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ANOVA decomposition and Sensitivity Indices

Consider a model

x is a vector of input variables

f(x) is square integrable 1 2
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Evaluation of Sobol’ Sensitivity Indices

Consider two subsets of the total input vector:

Direct formulas for evaluation of Sobol’ Sensitivity indices
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Evaluation of sensitivity indices is reduced to high-dimensional 

integration using MC/QMC methods 



Evaluation of Sobol’ Main Effect Sensitivity Indices

with small values
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Improved formula for evaluation of

Sobol’ Main Effect Sensitivity Indices
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k M 2002)- gives much more accurate results (Kucherenko, Mauntz, 2002)

Additional advantage (Saltelli 2002):

Requires ( +2) model evalution rather thanN nRequires ( 2) model evalution rather than

(2 +1) for original Sobol' formulas.

N n

N n

Improved formulas for small indices: S. Kucherenko: 2002, 2007:

Further improvements: Sobol’ and Mishetskaya 2007, A. Owen 2012



Improved formula for Sobol’ Main 

Effect Sensitivity Indices. Test
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Comparison between improved and original 

formulas for Si
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Monte Carlo integration
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How to improve MC ?
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Decrease ( ) by applying variance reduction techniques:

    antithetic variables;

fσ

control variates    ;

    stratified sampling;

i t li    importance sampling.



Monte Carlo Integration. Variance reduction. 

Control Variate Method

Define a new function:

The control is sampled along with
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Evaluation of Sobol’ Total Sensitivity Indices

Recall Sobol-Jansen formula for one input variable:
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Evaluation of Sobol’ Total Sensitivity Indices

using control variates approach
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Use the first order terms as “control variates” 
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Improved formula for Sobol’ Total Sensitivity Indices, 

Test: G-function

1

4 2
( ), ( ) ,

1

{0, 1, 4.5, 9, 99, 99, 99, 99}

n
i i

i i i i

i i

i

x a
f g x g x

a

a

=

− +
= =

+

=

∏

.

Comparison of convergences numerically computed total SI to the 

analytical values. Standard – blue, Reduced variance- red.



Improved formula for Sobol’ Total Sensitivity Indices,

Test: G-function
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Root Mean Square Error vs. Number of sampled points 



Improved formula for Sobol’ Total Sensitivity Indices,

Test: G-function
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Improved formula for Sobol’ Total SI,

Test: Modified G-function
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Improved formula for Sobol’ Total Sensitivity Indices,

Test: Modified G-function
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Improved formula for Sobol’ Total Sensitivity Indices,

Test: Modified G-function
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Improved formula for Sobol’ Total Sensitivity Indices,

Test: Ishigami function
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Thank you for your attention !Thank you for your attention !
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