Some properties of variance-based sensitivity
indices for spatially distributed models

Nathalie Saint-Geours’ Christian Lavergne®

Jean-Stéphane Bailly>  Frédéric Grelot?
LAgroParisTech, UMR TETIS, Montpellier.
nathalie.saint-geours@teledetection. fr
Institut de Mathématiques et de Modélisation de Montpellier, UM2,

*Cemagref, UMR G-EAU, Montpellier.

GDR MASCOT NUM
Villard de Lans - March, 23", 2011

o roParisTech R

Ei
pner— -



Tdetivalions Point-based and conal sensilivily indices émm.-praparbics Conelusian

Motivations and notations

Point-based and zonal sensitivity indices

=l Some properties of zonal sensitivity indices

8 Conclusion

March, 23, 2011




Notivations: Point-based and conal sensitivily indices Same properics Conelusian

Motivations and notations

March, 23, 2011




DMotivations Poinl-based and sohal sensilivily indices

General framework

March, 23, 2011

Swme.-prbpeﬂjﬁ

Conelusion



Metivalions Ponl-based and conal sensibivily indices Seme properics

General framework
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General framework

Numerical model Y = f(Xq,... Xq) :

black box
» deterministic
= uncertain inputs and outputs

= Variance-based sensitivity analysis

Sobol" sensitivity indices 5; :

= Var (E[Y | Xi])
Var (Y)
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General framework

m Numerical model Y = f(Xq,... Xq) :
» black box
deterministic
= uncertain inputs and outputs

= Variance-based sensitivity analysis

Sobol" sensitivity indices 5; :

= Var (E[Y | Xi])
Var (Y)

Si

= Properties of 5; if X; or Y is spatially distributed ?
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Model ACB-DE : assessment of flood damages

Vulnerability Damage
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Model ACB-DE : inputs

Some properics Conelusion

Nature Notation
Water levels Map Zo(u) e R, YuelR?
Landuse Map Zi(uy e N, YuelR?
Terrain elevation Map Zy(u) e R, YucR?
Flood return period Vector X3 € IR®
Infinite flood coefficient Vector X;e R
Damage curves Vector X5 € TR10C
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Model ACB-DE : output
Map of annual flood damages

Annual damage
(euros)
=1L
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Different questions for different stakeholders!
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Different questions for different stakeholders!

Annual damage
(euros)
<10
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Uncertainty of model output ?

Different questions for different stakeholders!

Annual damage
(euros)
=10
SRR IVER L]
101 1002
Variability of damage
at point u ?

10710 10207

Variability of total damage
over a district ?

Mediterranean
sea
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Uncertainty of model output ?

Different questions for different stakeholders!

Annual damage
(euros)
=10

Orb river -

O 101 toca
B 1020 caon

Variability of damage o

at point u ?

Variability of total damage
over a district ?

Variability of total damage
over the territory ?

Mediterranean
sea
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What the modeler wants to know

m For a chosen spatial support (point, district, territory. .. )

what's the uncertainty of total damage over the support?

= what model inputs explain this uncertainty ?
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What the modeler wants to know

= For a chosen spatial support (point, district, territory. ..}
what's the uncertainty of total damage over the support?
+ what model inputs explain this uncertainty 7

= which input data should | put more meney in 7
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What the modeler wants to know

For a chosen spatial support {point, district, territory. ..}

what's the uncertainty of total damage over the support?
. what model inputs explain this uncertainty ?

» which input data should | put more money in 7

— Sensitivity indices of model inputs on various spatial support
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Spatially distributed model M

Some properics

Conelusion

Y = M(X.2)
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Spatially distributed model M

Y = M(X.2)

v X =(Xq,....Xg) € R? joint pdf p(X) (economic parameters)
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Spatially distributed model M

Definition

Y = M(X.2)

with :
X= (Xt ... Xg) € B9, joint pdf p(X) (economic parameters)

Z(u) Gaussian Random Field (water levels)
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Molivaliohs Peinl-based and conal sensibivily indices Some properics Conclusion

Spatially distributed model M

Definition (Spatially distributed model A1)

Y = M(X, 2)
with :
X= (Xt ... Xg) € B9, joint pdf p(X) (economic parameters)
Z(u) Gaussian Random Field (water levels)

Y (u) a random field (map of flood damage) .
YoeD, Y{(u)=v[X Z(u)

with 2(.,.) : B R
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iy 1i Some properics Conclusion

Model input : Gaussian random field Z{uv)

# = Gaussian Random Field
= Domain D c R?

= Order 2 stationary
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Model input : Gaussian random field Z{uv)

pa(h)
e = Gaussian Random Field i 1
= Domain D C R? 1-n

= Order 2 stationary h
!
YueD, E[Z(u)]=pn
Cov[Z(u), Z(u+ h)] = 0% - ps(h)
March, 23, 2011 12/ 50
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Model input : Gaussian random field Z{uv)

pel(h)
ige = Gaussian Random Field i 1
= Domain D c R? 1-n

= Order 2 stationary

YueD, E[Z(u)]=p

Cov[Z(u), Z(u+ h)] = 0% - ps(h)

Parameter # = (1 : nugget, ! : range)
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Example : terrain elevation

= Grid of 5m resolution ' e

= Created from aerial

photography o |
A
= Uncertainty : measure errors + e
interpolation errors lmm 185000
0m

137 56
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Example : terrain elevation
Spatial model input : Digital Elevation Model

Grid of 5m resolution

Created from aerial

photography

Uncertainty : measure errors + e .

interpolation errors - 1:As000
S om

Modelling uncertainty on spatial model input.

500 ground-validation points
Estimation of mean error

Estimation of covariance function

Wlarcly, 235, 2011 GOR MASCOT NUM
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Model output : random field Y'(u)

D C RQ //_ Eases
e
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Model output : random field Y'(u)

DeR? T
Nt Wil \/

= Variance at point u :

oy (u) = Var [Y(u)]
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Model output : random field Y'(u)

De R2 st e
ey )

N
(.
o= Y (u)du)
é’ _[/

Pon o

= Variance at point u :
oy (u) = Var [Y(u)]
— 0%, (Z stationary GRF)
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Model output : random field Y'(u)

DCRQ //___h“-——h
Sl )

/
é’ o = f}(u) fu(\

..... 1 Variance at point u :
oy (u) = Var [Y(u)]
= 05 (Z stationary GRF)

u Block variance :

o2 (Q) = Var[Yq]
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Let u ¢ D.
Output of interest : Y(u}
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Point-based and zonal sensitivity indices

| Definition (Point-b

Let u ¢ D.
Output of interest : Y(u}

ased sensitivity indices)

_ var[E(Y(u) | X)]
var[Y(u)]

Wlarcly, 238, 2011 GOR MASCOT NUM 15/ 58



Soie prapertics

Point-based and zonal sensitivity indices

Conclusion

Let 2 C D.

QOutput of interest : Y = % | Y{u)du
uell '
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Point-based and zonal sensitivity indices

9 Let QC D.
Output of interest : Yo =& [ Y(u) du

e e vat[El Ve | £}
>z(%2) = var [ Yo]
5x(Q) = var [E(Yq | X)]

var [ Yao]

March, 23, 2011
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Random field E7 Y (u)
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Random field E7 Y (u)

Let £z Y(u) be defined by :

YueD, EzY{(u)=£E[Y(u)|Z(u)]
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Random field E7 Y (u)

Let £z Y(u) be defined by :

YueD, EzY(u)=E[Y(w)|Z()] = [Z(v)]
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Motivalions Paint-based and zonal

® Random field Ez Y (u)

Some properics Canelusion

Y

Let £z Y(u) be defined by :

YueD, EzY(u)=E[Y(w)|Z()] = [Z(v)]

with
#) = [ w002)-p(x)

xelgd

March, 23, 2011
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Random field E7 Y (u)
| Definition
| Let E7Y(u) be defined by :
YueD, EzY(u)=E[Y(w)|Z()] = [Z(v)]

with
#(z) = / ¥(x, 2) - p(x) dx

xelEd

EzY =(Z)

— transformation of a Gaussian random field
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Foinl-based and zonal sensil;u‘vii.y;-'indims
Random field E7 Y (u)

DcR? s

\, T B

/’EZYQ - f E7Y(u)du<
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Seme properics
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Random field E7 Y (u)

D &= RQ /”—____h-——-____\

\" EAY(U,) ;

/’EZYQ ‘ﬂfE7Y(u)dﬂ<

m Variance at point v :

o,y (1) = Var [E (Y(u)|Z(u))]

March, 230 2011 GOR MASCOT NUM 15/ 58



Molivaliohs Point-based and zonal sensilivily indices Some properacs Conelusion

Random field E7 Y (u)

D c RQ /"—_ PR

\" EAY(U,) ;

/’EZYQ —ﬂfE7Y(u)dﬂ<

n Variance at point v :

o,y (1) = Var [E (Y(1)|Z(u))]

= J%ZY (Z stationary GRF)
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Random field E7 Y (u)

D &= RQ AR

/ -

\" EAY(U,) ;

(
/’EZYQ —ﬂfE7Y(u)dﬂ\

1 Variance at point v :

o,y (1) = Var [E (Y(1)|Z(u))]

= J%ZY (Z stationary GRF)

1 Block variance ;
02, v(Q) = Var[(EzY)a] = Var[Ez(Ya)]
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Point-based and zonal sensitivity indices

| Definition
Let u c D.
Output of interest : Y(u)

ised sel

o var[E(Y(4) | 2)

)= var [Y(u)]
_var [E(Y(u) | X)]

() = — )
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Point-based and zonal sensitivity indices

Defir

Let u c D.
Output of interest : Y(u)

L vrlE (@) | 2)] Ry
28] = var [Y(u)] - ol
_var [E(Y(u) | X)]

() = — )
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Point-based and zonal sensitivity indices

Definition (Point-based sensitivity.

Let u c D.
Output of interest : Y(u)

L var[E(Y(@) | 2)] _ by
>z(u) = var[Y(u)] 0%
_var[E(Y(u) | X)] _ var[E(Y() [ X]]
i) = var [Y(u)] B Ty
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Point-based and zonal sensitivity indices

Definition (Point-based sensitivity.

Let u c D.
Output of interest : Y(u)

BV 2] oy )
BT =%
) = P ECW) X)) warECO X _ g

var [Y(u)] gy
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Point-based and zonal sensitivity indices

o Definition (Zonal sensitiv
Let © C D.

Output of interest : Yo = & [ Y(u)du
e}

var [E(Yq | Z)]
var [ Yol

52() =

_ var[E(Ye | X)]

3x($2) var [ Yo]
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Point-based and zonal sensitivity indices

Definition (Zonal sensit
Let © C D.

Output of interest : Yo = & [ Y(u)du
e}

var [E(Ya | 2)] _ o&v(Q)
var [ Yol 72 (Q)

52() =

_ var[E(Ye | X)]

3x($2) var [ Yo]
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Point-based and zonal sensitivity indices

Definition (Zonal sensitivity indices)
Let Q C D.
Output of interest : Yo = & [ Y(u)du
e}
var[E(Ya | 2)] _ 03,,(9)

5z(82) = var[Yo]  02(Q)

_ var[E(Ye | X)] _ var[E(Y() | X]]
var [ Ya] 0%(Q)

S5x()
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Somme propertics

Point-based and zonal sensitivity indices

Using previous notations :

S:Q) _ Sz ok
SX(Q) SX O'-EZY

March, 230, 2011

Conclusion
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Motivations and notations

Point-based and zonal sensitivity indices

Some properties of zonal sensitivity indices

8 Conclusion
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Properties of zonal sensitivity indices

March, 230, 2011 GOR MASCOT NUM 24§ 56



Motivalions Ponl-based and conal sensilbivily indices S'ome'-pmpe,rt'»’&s Conelusion

Properties of zonal sensitivity indices

m Zonal sensitivity indices depend on J%ZY(Q)
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Properties of zonal sensitivity indices

w Zonal sensitivity indices depend on ozEZY(Q)

il O’%ZY(Q) depends on the covariance function of RF £; Y(u)
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Properties of zonal sensitivity indices

w Zonal sensitivity indices depend on ozEZY(Q)

m o%zY(Q) depends on the covariance function of RF £; Y(u)

= We have EzY = 4(2)
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Molivaliohs Poinl-based and conal sensibvity indices Seme properiics Conelusion

Properties of zonal sensitivity indices

Zonal sensitivity indices depend on ozEZY(Q)
s 0,y($) depends on the covariance function of RF £7 Y (u)
= We have EzY = 4(2)

» Condition on )

7 ?(z) - n(z) dz < x

where n(.} is the A7(0,1) pdf.

Wlarcly, 238, 2011 GOR MASCOT NUM 24 F g
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Y

Hermite polynomials

Some properiics

Conelusion

Consider sequence (), .. such that :

March, 23, 2011
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Hermite polynomials
Definition (Sequence of normalized Hermite polynomials)

Consider sequence (x«),.. such that:

Vk € N,

Property

The sequence (x ) forms an orthonormal basis of Hilbert space
L2(A)

PAN)={f: R +E tqg f f2(z) - n(z)dz < <

Marel, 230, 2011 GER MASCOT NUM S
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Properties of random field £z Y (u)

March, 23, 2011 GOR MASCOT NUM

Some properiics

Conelusion
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Properties of random field £z Y (u)
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W € L12(N) and EzY = 9(Z), thus :

_ 0
V=) Ax: Xk
k—0

March, 23, 2011

with Ay, = E [Xk . T_‘

Conclusion
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Motivalions Foil

il and conal sensitivily indices Sorme propertics

Properties of random field £z Y (u)

Conelusion

W € L12(N) and EzY = 9(Z), thus :

o0 o
P = Z Ak Xk with A\, = E [Xk o4
k—0 )

Ex¥iu) = 5 e [200)] vueD
k=0

March, 23, 2011
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Motivalions Point-based and conal sensilivity indices Sorme propertics Conelusion

Properties of random field £z Y (u)

i € I2(N) and EzY = $(Z), thus :

-— OO .
= Z Ak " Xk with A, = E [Xk P
- 3
EzY(u) =D M i [Z(w)] YueD

YueD., Cov[EzY(u).EzY(u+h)]= z X2 - adk . ph(h)

March, 230, 2011 I
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Influence of range /

» Assume : ¥h > 0,
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Influence of range /

» Assume : ¥h > 0,
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o an | cotial cepeil

1l _ .:: Jm

&

Influence of range /

Jpe
A Yh>0 ——
= Assume : ol

dol . (Q)
| zV
= then 57

2 []

> 0, thus :

March, 23, 2011

(h) >0

>0

%M<mpﬁmeﬁ

Conelusion
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Influence of range /

- Property
5
Assume : ¥h > 0, ﬁ(h) >0 pa(h)
g0 (Q) /
then % > 0, thus : 1-n
d |52(£2)
o1 0 : -;h
B [sx(m - ;

Short range / — averaging of local errors — low Sz(02)

Long range / — no averaging of local errors — high Sz(£1)

Wlarcly, 238, 2011 GOR MASCOT NUM
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Influence of range / - numerical example

exponential covariance p(h)

support 2 =1

Variance of Yu 1 Zaonal sensitivity indices

T T
5 L1 Cantribution of X

O x.Zinteractions —
e o i

O Contribution ot Z 83

|

| N HEG i

3 3 P I 1€ 2 LS 11 15

Variogram range {(m) Yariogram range {m)
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Change of support

March, 23, 2011

Some properiics

Conelusion
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Motivalions Point-based and conal sensilivi 1dices %amcmparm Conclusion

w Let 2 < D and © homothetic transformation
T of 2 of center O and ratio 7 > 1.

QI

March, 23, 2011
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Motivalions Poini-bazed and conal sensitivily indices Sorme propertics Conclusion

Y

Change of support

w Let 2 < D and © homothetic transformation

_-._.;‘_-:;? of 2 of center O and ratio 7 > 1.
A hat : Vh > 0 apg(h) <0 /
ssume that : -
B SOk Q)

March, 23, 2011
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Change of support

. Property

Let @ — P and ©' homothetic transformation
of 2 of center O and ratio 7 > 1.

Assume that : VA > 0, E(h) <0 Q’
Then 0 (') < 6 (), thus : Q
SHQ)  SAQ)

5 = 5x(Q)

Marel, 230, 2011 GER MASCOT NUM 29 7 55



Molivaliohs Point-based and sonal sensilivily indices Seme properiics Conelusion

Change of support

. Property
Let @ — P and ©' homothetic transformation

of 2 of center O and ratio 7 > 1.

()
Assume that : VA > 0, %(h) <0 Q’

Then 0 (') < 6 (), thus : Q

52(%) P 52(9)
Sx(2)  5x(Q)

Larger zone 2 — averaging of local errors — lower 5z(£2)

Marel, 230, 2011 GER MASCOT NUM 297
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Motivalions Poinl-based and conal sensilivily indices S’oma:-pmpenms Conelusion

Change of support - numerical example

March, 23, 2011

407 58



Motivalions Ponl-based and conal sensilbivily indices S'ome‘-pmpe,rti’m

Change of support - numerical example

= Exponential covariance p(h)
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Molivaliohs Ponl-based and conal sensilbivily indices Seme properiics Conelusion

Change of support - numerical example

Q 9 = Exponential covariance p(h)

w Zones Q; to Qg of increasing size
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Molivaliohs Poinl-based and conal sensibvity indices Seme properiics Conelusion
Change of support - numerical example
Exponential covariance p(h)
a0 w Zones Q; to Qg of increasing size

Outputs of interest Yo, to Yo, :

Marel, 230, 2011 GOR MASCOT NUM 407 58



Molivaliohs Point-based and sonal sensilivily indices Seme properiics Conelusion

Change of support - numerical example

Variance of Y Zonal sensitivity indices

153 =l e = 2
_| Contribution of X SZ-{:Q) +
o _1 X.Zinteractions (= 1z
i el + | Cantribution of Z 1
it
O LG = _.I_ —_— a4
g m il g
= =
B |
o — N [P _ Lo
=5
=E 3 re - + Foas
|| A E E b Sx(€2)
1 1 oy T Lo = |—| e = |—| |— 1
; -Ii II'J kS II7 Ilz'i Jld \I/ 2' -I| al l; 1z |I3 & 3:2
Radius of zone Omega (m) Radius of zone Omega (m)
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Motivalions Poinl-based and conal sensilivily indices S’oma‘-mpentib&

Approximation of zonal indices on a grid
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Motivalions Ponl-based and conal sensilbivily indices S'ome'-pmpe,rt'»’&s

Approximation of zonal indices on a grid

m Zone €} represented on a linear grid

Al

¥ Zone £2
* constituge de
P =p?pixels

March, 230, 2011 GOR MASCOT NUM
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Molivaliohs Ponl-based and conal sensilbivily indices Seme properiics

m Zone €} represented on a linear grid

Al

o7 4
¥ . Zone {2

- constituée de
P =p?pixels

|

= Approximation of output of interest : Yo =

March, 23, 2011 GOR MASCOT MUM
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Molivaliohs Poinl-based and conal sensibvity indices Seme properiics Conelusion

Approximation of zonal indices on a grid

m Zone § represented on a linear grid

N
g ' . Zone §2
" constituée de
P =p?pixels
g
- 1 P
= Approximation of output of interest : Yo = 5 > Y(p;)
i=1

= Approximation of zonal sensitivity indices : S¢ = Sx(Vq)

u Bias ¢ (for 4 linear) :
[

© | X

e
P

Marel, 230, 2011 GOR MASCOT NUM



IMolvalicns Ponl-based and conal sensilbivily indices

Other properties (ongoing work)

March, 23, 2011 GOR MASCOT NUM

Some properiics

Conelusion

KER



Molivaliohs Ponl-based and conal sensilbivily indices Seme properiics

Other properties (ongoing work)

m Fields of point-based sensitivity indices
= linking vocabulary of geostatistics and sensitivity analysis
m properties of Sx{u) and Sz{(u)7
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Molivaliohs Poinl-based and conal sensibvity indices Seme properiics Conelusion

Other properties (ongoing work)

Fields of point-based sensitivity indices

linking vocabulary of geostatistics and sensitivity analysis
m properties of Sx{u) and Sz{(u)7

= Estimation of zonal sensitivity indices

various technigues for spatial inputs
= sampling random field Z(u)?

Marel, 230, 2011 GOR MASCOT NUM KET
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Tdetivalions Point-based and conal sensilivily indices é’ome:mpenm Conelusion

Motivations and notations

Point-based and zonal sensitivity indices

=l Some properties of zonal sensitivity indices

8 Conclusion

March, 23, 2011
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IMolvalicns Ponl-based and conal sensilbivily indices

First answers to the modeler
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Molivaliohs

Wlarcly, 238, 2011

Poinl-based and conal sensibvity indices Seme properlics

First answers to the modeler

Maps of peint-based sensitivity indices

[ T o e

Indice total :
carte des enjeux

Indice de Sobel tatal
0.0z
uz-ua
Bos-08
B 0G-E
-0
4

[ i

GER MASCOT NUM
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Modivalicns Poinl-based and conal sensilivily indices Same properlics Conclusion

First answers to the modeler
[l Maps of point-based sensitivity indices

4 Zonal sensitivity indices depend on the chesen spatial support 02

Annual damage
{eures)
204
Orh river b
[ T
| BRUURR
B - rcocn

Mediterranean
sea
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Molivaliohs Ponl-based and conal sensilbivily indices Seme propertics Canclusion

First answers to the modeler

Maps of peint-based sensitivity indices

4 Zonal sensitivity indices depend on the chesen spatial support 02
= Individual stake : most important model input = water level

Zonal sensitivity

indices {4ha zane}—, Annual damage

e | | {eures)
204
T ,‘.|_- Orb river N
e | [ T
| BRUURR
e | B -
4|

Mediterranean
sea
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MModivalions

Foinl-based and conal sensitivily indices

First answers to the modeler

Some properlics

Maps of peint-based sensitivity indices

Zonal sensitivity indices depend on the chosen spatial support Q
Individual stake : most important model input = water level
District : most important model input = flood return period

Zonal sensitivity
indices {4ha zane}—, Annual damage
e |2 | {euros)
=10
wor [ [ ort river &
e [ | ‘- ece
B o - e
st [ B - cnn
Zonal sensitivity

indices {district
s
M
koo
Crghe |

Mrars ¢

March, 23 2011

Mediterranean
sea
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Mativalions Paint-bazed and conal sensitivily indices Same properlics

Variance-based spatial sensitivity analysis ?

March, 23, 2011
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Molivaliohs Ponl-based and conal sensilbivily indices Seme propertics

Variance-based spatial sensitivity analysis ?

[l Need for UA/SA tools in environmental modeling

= Spatial uncertainties are everywhere
© Models used for decision-making
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MModivalions Foinl-based and conal sensitivily indices Some properlics Conelusion

Variance-based spatial sensitivity analysis?

Need for UA/SA tools in environmental modeling

Spatial uncertainties are everywhere
Models used for decision-making

| Results

Ranking of model inputs at different spatial scale
Interactions between model inputs
Spatial structure of sensitivities, change of support. ..

March, 23t 2011 GOR MASCOT MU 37
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MModivalions Foinl-based and conal sensitivily indices Some properlics Conelusion

Variance-based spatial sensitivity analysis?

Need for UA/SA tools in environmental modeling

Spatial uncertainties are everywhere
Models used for decision-making

Results

Ranking of model inputs at different spatial scale
Interactions between model inputs
Spatial structure of sensitivities, change of support. ..

Limits
High CPU cost
& Point-based » model only

March, 23t 2011 GOR MASCOT MU 37
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Foinl-based and zonal sensitivily indices Some properlics Conelusion
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Indices de sensibilité {Sobol) (1/5)

Soit le modele Y = F(X1,...,X,) avec Xi € Ret X; L X;.

Warcl, 23t 2011 GOR MASCOT NUM 40§ 56



Indices de sensibilité {Sobol) (1/5)

Soit le modele Y = F(X1,...,X,) avec Xi € Ret X; L X;.

Si f est de carré intégrable, elle peut se décomposer {Hoeffding,
1948) en :

P
Flot o) = fot D Fl6) + Y Filx) +oo ot Aol o)
i=1 1=i<j<p
Marel, 230, 2011 GOR MASCOT NUM
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Indices de sensibilité {Sobol) (2/5)

La décomposition est unique sous |la condition :

Vuc {l,....p}. Vieu, Ex[f,]=0
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Indices de sensibilité {Sobol) (2/5)

La décomposition est unique sous |la condition :

Vuc {l,....p}. Vieu, Ex[f,]=0
fo = E[Y]
fi(Xi) = E[Y|Xi] — fo (1)

(X, X)) = E[YX. X - fi— = fo

Marel, 230, 2011 GOR MASCOT NUM
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Indices de sensibilité {Sobol) (2/5)

La décomposition est unique sous |la condition :
Vuc {l,....p}. Vieu, Ex[f,]=0

On a alors £, L f, et :

fo = E[Y]
fi(Xi) = E[Y|Xi] — fo (1)
(X %) = EIY X Xj] — fi— — &

La variance de Y se décompose alors en :

ZV(*‘)Jr Y. V() +.+ V(R ()

1<i<f=p

Wlarcly, 238, 2011 GOR MASCOT NUM
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Indices de sensibilité {Sobol) (3/5)

Pour u C {1,..., p}, on définit

I'indice de sensibilité S, du groupe de variables (X;);cy :
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Indices de sensibilité {Sobol) (3/5)

Pour u C {1,..., p}, on définit

I'indice de sensibilité S, du groupe de variables (X;);cy :

Marel, 230, 2011 GOR MASCOT NUM

3 sn



Indices de sensibilité {Sobol) (4/5)

Pour un modéle a p variables d’entrées indépendantes :

T=514es st Sgfrb 51
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Indices de sensibilité {Sobol) (4/5)

Pour un modéle a p variables d’entrées indépendantes :

T=514es st Sgfrb 51

plus l'indice est grand, plus la variable ou le groupe de variables est
important vis a vis de |a variance de Y

Marel, 230, 2011 GOR MASCOT NUM
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Indices de sensibilité {Sobol) (5/5)
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Indices de sensibilité {Sobol) (5/5)

V(f)  Var[E(Y | Xi)]

o V(Y)  Var(Y)

= réduction espérée de la variance si I'on fixe Xj

March, 23, 2011




= Indices de sensibilité {Sobol) (5/5)

et o _ V() _ Var[E(Y | X)]
V(YY) Var(Y)

= réduction espérée de la variance si I'on fixe Xj

STi=5+S51+S24++51. 4

= variance résiduelle de Y lorsque tous les X; sauf X; sont fixés

March, 23, 2011




Indices de sensibilité : intuition

pix)

L
Xy~ .4y
pix)
b
Xy~ 4
pix)
X

Xy~ 4y

March, 23, 2011 GOR MASCOT MUM
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Indices de sensibilité : intuition

pix)

L
pix)
\ ; ﬁ>
pix)

Xy~ 4y
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Indices de sensibilité : intuition

pix)
X =3
L
pix)
\ ; ﬁ>
pix)

Xy~ 4y

Marel, 230, 2011 GOR MASCOT NUM
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Indices de sensibilité : intuition

pix)
X =3
L
pix)
\ ; ﬁ>
pix)

Xy~ 4y

Marel, 230, 2011 GOR MASCOT NUM
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Indices de sensibilité : intuition

pix)
X, =3
L
pix)
\ x >
pix)
/\ X

Marel, 230, 2011 GOR MASCOT NUM

Indice de sensibilite
de premier ordre S,

pix)
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Réduction espérée de
fa variance de ¥
lorsgue X1 est fixé
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Indices de sensibilité : intuition

pix)

L
pix)
\ ; ﬁ>
pix)

Xy~ 4y
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Indices de sensibilité : intuition

pix)

L
pix)
X,=1.5 E
b
pix)
X,=6
X

Marel, 230, 2011 GOR MASCOT NUM
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Indices de sensibilité :

pix)

pix)

pix)

Wlarcly, 238, 2011

intuition

GER MASCOT NUM

Indice de sensibilité
total 5T,

pix)
y

j FL ¥
Yo

Variance résiduelie de 'Y
forsgue X2 et X3 sont fixés

45 7
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Indices de sensibilité : estimation
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Estimation de l'indice de sensibilité S

Rappel : indices de sensibilité estimés par une procédure de type
Monte-Carlo (Sobol)

Altitude (m) swinn [o—

TiBS
. 70m | [PTURTEE [P—
S oom | [r— [T

Marel, 230, 2011 GOR MASCOT NUM
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Estimation de l'indice de sensibilité S

Rappel : indices de sensibilité estimés par une procédure de type
Monte-Carlo (Sobol)

= Approche 1 : considérer Z comme un groupe de variables

Altitude (m) swinn [o—

TiBS
. 70m | [PTURTEE [P—
S oom | [r— [T

Wlarcly, 238, 2011 GOR MASCOT NUM
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Estimation de l'indice de sensibilité S

Rappel : indices de sensibilité estimés par une procédure de type
Monte-Carlo (Sobol)

= Approche 1 : considérer Z comme un groupe de variables
= Approche 2 : variable fonctionnelle, « non contrdlable »

Altitude {m) e i

165000 et I s
. 70m | [PTURTEE [P—
0 B corvring 0 ED SN ,‘l

Wlarcly, 238, 2011 GOR MASCOT NUM
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Estimation de l'indice de sensibilité S

Approche 1 : considérer Z comme un groupe de variables :
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Estimation de l'indice de sensibilité S

Approche 1 : considérer Z comme un groupe de variables :

Z=(Z.....7m)

= méthode brute : Z; valeur du champ en un pixel, variables non
indépendantes (Jacques et al.) — M trés grand

Marel, 230, 2011 GOR MASCOT NUM
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Estimation de l'indice de sensibilité S

Approche 1 : considérer Z comme un groupe de variables :

Z=(Z.....7m)

= méthode brute : Z; valeur du champ en un pixel, variables non
indépendantes (Jacques et al.) — M trés grand

Z; valeurs en différentes zones, indépendantes (Volkova et al.)
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Estimation de l'indice de sensibilité S

Approche 1 : considérer Z comme un groupe de variables :

A

« méthode brute : Z; valeur du champ en un pixel, variables non
indépendantes (Jacques et al.) — M trés grand

Z; valeurs en différentes zones, indépendantes (Volkova et al.)

projection sur une base : Z; indépendantes (Busby et al.)

Wlarcly, 238, 2011 GOR MASCOT NUM
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Estimation de l'indice de sensibilité S

Approche 2 : variable fonctionnelle, &« non contréfable »
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Estimation de l'indice de sensibilité S

Approche 2 : variable fonctionnelle, &« non contréfable »

w variable « interrupteur » (Crosetto et al., 2001)
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Estimation de l'indice de sensibilité S

Approche 2 : variable fonctionnelle, &« non contréfable »
1 variable « interrupteur » {Crosetto et al., 2001)

= méthode par scénario (Ruffo et al., 2004)

Marel, 230, 2011 GOR MASCOT NUM
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Estimation de l'indice de sensibilité S

Approche 2 : variable fonctionnelle, &« non contréfable »
1 variable « interrupteur » (Crosetto et al., 2001)
« méthode par scénario (Ruffo et al., 2004)

w jeu de n cartes équiprobables (Lilburne & Tarantola, 2009)
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Estimation de l'indice de sensibilité S

Approche 2 : variable fonctionnelle, &« non contréfable »
variable « interrupteur » (Crosetto et al., 2001)
« méthode par scénario (Ruffo et al., 2004)
jeu de n cartes équiprobables (Lilburne & Tarantola, 2009)

= méta-modeéles joints (looss & Ribatet, 2009)

Wlarcly, 238, 2011 GOR MASCOT NUM
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Indices de sensibilité généralisés (Lamboni, 2010)
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Indices de sensibilité généralisés (Lamboni, 2010)

= Analyse en Composantes Principales sur Y multivarié
» P variables : Y{u),..., Y(up) (P pixels)
= N individus : les M runs du modéle
» K composantes Y; = (Y& 1,..., Yen) de poids py
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Indices de sensibilité généralisés (Lamboni, 2010)

= Analyse en Composantes Principales sur Y multivarié

» P variables : Y{u),..., Y(up) (P pixels)
= M individus : les M runs du modéle
w K composantes Y = (Yk1,..., Yan) de poids py

= Indices de sensibilité Sf[k) = 5(Yy)
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Indices de sensibilité généralisés (Lamboni, 2010)

= Analyse en Composantes Principales sur Y multivarié

s P variables : Y{u1),..., Y(up) (P pixels}
= N individus : les M runs du modeéle
» K composantes Y; = (Y&1,..., Yen) de poids py

Indices de sensibilité Sf[k) = 5(Ye)

55 =% o

Wlarcly, 238, 2011 GOR MASCOT NUM
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Changements d’échelle

Le champ Z est d’autant moins influent que la zone £ est grande.

March, 23, 2011 GOR MASCOT MUM
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Changements d’échelle

Le champ Z est d’autant moins influent que la zone £ est grande.

m Zone Q grande
— compensation des erreurs locales
— faible influence de Z

Marel, 230, 2011 GOR MASCOT NUM
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Cartes d'indices de Sobol a différentes échelles

Périodes de retour

Enjeux

W
b
"-f'“ 3
i a
4 ha e |
“ v
¥,

augracntation

256 ha
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Endommagement
Indice de sensibilité
s total par rapport
5 aux DEMA
X
i i 1 0l
a b
% - 02
I 0.4
" .5
0.8
alg e zaticr
W e
W
256 ha
0 5km
RN
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Indices de sensibilité moyens

=
O s=4ha
O s=16ha
R -
= O s=64ha
O s-256ha
g = i liias B Zone lotale de 10 000 ha
o
[}
(R e
[}
=
(=}
Enjoux Pariodes Endommagement MNT C_infini
X1 x2 xa X4 x5
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Influence de la discrétisation du champ Z

m Discrétisation de la zone © supposée carrée

™

P

i Zone £2
i ” constituée de
. ‘ P = p*pixels

Pl
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Influence de la discrétisation du champ Z

m Discrétisation de la zone © supposée carrée
™
it | Zone £2
| constituée de
P = p®pixels

o P
m Dommage moyen approché : Yo = % z Y{(pi)
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Influence de la discrétisation du champ Z

m Discrétisation de la zone © supposée carrée

™

it . Zane £2
| constituée de
P = p®pixels
g
P
Dommage moyen approché : Yo = ﬁ ; Y{(pi)

Hauteur d’eau moyenne approchée : Zg — % Z Z(pi)
i=1
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Influence de la discrétisation du champ Z

m Discrétisation de la zone © supposée carrée

™

it . Zane £2
| constituée de
P = p®pixels
g i
Dommage moyen approché : Yo = ﬁ ; Y{(pi)
Hauteur d'eau moyenne approchée : = ,l:, Z Z(pi)
+ Indices de sensibilité approchés : §2 = Sx(VYq)
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Influence de la discrétisation du champ Z

me=57-35°

P
= e linéaire en : % + |3} — & ,Zl’}'_(d o
o

w lim ¢ =0, vitesse de convergence en %

el
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