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Numerical integration

The goal is to approximate

∫
f dµ =

∫
f (x)ω(x)dx ≈

N∑
i=1

wi f (xi ).

I How to choose the nodes xi?

I How to choose the weights wi?

Monte Carlo integration (importance sampling, MCMC, etc.)

I Choose the nodes randomly, and the weights wi = w(xi , x−i ).

I Typical error is √√√√E

[∫
f dµ−

N∑
i=1

wi f (xi )

]2

∼ 1√
N
.
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Projection DPPs

I Let (ϕk)k=0,...,N−1 be an orthonormal sequence in L2(µ).

I Let K(x , y) =
∑N−1

k=0 ϕk(x)ϕk(y).

Definition (Hough, Krishnapur, Peres, and Virág 2006)

X = {x1, . . . , xN} is the DPP with kernel K and reference measure µ if

x1, . . . , xN ∼
1

N!
det
[
K(xi , x`)

]N
i,`=1

dµ(x1) . . . dµ(xN).

1. If µ =
∑

x∈X δx , one recovers

P(A ⊂ X ) = det KA.

2. x1 ∼ 1
NK(x , x)dµ(x) so that E

∑N
i=1

f (xi )
K(xi ,xi )

=
∫
f dµ.

3. A natural choice of ϕk : Rd → R is orthogonal polynomials w.r.t. µ.
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Multivariate orthogonal polynomial ensembles
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Our first Monte Carlo result

Theorem (Bardenet and Hardy 2020)

Let µ(dx) = ω(x)dx with ω separable, C 1, positive on (−1, 1)d , and
satisfying a regularity assumption. Let ε > 0. If x1, . . . , xN stands for the
associated OPE, then for f C 1 vanishing outside [−1 + ε, 1− ε]d ,

√
N1+1/d

(
N∑
i=1

f (xi )

K(xi , xi )
−
∫

f (x)µ(dx)

)
law−−−−→

N→∞
N
(
0,Ω2

f ,ω

)
,

where

Ω2
f ,ω =

1

2

∞∑
k1,...,kd=0

(k1 + · · ·+ kd)

(̂
f ω

ω⊗deq

)
(k1, . . . , kd)2,

and ω⊗deq (x) = π−d(1− x2)−1/2.

I As seen today1, for µ = dx , assumptions can be relaxed and K be
taken such that K(x , x) ∝ 1.

1Coeurjolly, Mazoyer, and Amblard 2021.
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RKHSs are spaces of smooth functions with a kernel

I Consider the RKHS F with kernel κ, i.e. the completion of{
M∑
i=1

αiκ(xi , ·),M ∈ N, α1, . . . , αn ∈ R, x1, . . . , xM ∈ Rd

}
.

for the inner product defined by 〈κ(x , ·), κ(y , ·)〉F := κ(x , y).

I Under general assumptions, F ⊂ L2(dµ), is dense, there is an ON
basis (en) of L2(dµ) and σn → 0 such that, pointwise,

κ(x , y) =
∑
n>1

σnen(x)en(y).

I In that case, f ∈ F if and only if
∑

n σ
−1
n |〈f , en〉|2 converges.
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Quadrature and approximation in an RKHS

I Let f ∈ F , g ∈ L2(dµ) then∣∣∣∣∣
∫

fgdµ−
N∑
i=1

wi f (xi )

∣∣∣∣∣ 6 ‖f ‖F ∥∥µg −
N∑
i=1

wiκ(xi , .)
∥∥
F , (1)

where

µg =

∫
g(x)κ(x , .)dµ(x)

is the mean element of g .

I Once the nodes x1, . . . , xN are known, minimizing the RHS of (1) in
w boils down to inverting an N × N matrix.
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A DPP for quadrature in RKHSs: first attempt

Remember κ(x , y) =
∑

n>1 σnen(x)en(y).

Algorithm 1: DPP

I Take K(x , y) =
∑N

n=1 en(x)en(y).

I Let x1, . . . , xN ∼ 1/N! det[K(xi , xj)]dµ(x1) . . . dµ(xN).

I Solve the linear problem for the weights w1, . . . ,wN .

Theorem (Belhadji, Bardenet, and Chainais 2019)

Assume
∑N

n=1 |〈g , en〉|2 6 1. Let rN =
∑

m>N+1

σm, then

E
∥∥∥µg −

N∑
i=1

wiκ(xi , ·)
∥∥∥2

F
6 2σN+1 + 2

(
NrN +

N∑
`=2

σ1

`!2

(
NrN
σ1

)`)
.
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2nd attempt: volume sampling and tight rates

Algorithm 2: volume sampling

I Let x1, . . . , xN ∼ Z−1 det[κ(xi , xj)]dµ(x1) . . . dµ(xN)

I Again, solve the linear program for the weights w1, . . . ,wN .

Theorem (Belhadji, Bardenet, and Chainais 2020b)

Assume again
∑N

n=1 |〈g , en〉|2 6 1. Then

E
∥∥∥µg −

N∑
i=1

wiκ(xi , ·)
∥∥∥2

F
6 σN (1 + βN) ,

where βN = min
M∈[2:N]

[(N −M + 1)σN ]−1
∑
m>M

σm.

I It is known2 that inf
Y⊂F

dimY=N

sup
‖g‖dω61

inf
y∈Y
‖µg − y‖2

F = σN+1.

2Pinkus 2012.
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Many open problems

I Robustness to RKHS hypothesis / model choice.

I Practical relevance of RKHS hypothesis.

I What should g ∈ L2(µ) be in
∫
fgdµ?

I How do we efficiently sample from continuous volume sampling
without spectral knowledge? See e.g. Rezaei and Gharan 2019.

I Kernel interpolation is similar to column-subset selection for linear
regression3, where DPPs and VS yield similar bounds4.

3Derezinski and M. Mahoney 2020.
4Belhadji, Bardenet, and Chainais 2020a.
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Experimental design for linear regression

I Consider ϕ1, · · · , ϕp ∈ L2(Ω) linearly independent, and

Y = ϕ(X )β + ε, (2)

where
I X = (x1, · · · , xk)T , where x1, . . . , xk ∈ Ω ⊂ Rd ,
I Y = (y1, · · · , yk)T ∈ Rk ,
I ε ∈ Rk is N (0, σ2Ik).
I ϕ(X ) = (ϕj(xi )) ∈ Rk×p is the design matrix.

I Assuming β ∼ N (0,Λ−1), the posterior mean for β is

β̂ = (ϕ(X )Tϕ(X ) + Λ)−1ϕ(X )TY , (3)

I The posterior covariance matrix is

σ2(ϕ(X )Tϕ(X ) + Λ)−1.
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Finding optimal designs67

I Minimizing the posterior covariance is often replaced by

min
x1,...,xk∈Ω

h
(
ϕ(X )Tϕ(X ) + Λ

)
, (4)

where, e. g., h = hA , Tr(·−1) or h = hD , det(·−1).

I Still a nonconvex problem, requires enumeration when Ω finite.

I A convex relaxation to (4) is

min
ν∈M(Ω)

h(Gν(ϕ) + Λ) s.t. ν(Ω) = k, (5)

where
I M(Ω) is the space of Borel measures on Ω,
I Gν(ϕ) =

(∫
Ω
ϕi (x)ϕj(x)dν(x)

)
∈ Rp×p.

I One approximate solution to (4) is to sample i.i.d. from ν?, and
possibly apply a careful rounding procedure5.

5Boyd and Vandenberghe 2004, Chapter 7.5.2.
6Pukelsheim 1993.
7Pronzato and Pázman 2013.
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Proportional volume sampling

Definition-Proposition

PVS(ν, ϕ,Λ) is the point process on Ω with Janossy measures

jn(x1, · · · , xn)dx1 · · · dxn

=
det(ϕ(x)Tϕ(x) + Λ)

det(Gν(ϕ) + Λ) exp(ν(Ω))
dν(x1) · · · dν(xn).

for all n ∈ N and x ∈ Ωn, where ϕ(x) = (ϕi (xj)) ∈ Rn×p.

I Note how the number of points in random so far.

I PVS favorizes diversity over i.i.d. samples from ν.

I PVS generalizes seminal papers8 focusing on Ω finite or Λ = 0. All
of them condition on cardinality.

8Dereziński, Warmuth, and D.J. Hsu 2018; Nikolov, Singh, and Tantipongpipat 2019;
Dereziński, Warmuth, and D. Hsu 2019; Dereziński, Liang, and M.W. Mahoney 2020.
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DPPs are never very far

Proposition

Let X be the DPP with kernel

K(x , y) = ϕ(x)(Gν(ϕ) + Λ)−1ϕ(y)T

and reference measure ν, and let Y be an independent Poisson point
process with intensity ν. Then X ∪ Y follows PVS(ν, ϕ,Λ).

I In particular, the average cardinality of the underlying DPP is

Tr(Gν(ϕ)(Gν(ϕ) + Λ)−1).

I When Λ is large, we shouldn’t expect much repulsion.
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Theoretical results9

I Recall the convex relaxation of optimal design

min
ν∈M(Ω)

h(Gν(ϕ) + Λ) s.t. ν(Ω) = k, (6)

I Almost by definition

E
[
det(ϕ(X )Tϕ(X ) + Λ)−1

]
= det(Gν(ϕ) + Λ)−1. (7)

I More subtly,

E
[

det(ϕ(X )Tϕ(X ) + Λ)−1
∣∣|X | = k

]
6
kp(k − p)!

k!

det(Gν(ϕ) + Λ)−1

1 + p−1
k−p+1

[
1− det(Gν(ϕ)(Gν(ϕ) + Λ)−1)

] (8)

with equality when Λ = 0.

I This implies that

E

[(
det(ϕ(X )Tϕ(X ) + Λ)

det(ϕ(X?)Tϕ(X?) + Λ)

)1/p ∣∣∣|X | = k

]
> 1− p − 1

k
.

9Poinas and Bardenet 2021, In revision.
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An example with Ω = [0, 1]2, ϕ1, . . . , ϕp all bivariate polynomials

(c) Uniform distribution (d) PVS (unif.)

(e) PVS (opt.) (f) D-Optimal design
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Plotting the D-efficiency

IID (unif.) IID (opt.) PVS (unif.)PVS (opt.)
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(g) Λ = I10
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(h) Λ = 10−2I10
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(i) Λ = 10−4I10
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Wrapping up

I VS links the repulsiveness of the nodes with the smoothness of the
target.

, Volume sampling gives tight rates for interpolation in RKHSs.1011

, If we manage to sample it, VS could be a powerful integration tool.
See Yoann Jayer’s PhD.

I VS yields elegant properties for optimal design in general design
spaces.

/ However, VS alone is not competitive with standard OD heuristics.

I VS can still be a useful component for stochastic search heuristics.12

PhD and postdoc applications welcome!

I remi.bardenet@gmail.com

10Belhadji, Bardenet, and Chainais 2019.
11Belhadji, Bardenet, and Chainais 2020a.
12Poinas and Bardenet 2021.
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