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Motivation

Computational cardiology: multi-scale and multi-physics integrated
models of the hearth (Digital Twin)

• Possible parameter inference via MCMC at cell scale, but hard to
assess the quality of samples (finite computing budget)

• Computational complexity increases at higher scales (compress
samples to use as experimental design)
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Biological Model of Calcium Transients in the Cell

• [Hinch 2004] ordinary differential model, with 6 state variables
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Experimental Investigation and Data

• 3-parts patch-clamp experiment on 20 ventricular myocytes

• Traces of calcium concentration in the cytoplasm
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Statistical Model

• Cell ODE model with unknown parameters x ∈ Rd, d = 38

du

dt
= f(t, u;x)

u(0) = u0

with solution u(t; θ) ∈ R6, and u0 assumed to be known

• Gaussian measurement error model relates the data y to the ODE
(with known σ)

p(y|x) :=
n∏

i=1

1√
2πσ

exp

(
− (yi − u1(ti;x))

2

2σ2

)

• Variability in cell response is explained through different
parameters x
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Bayesian Inverse Model
• Model expert-derived priors and system un-identifiability

• The goal is to obtain samples from the posterior

P : p(x|y) =
p(y|x)p(x)

p(y)

where p(x) is an appropriate prior density

• This raises technical challenges as the normalisation constant

p(y) =

∫

X
p(y|x)p(x)dx

is an intractable d-dimensional integral

• Sampling from P via Markov chain Monte Carlo (MCMC) is a
popular approach which requires only evaluation of the
un-normalised form

p(x) := p(y|x)p(x)
but it is not a silver bullet
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Challenges in Bayesian Inference for ODEs

• Parameters tightly coupled together =⇒ posterior effectively
supported on a sub-manifold of X . See Fisher information matrix:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38

1234567891011121314151617181920212223242526272829303132333435363738

Adjacency matrix,  after thresh

0.0

0.2

0.4

0.6

0.8

1.0

• Gradient-based MCMC can perform poorly (difficult to tune) and
require computing sensitivities of the ODE at high computing cost

• Failure of the ODE solver for u(·;x) can occur for some values of
x ∈ X . Unclear how to address this without introducing bias
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MCMC Cardiac Cell Model

Random walk MCMC run (weeks) for estimatating x (d = 38)
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1 Case A: representative cells

• Cell 9 needs cut of data in current - part A and re-run

• Cells 14 and 18 have less constrained ca↵eine peak through the current (cell died)

• Cell 14 ad 17 have a bit wobbly data in current, part B

• Cell 18 has cut in both concentration and current in part C - do change point detection, but OK, there is
no overlap calcium - current

2
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Optimal Thinning of MCMC Output
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Notation and Problem

“How to remove bias from MCMC output and
provide a compressed representation of the output?”

4 2 0 2 4
x1

3

2

1

0

1

2

3

x 2

P distribution of interest,
supported on Rd
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(Xi)
n
i=1 samples from a P -invariant

Markov chain

• Without MCMC postprocessing

P ≈ 1

n

n∑

i=1

δ(Xi)

→ bias if X1 is sampled ‘far from’ P , and n is small
→ correlated samples worsen quality of Monte Carlo estimators
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(Xi)
n
i=1 samples from a P -invariant

Markov chain

• Traditional postprocessing: estimate b (burn-in) and t (thinning)

P ≈ 1

⌊(n− b)/t⌋

⌊(n−b)/t⌋∑

i=1

δ(Xb+it)

→ burn-in tackles bias, but it increases variance if b is large
→ thinning also tends to increase variance
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Optimal MCMC Postprocessing

Desiderata: Find S = {π(1) . . . , π(m)} ⊂ {1, . . . , n}m, m ≪ n, so that

P ≈ 1

m

m∑

i=1

δ(Xπ(i))
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Idea: Find S by minimizing a discrepancy measure between the empirical
distribution and P

S = argmin
S⊂{1,...,n}

|S|=m

diff︸︷︷︸
(∗)


 1

m

∑

i∈S

δ(Xi), P




Need to specify

1. meaningful and computable discrepancy (∗)
2. optimization procedure
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Stein Thinning
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Step 1
Choice of Discrepancy
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Worst Integration Error

• We start with an integral probability metric1

diff

(
1

m

∑

i∈S

δ(Xi)

︸ ︷︷ ︸
Q

, P

)
= sup

f∈F

∣∣∣∣
∫

f(x)dQ(x)−
∫

f(x)dP (x)

∣∣∣∣

=: IPMF (Q,P )

based on a class of test functions F that is measure-determining :

IPMF (P,Q) = 0 ⇔ Q = P

• Two problems with computing IPMF (P,Q)

• Solution comes from the ‘freedom’ in choosing F
- e.g. write supremum in closed form by choosing F to be the unit
ball of a reproducing kernel Hilbert space (RKHS) and get MMD

1Müller 1997
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Stein’s Method

Stein Characterisation: A distribution P is characterised by the pair
(AP ,G), consisting of a Stein Operator AP and a Stein Class G, if it
holds that (Stein identity)

X ∼ P iff

∫
AP g(x)dP (x) = 0 ∀g ∈ G

Stein Discrepancy: Given a Stein characterisation (AP ,G), the Stein
discrepancy between a distribution P and an approximation Q is defined
as the maximum deviation from the Stein identity
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Stein Operators in Hilbert Spaces
Let k : X × X → R be the reproducing kernel of a RKHS K of functions
from X to R1

Theorem[Chwialkowski 2016] (d = 1): Suppose that k is bounded,
symmetric, cc-universal and satisfies EP [(∆k(X,X))2] < ∞. Then P
has Stein characterisation (AP ,G), consisting of

AP g =
∇(gp)

p
, G = {g ∈ K : ∥g∥K ≤ 1}.

Theorem[Oates 2017] (d = 1): The functions AP g just defined are
precisely the elements of the unit ball in the RKHS KP := APK with
kernel

kP (x, y) = ∇x∇yk(x, y) +
∇xp(x)

p(x)
∇yk(x, y)

+
∇yp(y)

p(y)
∇xk(x, y) +

∇xp(x)

p(x)

∇yp(y)

p(y)
k(x, y)

In particular, under regularity conditions,
∫
hdP = 0, ∀h ∈ KP

1i.e ∀x ∈ X , k(x, ·) ∈ K and f(x) =
〈
f, k(x, ·)

〉
K whenever f ∈ K
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Kernel Stein Discrepancy1

<latexit sha1_base64="a62tlIvpS8/cJErF5PhsqM408jA=">AAACB3icbVDLSsNAFL3xWesr6lKQwVZwVZIi6kYoCuKygn1AG8JkOmmHTh7MTIQSunPjr7hxoYhbf8Gdf+OkzaK2Hhg4c8693HuPF3MmlWX9GEvLK6tr64WN4ubW9s6uubfflFEiCG2QiEei7WFJOQtpQzHFaTsWFAcepy1veJP5rUcqJIvCBzWKqRPgfsh8RrDSkmselbsBVgOCeXo7Rldo5ucOUdk1S1bFmgAtEjsnJchRd83vbi8iSUBDRTiWsmNbsXJSLBQjnI6L3UTSGJMh7tOOpiEOqHTSyR1jdKKVHvIjoV+o0ESd7UhxIOUo8HRltqac9zLxP6+TKP/SSVkYJ4qGZDrITzhSEcpCQT0mKFF8pAkmguldERlggYnS0RV1CPb8yYukWa3Y55Wz+2qpdp3HUYBDOIZTsOECanAHdWgAgSd4gTd4N56NV+PD+JyWLhl5zwH8gfH1C4c7mHU=</latexit>F = Fk

<latexit sha1_base64="u8jtx5eJWoXxAUYUNkksTK4743E=">AAACEnicbVDLSsNAFJ3UV62vqEs3g62gm5IUUTdCVVCXFewD2hAm02k7dDIJMxOhhHyDG3/FjQtF3Lpy5984aYOP1gMD555zL3Pv8UJGpbKsTyM3N7+wuJRfLqysrq1vmJtbDRlEApM6DlggWh6ShFFO6ooqRlqhIMj3GGl6w4vUb94RIWnAb9UoJI6P+pz2KEZKS655UOr4SA0wYvFlAk/hd3WWuLWf6iopuWbRKltjwFliZ6QIMtRc86PTDXDkE64wQ1K2bStUToyEopiRpNCJJAkRHqI+aWvKkU+kE49PSuCeVrqwFwj9uIJj9fdEjHwpR76nO9Md5bSXiv957Uj1TpyY8jBShOPJR72IQRXANB/YpYJgxUaaICyo3hXiARIIK51iQYdgT588SxqVsn1UPrypFKvnWRx5sAN2wT6wwTGogmtQA3WAwT14BM/gxXgwnoxX423SmjOymW3wB8b7Fz5fnTg=</latexit>F = AP G

<latexit sha1_base64="zujX0DS/MnHztO4H0Ux8YNy1X6c="></latexit>

MMD2(Q, P ) =
<latexit sha1_base64="P/TrqndqS+uQhPXzD8ese6L7EnM="></latexit>RR

k(x, y)dQ(x)dQ(y) � 2
RR

k(x, y)dQ(x)dP (y) +
RR

k(x, y)dP (x)dP (y)

<latexit sha1_base64="SCQorFgWyavoO+uvT6nLGsaMH+U="></latexit>

SD2(Q, P ) =

<latexit sha1_base64="+ZdAQ/e1gtJUhkB2M+nLOi+3DWA="></latexit>

supf2F
��R f(x)dQ(x) �

R
f(x)dP (x)

��

<latexit sha1_base64="AP1vhBwRTA8Rpd+y68yfYEtPEik=">AAACBnicbVDLSsNAFJ34rPUVdSnCYCtUkJIUUTdCURBdCCnYB7SxTKaTdujkwcxEKCErN/6KGxeKuPUb3Pk3TtostPXAhcM593LvPU7IqJCG8a3NzS8sLi3nVvKra+sbm/rWdkMEEcekjgMW8JaDBGHUJ3VJJSOtkBPkOYw0neFl6jcfCBc08O/kKCS2h/o+dSlGUkldfe/Gui3eV7pxx0NygBGLr5KkVDuyDuF5Md/VC0bZGAPOEjMjBZDB6upfnV6AI4/4EjMkRNs0QmnHiEuKGUnynUiQEOEh6pO2oj7yiLDj8RsJPFBKD7oBV+VLOFZ/T8TIE2LkOaozPVZMe6n4n9eOpHtmx9QPI0l8PFnkRgzKAKaZwB7lBEs2UgRhTtWtEA8QR1iq5NIQzOmXZ0mjUjZPyse1SqF6kcWRA7tgH5SACU5BFVwDC9QBBo/gGbyCN+1Je9HetY9J65yWzeyAP9A+fwD8K5bi</latexit>

IPM2
F (Q, P ) =

<latexit sha1_base64="BC7aLlBjQMuaSfhyAI9R+Gu/12A="></latexit>G = Gk <latexit sha1_base64="NQylDfSOs4NSsyqvbkUAFyD3KrY="></latexit>

KSD2(Q, P ) =
<latexit sha1_base64="hStokdVHs3UfhumaBdwWBnrzCHk="></latexit>RR

kP (x, y)dQ(x)dQ(y)

<latexit sha1_base64="vXdGkZ/tskFdVsctOMM01shaSUQ="></latexit>

2

<latexit sha1_base64="vXdGkZ/tskFdVsctOMM01shaSUQ="></latexit>

2
<latexit sha1_base64="IDeYsMZ5INY8TqBgz8zVnlDZUiw="></latexit>

supf=AP g

��R f(x)dQ(x)
��

When Q is an empirical measure

KSD

 1

m

∑
i∈S

δ(Xi), P

 =

√
1

m2

∑
i,j∈S

kP (Xi, Xj)

where kP depends on evaluations of a base kernel k and ∇ log p

1Chwialkowski et al., 2016; Liu et al., 2016, Gorham et al., 2017
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KSD Convergence Control

Conditions on P (distantly dissipative) ensure that the KSD is
convergence determining:

KSD → 0 implies
1

m

∑

i∈S

δ(Xi) ⇒ P

when the base kernel k is the inverse-multiquadric kernel1 with
hyper-parameter Γ

k(x, y) := (1 + ∥Γ−1/2(x− y)∥2)−1/2

• It makes sense to minimize the KSD

• The choice of Γ can affect the outcome in practice

1Gorham et al., 2017
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Step 2
Optimization Procedure
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Step 2: Greedy Minimization of KSD

Given the MCMC output (Xi)
n
i=1 and a kernel kP , the point set

S = {π(1) . . . , π(m)} ⊂ {1, . . . , n}m is obtained as:

π(j) ∈ argmin
i=1,...,n

KSD

1

j

δ(Xi) +

j−1∑
j′=1

δ(Xπ(j′))

 , P

 j = 1, . . . ,m

• The cost of the algorithm is O(nm2), hence comparable to that of
producing the MCMC output O(n) when m is fixed

• The same xi can be selected more than once (necessary if m > n)

• Myopic + no mini-batching
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Stein Thinning Example1

1https://en.wikipedia.org/wiki/Stein discrepancy

https://www.youtube.com/watch?v=WwmTeLrNmOQ&t=6s
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Results
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Theoretical Results

Guarantee consistency of the empirical distribution obtained, considering

• type of KSD optimization procedure (greedy)

• randomness of the MCMC output

• possible bias in the Markov chain
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Result 1: Convergence for fixed (xi)
n
i=1, as m → ∞

KSD


 1

m

m∑

j=1

δ(xπ(j)), P




2

≤ KSD




n∑

i=1

w∗
i δ(xi), P




2

+

+

(
1 + log(m)

m

)
max

i=1,...,n
kP (xi, xi)

where the weights w∗ = (w∗
1 , . . . , w

∗
n) satisfy

w∗ ∈ argmin
1⊤n w=1
w≥0

KSD




n∑

i=1

wiδ(xi), P




and
∑n

i=1 w
∗
i δ(xi) is the optimal weighted empirical distribution based

on (xi)
n
i=1, with cost O(n3)1

1Liu, Lee 2017, Hodgkinson et al. 2020
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Illustration of Result 1

100 101 102 103

Number of Points (m)

10−2

10−1

100
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K
er

n
el
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te
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is
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ep
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(D

k
P

) 1
m

∑m
j=1 δ(xj)

1
m

∑m
j=1 δ(xπ(j))

∑m
j=1w

∗
m,jδ(xπ(j))

∑m
j=1 v

∗
m,jδ(xπ(j))

(where v∗ are optimal weights without positivity constraint )
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V -Uniform Ergodicity

For a function V : X → [1,∞), a function f : X → R and a measure Q
on X we denote

∥f∥V := sup
x∈X

|f(x)|/V (x),

∥Q∥V := sup
∥f∥V ≤1

∣∣∣∣
∫

fdQ

∣∣∣∣

A Markov chain with transition kernel Pn is said to be V -uniformly
ergodic1 if there exist constants R ∈ [0,∞), ρ ∈ [0, 1), such that

∥Pn(x, ·)− P∥V ≤ RV (x)ρn

for all n ∈ N and all initial states x ∈ X .

1Meyn and Tweedie, 2012)
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Result 2: L2 Convergence

Let (Xi)i∈N be a P -invariant, time-homogeneous, reversible Markov
chain, generated using a V -uniformly ergodic transition kernel, such that
V (x) ≥

√
kP (x, x)

1 for all x ∈ X .

Under regularity conditions

E

KSD
 1

m

m∑
j=1

δ(Xπ(j)), P

2
 ≤ log(b)

γn
+

CM

n
+

(
1 + log(m)

m

)
log(nb)

γ

• Mean-square convergence to 0 of the KSD as m,n → ∞, m ∝ n

• Non-asymptotic (non-tight) bound on the expected KSD squared

1The function x 7→
√

kP (x, x) can be understood in terms of ∥∇ log p(x)∥
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 ≤ log(b)

γn
+

CM

n
+

(
1 + log(m)

m

)
log(nb)

γ

• Mean-square convergence to 0 of the KSD as m,n → ∞, m ∝ n

• Non-asymptotic (non-tight) bound on the expected KSD squared

1The function x 7→
√

kP (x, x) can be understood in terms of ∥∇ log p(x)∥
2The chain has explored regions of high probability under P
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Result 3: Consistency (with Biased MCMC)

Let Q a be probability distribution on X with P ≪ Q.
Let (Xi)i∈N be a Q-invariant, time-homogeneous, reversible Markov
chain generated using a V -uniformly ergodic transition kernel, such that
V (x) ≥ dP

dQ (x)
√
kP (x, x).

Under regularity conditions

KSD


 1

m

m∑

j=1

δ(Xπ(j)), P


 → 0, a.s. as m,n → ∞

and
1

m

m∑

j=1

δ(Xπ(j)) ⇒ P, a.s. as m,n → ∞
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V (x) ≥ dP

dQ (x)
√
kP (x, x). Under regularity conditions1

KSD


 1

m

m∑

j=1

δ(Xπ(j)), P


 → 0, a.s. as m,n → ∞

and
1

m

m∑

j=1

δ(Xπ(j)) ⇒ P, a.s. as m,n → ∞

1Q is not too dissimilar from P
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Empirical Results

Inverse posterior inference for systems of ODEs, MCMC output obtained
through random walk Metropolis-Hastings

Comparison of empirical measures obtained via

• Traditional thinning

• Support points

• Stein thinning based on three settings for Γ in the base kernel k:

− Median (med)
− Scaled median (sclmed)
− Sample covariance (smpcov)

Two performance measures:

1. Energy distance

2. KSD based on one setting for Γ
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• Stein thinning based on three settings for Γ in the base kernel k:

− Median (med)
− Scaled median (sclmed)
− Sample covariance (smpcov)

Two performance measures:

1. Energy distance3

2. KSD based on one setting for Γ

1Brooks, Gelman 1998; Vats, Knudson 2018
2Mak, Joseph 2018
3Criterion minimized by Support points
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Goodwin Oscillator (d = 4) - Convergence Diagnostics
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• Univariate and multivariate convergence diagnostics (L ≥ 1 chains)

• Thresholding R̂ leads to identify b̂

• Bias-variance trade-off in fixed n scenario
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Goodwin Oscillator - Performance metrics
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• Energy distance:

− Not sensitive to details, needs high quality MCMC output
− Does not provide convergence control
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Hinch Cell Model - Marginals
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• MCMC targeting the original posteriror is stuck in local modes

• Stein-thinned MCMC targeting tempered posteriors is consistent
across seeds, and choice of preconditioner Γ
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Hinch Model - KSD

100 101 102

m

102

103

104

K
S

D

RW
Support Points

Support Points (tempered)

Stein Thinning (med)

Stein Thinning (sclmed)

Stein Thinning (smpcov)

• Tempered MCMC output: ST achieves lower KSD values than SP,
because it corrects for bias caused by tempering

• Standard MCMC output: ST achieves lower KSD values than SP,
that is negatively affected by the non-convergence of MCMC
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Conclusions
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Conclusions

Advantages

• automatically identify and remove the burn-in from MCMC output

• offer a compressed representation of sample-based output

• perform bias-removal for biased sampling procedures

Caveats

• requires MCMC to have explored regions of high probability under P

• requires ∇ log p, which might be expensive to compute (but could
be computed in parallel as post-processing step)

• subject to pathologies if P has distant probabilities regions or P is
high-dimensional and multi-modal

• not invariant to re-parametrizations
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Stein Thinning1

Project webpage under development (http://stein-thinning.org/)

1Riabiz et al., Optimal Thinning of MCMC Output, arXiv:2005.03952, 2020
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Thank you for your attention!
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