρ̂
2

∫

Q

σ
2
Z1,UK (x)dx +

∫

Q

σ
2
δ,UK (x)dx

Sequential design strategy: we choose a new point xn+1 such that:

xn+1 = arg max
x

σ
2
Z2,SK (x)

Question: which level of code is worth being simulated?

What is the contribution of each code level on the model’s error?
What is the expected error reduction?
What is the the CPU-time ratio between the simulators?
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.. Code level selection

What is the contribution of each code level on the model’s error?

σ
2
Z2,UK (x) = ρ̂

2
σ

2
Z1,UK (x) + σ

2
δ,UK (x)

What is the expected error reduction?

Error reduction for the level z1(x):

ρ̂2σ2
Z1,UK (xn+1)

d∏

i=1

θi
1

Error reduction for the bias δ(x)

σ2
δ,UK (xn+1)

d∏

i=1

θi
δ

What is the the CPU-time ratio between the simulators?

C: CPU-time ratio between z2(x) and z1(x).
1 run for z2(x) ⇔ C + 1 runs for z1(x) (i.e. D2 ⊂ D1)
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.. Code level selection

Potential uncertainty reduction for level 2:

ρ̂
2
σ

2
Z1,UK (xn+1)

d
∏

i=1

θ
i
1 + σ

2
δ,UK (xn+1)

d
∏

i=1

θ
i
δ

Potential uncertainty reduction for level 1:

(C + 1) ρ̂2
σ

2
Z1,UK (xn+1)

d
∏

i=1

θ
i
1

It is worth to simulate the code level z1(x) when:

(C + 1) ρ̂2
σ

2
Z1,UK (xn+1)

d
∏

i=1

θ
i
1 > ρ̂

2
σ

2
Z1,UK (xn+1)

d
∏

i=1

θ
i
1 +σ

2
δ,UK (xn+1)

d
∏

i=1

θ
i
δ

i.e.

✎

✍

☞

✌

ρ̂2σ2
Z1,UK (xn+1)

∏d
i=1 θ

i
1

ρ̂2σ2
Z1,UK (xn+1)

∏d
i=1 θ

i
1 + σ2

δ,UK (xn+1)
∏d

i=1 θ
i
δ

>
1

(C + 1)
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.. New design strategy

Problem: the following criterion does not take into account the real

model error

xn+1 = arg max
x

σ
2
Z2,SK (x)

New strategy: to deal with the real error, we choose the following

criterion

xn+1 = arg max
x

ρ̂2σ2
Z1,UK (x)

(

1 +
∑n1

i=1

ε2
LOO,1(x

(1)
i

)

σ2
LOO,1

(x
(1)
i

)
1x∈Vi,1

)

+σ2
δ,UK (x)

(

1 +
∑n2

i=1

ε2
LOO,δ

(x
(1)
i

)

σ2
LOO,δ

(x
(1)
i

)
1x∈Vi,2

)

where Vi,j is the Voronoi cell associated to the point x
(j)
i , j = 1, 2, i = 1, . . . , nj .
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.. New criterion: illustration
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.. Academic example: Schubert’s function

f (x) =

(

5
∑

i=1

i cos
(

(i + 1)x1 + i
)

)(

5
∑

i=1

i cos
(

(i + 1)x2 + i
)

)

10 20 30 40 50 60

0
.0

4
0

.0
6

0
.0

8
0

.1
0
Shubert’s function

Number of observations

N
o

rm
a

liz
e

d
 R

M
S
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.. Example: Spherical tank under internal pressure

z1(x) =
3

2

(Rint + Tshell)
3

(Rint + Tshell)
3 − R3

int

P

z2(x): von Mises stress

at point 1, 2 or 3.

x =

























P

Rint

Tshell

Tcap

Eshell

Ecap

σy,shell

σy,cap

























0

0 P

CAP

SHELL
2

1

3
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.. Result at point 2
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Sampling from the predictive distribution

Illustration with Kriging

.. Sobol indices

The input is a random vector X = (X d1 ,X d2), d = d1 + d2, with measure

µ = µ
d1 ⊗ µ

d2

on Q = Qd1 × Qd2 .

Objective: we are interested in evaluating the closed Sobol index:

S
d1 =

V
d1

V
=

varX

(

EX

[

z2(x)|X
d1
])

varX (z2(x))

Let us consider Z̃2(x) such that:

Z̃2(x) ∼ [Z2(x)|Z2 = z2,Z1 = z1,σ
2
,θ]

We consider the estimator:

S̃
d1 =

varX

(

EX

[

Z̃2(x)|X
d1

])

varX

(

Z̃2(x)
)
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Sobol index estimator definition

Sampling from the predictive distribution

Illustration with Kriging

.. Sobol index estimation

Remark 1: S̃
d1 is now a random variable.

Let us consider (Xi)i=1,...,m and (X̃i)i=1,...,m such that

Xi = (X
d1
i ,X

d2
i ) X̃i = (X

d1
i , X̃

d2
i ) X

d2
i ⊥ X̃

d2
i

S̃
d1 can be estimated with [Janon et al. (2012)]:

S̃
d1
m =

1
m

∑m
i=1 Z̃2(Xi)Z̃2(X̃i)−

(

1
2m

∑m
i=1 Z̃2(Xi) + Z̃2(X̃i)

)2

1
m

∑m
i=1 Z̃2(Xi)2 −

(

1
2m

∑m
i=1 Z̃2(Xi) + Z̃2(X̃i)

)2

Remark 2: the estimator S̃
d1
m has two sources of uncertainty:

...1 The Monte-Carlo error

...2 The meta-model error
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Sobol index estimator definition

Sampling from the predictive distribution

Illustration with Kriging

.. Sampling from S̃
d1
m

Generate a sample x = {(xi)i=1,...,m, (x̃i)i=1,...,m} of the random vector

(Xi , X̃i)i=1,...,m.

For k = 1, . . . ,NZ

Sample a realization z̃2(x) of Z̃2(x) at points in x.

Compute S̃
d1
m,k,1 from z̃2(x).

For l = 2, . . . ,B

Sample with replacements two samples u and ũ from

{(xi)i=1,...,m} and {(x̃i)i=1,...,m}.

Compute S̃
d1
m,k,l from z̃2(x

B) with x
B = {u, ũ}.

Two issues:

...1 How to sample from Z̃2(x) ∼ [Z2(x)|Z2 = z2,Z1 = z1,σ
2,θ] ?

...2 How to deal with large m ?
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Sobol index estimator definition

Sampling from the predictive distribution

Illustration with Kriging

.. 1. Sampling from Z̃2(x)

We consider the process Z̃ ∗
2 (x) ∼ [Z2(x)|Z2 = z2,Z1 = z1, ρ,βδ,σ

2,θ]

Z̃ ∗
2 (x) is Gaussian and can be written with the following form:

Z̃
∗
2 (x) = ρZ̃

∗
1 (x) + δ

∗
ρ,βδ

(x)

where
(

ρ

βδ

)

= N (µρ,βδ
,Σρ,βδ

)

Z̃
∗
1 (x) ∼ GP

(

µZ̃∗

1
(x),ΣZ̃∗

1
(x)

)

and conditionally to (ρ,βδ)

δ
∗
ρ,βδ

(x) ∼ GP
(

µδ∗(x),Σδ∗(x)

)
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Sobol index estimator definition

Sampling from the predictive distribution

Illustration with Kriging

.. 1. Sampling from Z̃2(x)

We can sample from the distribution [Z2(x)|Z2 = z2,Z1 = z1,σ
2,θ] as

follows:
...1 Sample a realization z̃∗

1
(x) of Z̃∗

1
(x).

...2 Sample a realization (ρr ,βr
δ) of (ρ,βδ).

...3 Sample a realization δ̃∗
ρr ,βr

δ

(x) of δ∗
ρr ,βr

δ

(x).

...4 Set z̃2(x) = ρr z̃∗
1
(x) + δ̃∗

ρr ,βr
δ

(x)

Remember that we have Z1(x) ∼ GP
(

f
′
1(x)β1, σ

2
1r1(x , x̃)

)

and

Z̃
∗
1 (x) ∼ GP

(

µZ̃∗

1
(x),ΣZ̃∗

1
(x , x̃)

)

with

µZ̃∗

1
(x) = f

′
1(x)β̂1 + r

′
1(x)R

−1
1

(

z1 − F1β̂1

)

ΣZ̃∗

1
(x , x̃) = σ

2
1

(

1 −
(

f
′
1(x) r

′
1(x)

)

(

0 F
′
1

F1 R1

)−1 (
f1(x̃)
r1(x̃)

)

)

β̂1 =
(

F
′
1R

−1
1 F1

)−1

F
′
1R

−1
1 z1
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Sobol index estimator definition

Sampling from the predictive distribution

Illustration with Kriging

.. 1. Sampling with large m

Let us consider Y1(x) ∼ GP
(

0, σ2
1r1(x , x̃)

)

and

Ỹ
∗
1 (x) = µZ̃∗

1
(x)− µỸ∗

1
(x) + Y1(x)

where

µỸ∗

1
(x) = f

′
1(x)β̃1 + r

′
1(x)R

−1
1

(

Y1(D1)− F1β̃1

)

β̃1 =
(

F
′
1R

−1
1 F1

)−1

F
′
1R

−1
1 Y1(D1)

then: ✞
✝

☎
✆Ỹ

∗
1 (x)

L
= Z̃

∗
1 (x)

Consequence: we can sample from the conditional distribution of Z̃ ∗
1 (x)

by sampling from the unconditioned distribution of Y1(x) and then by

applying a linear transformation on it.
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Sobol index estimator definition

Sampling from the predictive distribution

Illustration with Kriging

.. 1. Sampling with large m

The suggested approach allows for avoiding ill-conditioned covariance

matrices (indeed, ΣZ̃∗

1
(x , x̃) is close to zero around points in D1) .

Further, it allows for using efficient algorithms to compute the

realizations, e.g:

The stationary case: r1(x , x̃) = r1(x − x̃)

Y1(x) =

∫

√

S(ω)e2πi⟨ω,x⟩
η̂ωdω, S(ω) =

∫

e
−2πi⟨ω,h⟩

r1(h)dh

Tensorised covariance kernels: r1(x , x̃) =
∏d

i=1 r i
1(x

i , x̃ i)

Y1(x) =
∑

p1,...,pd≥0

d
∏

i=1

√

λpi
φpi

(x)Zp1,...,pd
, Zp1,...,pd

∼ N (0, 1)

where r i
1(x

i , x̃ i) =
∑

pi≥0 λpi
φpi

(x i)φpi
(x̃ i) (Mercer’s Theorem with

the right assumptions).
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Sampling from the predictive distribution

Illustration with Kriging

.. Ishigami function
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