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Framework

@ Mathematical formalism:
z(x):xe QCR =R

-
— L
! ngh-fldellty i - v .
simulator -. -
.' . —, | zi-coarse version
. of z

@ Objective: we want to build a surrogate model for the output of the
high-fidelity simulator z>(x).
@ Framework: a fast and coarse version z;(x) of z(x) is available. P?SESDEROT
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Modelling with recursive formulation

@ We consider the model:

{ Z2(x) = p21(x) + 6(x)
Zi(x) L o(x)
where B

Z (X) ~ [Z1 (X)|Z1 = Z4 ,B1 ,012, 91]
D, ¢ Dy and

Zi(x) ~ GP (ﬂ (X)B,,05r(x, % 91))
6(x) ~ GP (15(x)8,, o3r5(x. % 05))
@ The predictive distribution is given by (Simple Cokriging):
[Z2(X)|Z2 = 22,21 = 21,p, B.0%, 0] = GP (uzz,s,{(x), 02, sk (X, ;())

PARIS™

where B = (61,ﬁ5), o? = (0'12,0'(%) and 6 = (01,05). - :DIDEROT
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Important properties

@ In a Universal Cokriging framework, we denote by:

pz,uk(x) = E[Z(X)|Z2=22,Zi = 21,07, 6]
U%g,UK(X) = var (ZQ(X)|22 = 22,21 = 24 70’27 0])

@ Predictive mean and variance decomposition:

pz, uk(Xx) = ﬁgzé,UK(X)—&-uaéUK(X)
UZ,UK(X) = 0% uk(X) + o5 uk(x)

@ Fast Cross Validation equations can be derived. In a Leave-One-Out
case, we denote by:

€Loo,2(X,-(2)) = p_i€Lo0,1 (X,-(z)) + ELOO,&(X;(Z))
2 A 2 2
UEOO,Z(XI( ) = panEOOJ(Xi( )) + O'EOO,(S(XI( ))
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Sequential design strategy

@ Objective: we want to reduce the generalization error:

IMSE = /? / o5, uk(X)dx + / o5 uk(x)dx
Q Q

@ Sequential design strategy: we choose a new point x,,1 such that:
Xni1 = arg max 05, sk(X)

@ Question: which level of code is worth being simulated?

@ What is the contribution of each code level on the model’s error?
@ What is the expected error reduction?
@ What is the the CPU-time ratio between the simulators?

PAR!gW e
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Code level selection

@ What is the contribution of each code level on the model’s error?
UZ,UK(X) = /3202,UK(X) + Ug,UK(X)

@ What is the expected error reduction?
@ Error reduction for the level z1 (x):

d
2 2 j
P 0z, uk(Xn+1) HOQ

i=1
@ Error reduction for the bias 6(x)

d
o5 uk(xns1) [ | 05
i=1
@ What is the the CPU-time ratio between the simulators?

@ C: CPU-time ratio between z»(x) and z(x). o1 PARIE™
@ 1 runfor zx(x) <& C+ 1 runs for z1(x) (i.e. D2 C Dy) —  :DIDEROT
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Code level selection

@ Potential uncertainty reduction for level 2:

d d
ﬁ20§1 ,uk(Xnt1) H 0% + U?,UK(XnJA ) H 05
i=1 i=1
@ Potential uncertainty reduction for level 1:

d
(C+1) ﬁzUz ,uk (Xnt1) H 01
i=1
@ Itis worth to simulate the code level z;(x) when:

d d
(C+1) 0% uk(xor1) [ [ 61 > $P0%, uk(Xnr1) [ [ 01 + 05,0k (Xni1) [ | 05

i=1 i=1 i=1

Q

N d i
ie /)2(72,UK(XIH1)H/:1 04 - 1
. -  E— T
/72(7§1,UK(XM1)H[:1 Tt U?,UK(XFI<1)HI‘:1 05 (C+1) : "?SESDEROT
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New design strategy

@ Problem: the following criterion does not take into account the real

model error
2
Xpi1 = argmax 0%,,5k(X)

@ New strategy: to deal with the real error, we choose the following
criterion

(
Xnt1 = arg max P 5’21 uk (X) (1 +>0 %Ue\m)

LOO,1
&2 (
+05,uk(X) <1 + 3, 7LOOJ( - 1xey, 2)
JL 00,5 \%i

where V; is the Voronoi cell associated to the point x”, j =1,2,i=1,....n;.

e PARIS
:DIDEROT
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New criterion: illustration
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Academic example: Schubert’s function

f(x) = Z/cos(l+1)x +/) iicos((i+1)x2+i>

i=1 i=1

Shubert’s function
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Example: Spherical tank under internal pressure

(Rint + Tshen)®

3
zi(X) = = P 3
2 (Rint + Tonen)® — RS,

@ z(x): von Mises stress
at point 1, 2 or 3.
P
Rint
7—shell
Tcap
Eshen
Ecap
Oy, shell

X =

Oy,cap cen PaRis™”
:DIDEROT
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Result at point 2
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Result at point 1
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Result at point 3
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Sobol indices

@ The input is a random vector X = (X%, X%), d = dy + d, with measure
p=pu @ p®
on Q= Q% x Q%.
@ Objective: we are interested in evaluating the closed Sobol index:

_ Ld1 _vary (EX [Zg(X)|Xd1D

dy
S \ vary (Z2(x))

@ Let us consider Z(x) such that:

Z5(X) ~ [Zo(X)|Z2 = 22,21 = 21,07, 6]
@ We consider the estimator:
vary (IEX [Zg(x)|xd1 ])

varx (22(x)) = pams

5% =

Loic Le Gratiet delity Co-kriging
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Sobol index estimation

@ Remark 1: §% is now a random variable.
@ Let us consider (X;)i—1.....m and (X;)i—1.....m Such that

Xi= (X", X"=) K= (X", X%) x* L XE
@ §% can be estimated with [Janon et al. (2012)]:
| AT ZO0Z5) ~ (25 S0 2(X) + 2(%))
S L

X;
n 12:122()() *(2mZ,1Z2 +Z2 )

@ Remark 2: the estimator §% has two sources of uncertainty:

@ The Monte-Carlo error

@ The meta-model error
e PARIS
DIDEROT
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Sampling from S&

—1.....m, (Xi)i=1.....m} of the random vector

@ Fork=1,...,N;
@ Sample a realization Z»(x) of Z(x) at points in x.
° Compute Sm k1 from Zx(x).
@ Fori=2,..., B
° Sample with replacements two samples u and G from

{(X/)/ 1,..., m} and {(X/)/ 1,..., m}
e Compute §71, , from Z(x®) with x® = {u, i}

@ Two issues:

@ How to sample from Zy(x) ~ [Z(X)|Z2 = 22,21 = 21,062,6] ?

@ How to deal with large m ? ooy PARIE™™
—  :DIDEROT
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1. Sampling from Z,(x)

@ We consider the process Z; (x) ~ [Z2(X)|Z2 = 22,21 = 21, p, B;, 02, 0]
@ Z;(x)is Gaussian and can be written with the following form:

Z(x) = pZ (X) + 6.6, (X)
where
P
(/8()‘> = N (H{%B,s ) Z/),B”—)
2 (x) ~ GP (2 0 Tz )
and conditionally to (p, 35)

8765 (X) ~ GP (115 (x), Ls+(x))

e PARIS
:DIDEROT
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1. Sampling from Z,(x)

@ We can sample from the distribution [Z>(x)|Z2 = 22,21 = 24, o2, 0] as
follows:
@ Sample a realization Z; (x) of Z; (x).
@ Sample a realization (o', 8%) of (p, Bs)-
© Sample a realization 5;'.,3; (x) of &7, 57 (x).
© Set2(0) = /2 (x) +5% 4 (%)

@ Remember that we have Z;(x) ~ GP (f;(x)B;,o%r1(x, X)) and
Z{(x) ~ GP (/‘21* (), Tz (x, )"())

with ) )
pz: (x) = 1i(x)Bs + 14 (x)R;" (21 _ |:151>

. / ’ 0 N
55, (x,%) = of (1—<f1<x> ) (e m) (7
e PARIS™
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1. Sampling with large m

@ Letus consider Yi(x) ~ GP (0,0%r(x, %)) and

T (%) = e (X) — g (¥) + Ya(x)

where ) )
ny- () = (0B, + 1 (OR; ! (Y1(D1) _ F1B1)

~ —1
B, = (FIRT'Fi) FiR;'Yi(Dy)
then:

(0 £ z)

@ Consequence: we can sample from the conditional distribution of Z;*(x)
by sampling from the unconditioned distribution of Y;(x) and then by
applying a linear transformation on it.

PAR!gW e
iDIDEROT
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1. Sampling with large m

@ The suggested approach allows for avoiding ill-conditioned covariance
matrices (indeed, 221* (x, X) is close to zero around points in Dy) .

@ Further, it allows for using efficient algorithms to compute the
realizations, e.g:

@ The stationary case: ri(x,X) = ri(x — X)
X) = / VS(W)e M p dw,  S(w) = / e 2w r (h)dh

e Tensorised covariance kernels: r;(x, %) = [T, r(x, ¥')

Yi(x) = Z H\//\T?:(ﬁpl X)Zor,...pgs Lpypg ~ N (0,1)

where r{(x',X') = 32, - o Apdp (X' ), (X') (Mercer's Theorem with

the right assumptions). — PAS:E;_;OT
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