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� Standard Standard Standard Standard GaussianGaussianGaussianGaussian processprocessprocessprocess modelingmodelingmodelingmodeling
� Quick Quick Quick Quick reviewreviewreviewreview
� TowardsTowardsTowardsTowards incorporation of incorporation of incorporation of incorporation of constraintsconstraintsconstraintsconstraints

� LinearLinearLinearLinear constraintsconstraintsconstraintsconstraints for for for for GaussianGaussianGaussianGaussian processesprocessesprocessesprocesses
� TheoreticalTheoreticalTheoreticalTheoretical frameworkframeworkframeworkframework
� NumericalNumericalNumericalNumerical approximationsapproximationsapproximationsapproximations

� ExamplesExamplesExamplesExamples on on on on analyticalanalyticalanalyticalanalytical functionsfunctionsfunctionsfunctions

� Conclusions & Conclusions & Conclusions & Conclusions & outlookoutlookoutlookoutlook
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Standard Gaussian process modeling

� NotationsNotationsNotationsNotations
� Computer codeComputer codeComputer codeComputer code
� InputsInputsInputsInputs
� OutputOutputOutputOutput

� ModelModelModelModel
� Output Output Output Output seenseenseenseen as as as as realizationrealizationrealizationrealization of of of of stationarystationarystationarystationary GaussianGaussianGaussianGaussian processprocessprocessprocess

� ObservationsObservationsObservationsObservations
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Standard Gaussian process modeling

� ConditioningConditioningConditioningConditioning::::

� MLE MLE MLE MLE estimatesestimatesestimatesestimates

� PredictorPredictorPredictorPredictor
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Standard Gaussian process modeling

� WhyWhyWhyWhy accountingaccountingaccountingaccounting for for for for constraintsconstraintsconstraintsconstraints ????

� PhysicsPhysicsPhysicsPhysics / / / / expectedexpectedexpectedexpected behaviorbehaviorbehaviorbehavior are are are are respectedrespectedrespectedrespected

� ImprovedImprovedImprovedImproved predictionspredictionspredictionspredictions

� RobustnessRobustnessRobustnessRobustness
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Standard Gaussian process modeling

� ProblemProblemProblemProblem alreadyalreadyalreadyalready studiedstudiedstudiedstudied in in in in nonparametricnonparametricnonparametricnonparametric regressionregressionregressionregression

� 1D setting 1D setting 1D setting 1D setting 
� Ramsay 2005, Dette and Ramsay 2005, Dette and Ramsay 2005, Dette and Ramsay 2005, Dette and SchederSchederSchederScheder 2006, Bigot and 2006, Bigot and 2006, Bigot and 2006, Bigot and GadatGadatGadatGadat 2010201020102010

� KernelKernelKernelKernel regressionregressionregressionregression
� ConstraintsConstraintsConstraintsConstraints on on on on weightsweightsweightsweights: Hall and Huang 2001, Racine et al. 2009: Hall and Huang 2001, Racine et al. 2009: Hall and Huang 2001, Racine et al. 2009: Hall and Huang 2001, Racine et al. 2009

� KrigingKrigingKrigingKriging
� DataDataDataData----augmentation: augmentation: augmentation: augmentation: AbrahamsenAbrahamsenAbrahamsenAbrahamsen and and and and BenthBenthBenthBenth 2001200120012001
� WeightsWeightsWeightsWeights: : : : YooYooYooYoo and and and and KyriadisKyriadisKyriadisKyriadis 2006200620062006
� SamplingSamplingSamplingSampling: : : : MichalakMichalakMichalakMichalak 2008, 2008, 2008, 2008, KleijnenKleijnenKleijnenKleijnen and van and van and van and van BeersBeersBeersBeers 2010201020102010
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Standard Gaussian process modeling

� HereHereHereHere, , , , wewewewe propose to propose to propose to propose to keepkeepkeepkeep the the the the conditionalconditionalconditionalconditional expectation expectation expectation expectation 
frameworkframeworkframeworkframework

� ExampleExampleExampleExample for for for for boundboundboundbound constraintsconstraintsconstraintsconstraints

� Links Links Links Links withwithwithwith extrema of extrema of extrema of extrema of randomrandomrandomrandom fieldsfieldsfieldsfields …………

� ………… but no tractable formula for joint distributions in the but no tractable formula for joint distributions in the but no tractable formula for joint distributions in the but no tractable formula for joint distributions in the generalgeneralgeneralgeneral
casecasecasecase
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Standard Gaussian process modeling

� ProposalProposalProposalProposal: : : : discretediscretediscretediscrete----location approximationlocation approximationlocation approximationlocation approximation
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Standard Gaussian process modeling

� ExamplesExamplesExamplesExamples of of of of constrainedconstrainedconstrainedconstrained predictorspredictorspredictorspredictors

� BoundsBoundsBoundsBounds

� MonotonyMonotonyMonotonyMonotony

� ConvexityConvexityConvexityConvexity

� ConservationConservationConservationConservation
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Standard Gaussian process modeling

� RoughlyRoughlyRoughlyRoughly speakingspeakingspeakingspeaking …………

� Standard Standard Standard Standard frameworkframeworkframeworkframework: : : : 
� TakeTakeTakeTake all all all all trajectoriestrajectoriestrajectoriestrajectories whichwhichwhichwhich interpolateinterpolateinterpolateinterpolate the observationsthe observationsthe observationsthe observations
� ComputeComputeComputeCompute the the the the averageaverageaverageaverage to to to to getgetgetget the the the the krigingkrigingkrigingkriging predictorpredictorpredictorpredictor
� (If (If (If (If desireddesireddesireddesired, the variance , the variance , the variance , the variance yieldsyieldsyieldsyields a a a a measuremeasuremeasuremeasure of of of of accuracyaccuracyaccuracyaccuracy))))

� HereHereHereHere::::
� TakeTakeTakeTake all all all all trajectoriestrajectoriestrajectoriestrajectories whichwhichwhichwhich interpolateinterpolateinterpolateinterpolate the observationsthe observationsthe observationsthe observations
� Select Select Select Select thosethosethosethose whichwhichwhichwhich respect the respect the respect the respect the constraintsconstraintsconstraintsconstraints of of of of boundsboundsboundsbounds, , , , monotonymonotonymonotonymonotony, , , , …………
� ComputeComputeComputeCompute the the the the averageaverageaverageaverage to to to to getgetgetget the new the new the new the new krigingkrigingkrigingkriging predictorpredictorpredictorpredictor
� (If (If (If (If desireddesireddesireddesired, the variance , the variance , the variance , the variance yieldsyieldsyieldsyields a a a a measuremeasuremeasuremeasure of of of of accuracyaccuracyaccuracyaccuracy))))
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Outline

� Standard Standard Standard Standard GaussianGaussianGaussianGaussian processprocessprocessprocess modelingmodelingmodelingmodeling
� Quick Quick Quick Quick reviewreviewreviewreview
� TowardsTowardsTowardsTowards incorporation of incorporation of incorporation of incorporation of constraintsconstraintsconstraintsconstraints

� LinearLinearLinearLinear constraintsconstraintsconstraintsconstraints for for for for GaussianGaussianGaussianGaussian processesprocessesprocessesprocesses
� TheoreticalTheoreticalTheoreticalTheoretical frameworkframeworkframeworkframework
� NumericalNumericalNumericalNumerical approximationsapproximationsapproximationsapproximations

� ExamplesExamplesExamplesExamples on on on on analyticalanalyticalanalyticalanalytical functionsfunctionsfunctionsfunctions

� Conclusions & Conclusions & Conclusions & Conclusions & outlookoutlookoutlookoutlook
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Linear constraints for Gaussian processes

� Relevant Relevant Relevant Relevant constraintsconstraintsconstraintsconstraints …………
� BoundsBoundsBoundsBounds

� MonotonyMonotonyMonotonyMonotony

� ConvexityConvexityConvexityConvexity

� ConservationConservationConservationConservation

� ………… are all are all are all are all linearlinearlinearlinear constraintsconstraintsconstraintsconstraints for a for a for a for a multivariatemultivariatemultivariatemultivariate normal normal normal normal 
randomrandomrandomrandom vectorvectorvectorvector
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Linear constraints for Gaussian processes

� Common Common Common Common frameworkframeworkframeworkframework: : : : truncatedtruncatedtruncatedtruncated normal distributionnormal distributionnormal distributionnormal distribution

� GivenGivenGivenGiven a a a a multivariatemultivariatemultivariatemultivariate normal normal normal normal vectorvectorvectorvector …………

� ………… itsitsitsits truncatedtruncatedtruncatedtruncated version has the version has the version has the version has the followingfollowingfollowingfollowing p.d.fp.d.fp.d.fp.d.f....
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Linear constraints for Gaussian processes

� TheoreticalTheoreticalTheoreticalTheoretical resultsresultsresultsresults on on on on truncatedtruncatedtruncatedtruncated normal distributionnormal distributionnormal distributionnormal distribution

� ExtensivelyExtensivelyExtensivelyExtensively studiedstudiedstudiedstudied by Tallisby Tallisby Tallisby Tallis

� Moment Moment Moment Moment generatinggeneratinggeneratinggenerating functionfunctionfunctionfunction

� ExpectationExpectationExpectationExpectation
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Linear constraints for Gaussian processes

� NumericalNumericalNumericalNumerical approximationsapproximationsapproximationsapproximations

� CorrelationCorrelationCorrelationCorrelation----free formulafree formulafree formulafree formula

� GenzGenzGenzGenz approximationapproximationapproximationapproximation
� NumericalNumericalNumericalNumerical integrationintegrationintegrationintegration (up to dimension 1000)(up to dimension 1000)(up to dimension 1000)(up to dimension 1000)

� SamplingSamplingSamplingSampling point of point of point of point of viewviewviewview
� Gibbs' sampler (Robert 1995)Gibbs' sampler (Robert 1995)Gibbs' sampler (Robert 1995)Gibbs' sampler (Robert 1995)
� FastFastFastFast univariateunivariateunivariateunivariate samplingsamplingsamplingsampling algorithmalgorithmalgorithmalgorithm
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Outline

� Standard Standard Standard Standard GaussianGaussianGaussianGaussian processprocessprocessprocess modelingmodelingmodelingmodeling
� Quick Quick Quick Quick reviewreviewreviewreview
� TowardsTowardsTowardsTowards incorporation of incorporation of incorporation of incorporation of constraintsconstraintsconstraintsconstraints

� LinearLinearLinearLinear constraintsconstraintsconstraintsconstraints for for for for GaussianGaussianGaussianGaussian processesprocessesprocessesprocesses
� TheoreticalTheoreticalTheoreticalTheoretical frameworkframeworkframeworkframework
� NumericalNumericalNumericalNumerical approximationsapproximationsapproximationsapproximations

� ExamplesExamplesExamplesExamples on on on on analyticalanalyticalanalyticalanalytical functionsfunctionsfunctionsfunctions

� Conclusions & Conclusions & Conclusions & Conclusions & outlookoutlookoutlookoutlook
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Examples on analytical functions

� 1D 1D 1D 1D stationarystationarystationarystationary functionfunctionfunctionfunction

� n = 10 observations (n = 10 observations (n = 10 observations (n = 10 observations (atatatat randomrandomrandomrandom))))
� GaussianGaussianGaussianGaussian correlationcorrelationcorrelationcorrelation functionfunctionfunctionfunction
� BoundBoundBoundBound constraintsconstraintsconstraintsconstraints: positive / : positive / : positive / : positive / negativenegativenegativenegative
� N = 20 N = 20 N = 20 N = 20 constraintconstraintconstraintconstraint locations (locations (locations (locations (equallyequallyequallyequally spacedspacedspacedspaced))))
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Examples on analytical functions

Q2 = 0.021

(uncons)

Q2 = 0.83

(correlation-

free)

Q2 = 0.98

(Genz / 
sampling)
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Examples on analytical functions
Gaussian covariance, bound constraints

Matérn 3/2 covariance, bound constraints
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Examples on analytical functions

� 1D non1D non1D non1D non----stationarystationarystationarystationary functionfunctionfunctionfunction

� n = 15 observations (n = 15 observations (n = 15 observations (n = 15 observations (atatatat randomrandomrandomrandom))))
� GaussianGaussianGaussianGaussian correlationcorrelationcorrelationcorrelation functionfunctionfunctionfunction
� BoundBoundBoundBound constraintsconstraintsconstraintsconstraints: positive / : positive / : positive / : positive / negativenegativenegativenegative
� N = 20 N = 20 N = 20 N = 20 constraintconstraintconstraintconstraint locations (locations (locations (locations (equallyequallyequallyequally spacedspacedspacedspaced))))
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Examples on analytical functions

Q2 = 0.43

(uncons)

Q2 = 0.84 

(Genz / 
sampling)
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Examples on analytical functions

Matérn 3/2 covariance, bound constraints
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Examples on analytical functions

� 1D non1D non1D non1D non----stationarystationarystationarystationary functionfunctionfunctionfunction

� n = 15 observations (n = 15 observations (n = 15 observations (n = 15 observations (atatatat randomrandomrandomrandom))))
� GaussianGaussianGaussianGaussian correlationcorrelationcorrelationcorrelation functionfunctionfunctionfunction
� SeveralSeveralSeveralSeveral constraintsconstraintsconstraintsconstraints

� BoundsBoundsBoundsBounds (positive / (positive / (positive / (positive / negativenegativenegativenegative))))
� 1111stststst orderorderorderorder derivativederivativederivativederivative ((((increasingincreasingincreasingincreasing / / / / decreasingdecreasingdecreasingdecreasing))))
� 2222ndndndnd orderorderorderorder derivativederivativederivativederivative ((((convexconvexconvexconvex / concave)/ concave)/ concave)/ concave)

� N = 20 N = 20 N = 20 N = 20 constraintconstraintconstraintconstraint locations (locations (locations (locations (equallyequallyequallyequally spacedspacedspacedspaced))))
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Q2 = 0.43

(uncons)

Q2 = 0.84

(bound constraints)

Q2 = 0.95

(bounds + deriv.)

Q2 = 0.98

(bounds + deriv. + 
convexity)
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Examples on analytical functions

� Successive incorporation of Successive incorporation of Successive incorporation of Successive incorporation of constraintsconstraintsconstraintsconstraints (n=15, N=20)(n=15, N=20)(n=15, N=20)(n=15, N=20)
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Examples on analytical functions

� 2D 2D 2D 2D Schwefel'sSchwefel'sSchwefel'sSchwefel's functionfunctionfunctionfunction
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Examples on analytical functions

Gaussian covariance, bounds Matérn 3/2 covariance, bounds
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Conclusions

� New New New New theoreticaltheoreticaltheoreticaltheoretical frameworkframeworkframeworkframework for for for for incorporatingincorporatingincorporatingincorporating constraintsconstraintsconstraintsconstraints
in in in in GaussianGaussianGaussianGaussian processprocessprocessprocess modelingmodelingmodelingmodeling
� ThreeThreeThreeThree dedicateddedicateddedicateddedicated numericalnumericalnumericalnumerical approximationsapproximationsapproximationsapproximations

� ResultsResultsResultsResults on on on on analyticalanalyticalanalyticalanalytical functionsfunctionsfunctionsfunctions are are are are promisingpromisingpromisingpromising
� ImprovedImprovedImprovedImproved predictivitypredictivitypredictivitypredictivity whenwhenwhenwhen the the the the numbernumbernumbernumber of simulations of simulations of simulations of simulations isisisis smallsmallsmallsmall
� More More More More robustrobustrobustrobust
� PredictionsPredictionsPredictionsPredictions are consistent are consistent are consistent are consistent withwithwithwith respect to respect to respect to respect to physicsphysicsphysicsphysics

� PaperPaperPaperPaper submittedsubmittedsubmittedsubmitted to to to to specialspecialspecialspecial issue of "Annales de la issue of "Annales de la issue of "Annales de la issue of "Annales de la 
facultfacultfacultfacultéééé des sciences de Toulouse"des sciences de Toulouse"des sciences de Toulouse"des sciences de Toulouse"
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Outlook

� ConstrainedConstrainedConstrainedConstrained estimation of estimation of estimation of estimation of hyperparametershyperparametershyperparametershyperparameters

� TheoreticalTheoreticalTheoreticalTheoretical and and and and numericalnumericalnumericalnumerical studystudystudystudy on on on on constraintconstraintconstraintconstraint
locations locations locations locations 
� CurrentCurrentCurrentCurrent resultresultresultresult to to to to bebebebe refinedrefinedrefinedrefined: : : : veryveryveryvery few few few few uniformuniformuniformuniform locations locations locations locations seemseemseemseem

to to to to bebebebe sufficientsufficientsufficientsufficient

� Convergence proof to Convergence proof to Convergence proof to Convergence proof to justifyjustifyjustifyjustify discretediscretediscretediscrete----location location location location 
approximationapproximationapproximationapproximation
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