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Why uncertainty quantification in climate science?

Climate science deals with complex, multi-scale, nonlinear systems.
Predictions are uncertain due to:

» incomplete knowledge of parameters and processes,
» variability in natural systems,
» limitations of computational models.

@ Uncertainty quantification provides tools to characterize, propagate
(and reduce) these uncertainties.

@ Goal: quantify confidence in model outputs and support
decision-making.
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Uncertainty quantification pipeline

Step 2
Propagation
of uncertainties
Mean, variance,
probability of exceeding
threshold, quantile, ...

Step 1
Quantification
of the sources
of uncertainty

Distribution of X

Step 0
Model definition
Y = f(X)
Input X
Output Y

Step 3
Sensitivity analysis
le > SXQ, SX3 ~0 —mm/m/m/m/
Inverse problem
XY=y

— Use of surrogate models for Step 2 and Step 3 when f is costly.
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Step 1. Sources of uncertainty

e Two types of “uncertain” inputs:

@ Stochastic variables (irreducible):
- These variables have natural variability resulting from random
phenomena.
- Typically, an external (solar) forcing term.

e Epistemic variables (reducible):
- These variables have a value, but it is unknown to us due to a lack
of knowledge.
- Typically, a constant in a physical /biological law.

e Input variables are treated as random variables.
Their distribution can be determined by expert judgments, prior
information, data.
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Sources of uncertainty in climate models

Initial conditions — chaotic sensitivity.

Parametric uncertainty — e.g., cloud albedo.

Structural uncertainty — incomplete, approximate, or stochastic
equations (stochastic climate modeling).

Forcing uncertainty — future emissions, solar forcing.

Observation uncertainty — sparse or noisy data.

t: the fast fluctuations in a climate model can be represented by a
stochastic process in an effective climate model which only simulates the
slow effects (2021 Nobel prize for S. Manabe, K. Hasselmann, G. Parisi).
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Step 2. Propagation of uncertainties

e Context: computer code (or experiment) modeled by
Y = f(X)

with Y = output variable
X = (XJ-)J‘-’:1 input variables, with given distribution
f = black box

e Goal: estimation of an expectation (quantity of interest)

E[4(Y)]

with an error bar and a small number of simulations/experiments.

e Examples (when Y is real-valued):

e (y) =y — mean of Y, i.e. E[Y]

e (y) = y? — variance of Y, i.e. Var(Y) = E[Y?] — E[Y]?

® (y) = 1}, o0)(y) — probability to exceed the threshold a, i.e. P(Y > a)
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Quadratic sum method

e The first method developed by engineers (“sandwich method").

e Goal: For real-valued output, estimate E[Y] and Var(Y) from

= (E[X])%, and € = (Cov(X;, X;))¢)_1.

e Assuming Cj are small and f is smooth:

E[Y] ~ f(u),  Var(Y)~ Vf(u) CVF(1).
Proof. If f € C?, then

f(x) = f(p) + V(1) - (& — p) + O(|z — pf?).

e We only need to know f and Vf at p.

e Fast (d + 1 calls to the code, or even 2 if an adjoint code is available).

e Suitable for small variations in input parameters and a smooth model

(which can be linearized).
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Quadrature methods

e When the random vector X has a pdf p(x), the quantity of interest
I=E[y(Y)], Y =f(X), is a d-dimensional integral:

1= [t @)p(@)de

e Quadrature or cubature methods:

n

In =" wip(f(x;))
i=1
for well-chosen nodes (x;)"_; and weights (w;)?"_;.
They require:
- regularity conditions on x — ¥(f(x)),
- a small dimension d (even with sparse grids of the Smolyak type),
- many calls to the code.
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Monte Carlo methods

e The quantity of interest | = E[¢)(Y)] is an expectation.
e Monte Carlo method:

where the (X())7_, are ni.i.d. copies of X.

e Unbiased estimation:
E[l,] =1

with the mean squared error:

A 1 1/2
E[(l, — 1)) = — F(X
[(In = 1)7] \/EV?H”W( (X))
e Advantages:
- no regularity required on f, 9,
- convergence rate independent of dimension d (but slow O(n~1/?)),

- confidence intervals.
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Advanced Monte Carlo methods

5 1/2 1 1/2
B[ = )" = ZoVar(u(f(X))"

e Variance reduction techniques

We seek to reduce the “constant” while keeping 1/1/n.

Various methods are possible (importance sampling, control variate, ...).

Particularly useful for estimating probabilities of rare events.

e Quasi Monte Carlo

Low discrepancy sequences : The sample is drawn in a less random
manner than Monte Carlo (mainly to fill in the gaps).

This technique:

- reduces variance if  — ¥(f(x)) has some regularity and/or
monotonicity; we can expect an error of Cy(logn)?/n,

- works in dimension d that is not too large,

- represents an intermediate between Monte Carlo and quadrature.
- does not give directly a confidence interval.
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Propagation of uncertainties by surrogate model

e We replace f with a surrogate model (reduced model, response surface)
and apply one of the above techniques.

— We can make many calls to the surrogate model.

— The choice of surrogate model is critical.

— The quadratic sum method is a special case (affine surrogate model).
e Construction of the surrogate model:

@ The surrogate model must be constructed by calling the code f at a
limited number of points.

@ The choice of surrogate model depends on the quantity of interest.
@ Error control is not simple but possible.

e Surrogate models:
@ Linear regression
@ Gaussian Process (GP) regression
@ Polynomial Chaos Expansion (PCE)
@ Neural Network (NN)
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Step 3. Sensitivity analysis

e Context: computer code (or experiment) modeled by
Y = f(X)

with Y = output variable,
X = (Xj)J‘-f:1 input variables, with given distribution,
f = black box.
d can be large, f can be costly.
e Objective: explain the variability of the output Y as a function of the

Xj's.

e Purpose of sensitivity analysis:

- qualitative: ldentify and rank influential parameters (screening).

- quantitative: Quantify the impact of each input variable on output
uncertainty, for instance, determine the proportion of the variance of the
output Y due to an input variable X; (or a subset of input variables).

e Useful applications: Reduce dimensionality for surrogate construction or

calibration.
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Surrogate modeling
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Surrogate modeling

@ Surrogate modeling is an application of supervised machine learning.

@ The objective is to build a metamodel/surrogate model/surface
response of a complex process @ — y based on training data

{2y},

/ Ori lnal\ Data-driven Surrogh
g modelling. mode\
model

Samples from input space

ad L 2

@ Popular ML approaches, such as linear or polynomial regressions,
support vector machines, Gaussian process regression, and neural
networks are commonly used as metamodels.

@ Special focus on methods that can work with limited data and which
allow for uncertainty quantification.
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Surrogate modeling with uncertainty quantification

@ Construction of a surrogate model by linear regression.

Gaussian process regression: improve linear regression by the
introduction of a model error.

(2]

© Polynomial chaos expansion: improve linear regression by an
appropriate choice of the basis functions.

o

Kalman filter: assimilate information from noisy measurements and
approximate models to produce accurate estimates (cf E Blayo's talk).
References
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Linear regression
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Linear regression problem
e The true output is:
f(x)

e The observed output is:
Yobs(a:) = f(m) + 6meas(m)

where €meas() is the measurement error (independent random variables).
e The output of the metamodel is:

p
Ymeta(w) = Z qusj(m)a
Jj=1

where ®;(x) are given functions (e.g. monomials) and B8 = (), is a
calibration parameter.

e Given (2())"_; and a set yops = (Yobs(z()))"_; of observations.

e Calibration. Determine the best 3, with uncertainty quantification.
e Prediction. Determine the value at a new point () of f(x(%)) or
Yobs(a:(o)), with uncertainty quantification.
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Linear regression model
e Introduce the vector yop,s = (Yobs(a:(")))I'.':1 and the matrix H :

H;J-:gbj(m(i)), i=1,...,n, j=1,...,p,
the minimization problem can be written as:
n P
5 . i |2 . 2
B = atgrain {;\Yobs(w('))—;@(ﬁj(w('))\ }: atgmin {”yobs_HBH }

— least-squares, quadratic minimization problem.

e Solution: . N
/8 =H Yobs

where H* is the pseudo-inverse of H (H* = lims_,o(HTH + 61)~*HT).
— numerically it is often necessary to regularize :

B=Hiyos, Hf =(HTH+6)HT
e Surrogate model:
P
Y(e)=> Bigj(z)=BT@(x),  2(z)=(¢;(2)),
j=1
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Bayesian viewpoint on linear regression

e We assume that we have a priori information on 3, in the form of a prior

diStributiOh N(Bprior, Qprior)

e The likelihood (distribution of y.ps given B) is N (HB, o2
— Bayes theorem.

e The posterior distribution of B given Yobs is N (Bpost; Qpost) with
:Bpost = Bprior + (Urzneasogrlior + HTH)_IHT(yobs - Hﬁprior)
2 2 -1 T 1L
QPOSt = Omeas (Jmeastrior +H H)
o If Qprior is large, then we recover the least-squares results:
:Bpost = H+yobs = B
QPOSt = Urzlfleas(HTH)+
e Warning about the propagation of uncertainty for the prediction:
T
Y(@) [ Yobs ~ N (Brost (@), ®(2) " Quost B())

o Residue test based on & = (Yous(x()) — Bl ®(x()))"_| allows to

answer the question: is the model compatible with data 7
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Example 1

The true function is (x € [0, 1]):
f(x)=x
The observed function is:
Yons(x) = F(x) + emens(x)

where €meas(x) ~ N (0, 07a5)-
The metamodel with p = 2 parameters 8 = (01, 32) " is:

Ymeta(m) - ﬂl + ﬂZX = BT(I)(X)v ¢1(X) = 1a ¢2(X) =X
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Example 1

0.8
0.6
0.4
0.2

0.5 p
N -0.2 -
0.5 0 0.5 0 05 1

B, X

Here n = 10 and oypeas = 0.1.

We find 8 = (—0.11,0.91)7 . The true value is Birue = (0,1)7
The tube of confidence for f(x) is blue.

The tube of confidence for Yobs(x) is green.

Residue test: —2— €]|> = 2.06 — accept (i.e., does not reject).
(n—p)og,
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Example 1

1.5 1.2
’
0.8
o & 0.6
o >
0.4
0.2
0
05

N -0.2

0.5 0 0.5 0 05 1

B, X

Here n = 100 and opeas = 0.1.

We find 8 = (—0.01,1.00)7. The true value is Birue = (0,1)7.
The tube of confidence for f(x) is blue.

The tube of confidence for Yyps(x) is green.

Residue test: ﬁ_HgH? = 0.96 — accept (i.e., does not reject).

n—p
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Example 2

The true function is:
f(x) = x?

The observed function is:
Yobs(x) = f(X) + 6meas(X)

where €peas(x) ~ N(0,02,...5)-
The metamodel with p = 2 parameters B = (f1, 32) " is:

Ymeta(w) = Bl + B2X = ﬂT(I)(X)7 ¢1(X) = 1? ¢2(X) =X
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Example 2

0.8
0.6
0.4
0.2

0.5
05 0 05 0.2

b4

Here n = 10 and oyeas = 0.1.

We find 8 = (—0.14,0.91)7

— A small covariance for 8 means that we have identified the best model
among the class of models, not that the model is good.

Residue test: WHEHz = 3.48 — reject.
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Example 2

15 1.2
1
0.8
. R 0.6

Q. >
0.4
0.2
0

0.5
05 0 0.5 0.2
51

Here n = 100 and opeas = 0.1.

We find 8 = (—0.17,0.91)7.

— A small covariance for 8 means that we have identified the best model
among the class of models, not that the model is good.

Residue test: ( L |€]|2 = 1.50 — reject.

n_p)o'meas

What should we do? Change the model !
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Gaussian process regression

Josselin Garnier (Ecole polytechnique) Uncertainty Quantification IHP - November 12, 2025 26 /69



Gaussian process regression

e The metamodel obtained by linear regression cannot reproduce perfectly
the true function (even with the best calibration of 3).
< We introduce a nonparametric model error Z,,q(x):

Ymeta(:n) = ﬂT@(w) + Zmod(a:)

e Bayesian approach: we have an a priori distribution for 8 and for the
model error that we assume to be a stationary Gaussian process with mean
zero and with covariance of the form

E [Zmod(x)zmod(w/)] = Cmod(w - x,)

— Parametric model for Cy0q (we speak about hyperparameters).
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Covariance structure of the model error

a) RBF (Gaussian) model:

2 | —‘Dl‘z

o (12270

o The hyperparameter o2 (variance) controls the amplitude of the model
error.
o The hyperparameter ¢ (correlation radius) controls the range of the

model error: Two points separated by less than /. have correlated errors.
o The errors are smooth.

Cood(z — ') =0

Generalization of the Gaussian model to anisotropic models:

d L2
Cnod( — ') = 02 exp ( -y (XJKZXJ))
j=1 c,j

where /. ; is the correlation radius of the model error in the jth dimension.
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b) Matérn model:
2 / !

o 2yvle —x'|\v, 2\/v|e — |

) = Foi ) Kl )
M(v)2 le le
has three hyperparameters (02, £, ). The hyperparameter v € [1/2, )
controls the regularity of the realizations.
o When v — oo, we get the Gaussian model (smooth, C*-realizations):
|z — x|

exp ( - )
C

o When v = 1/2 we get the exponential model (OU process, rough).

Cmod("L' -

Caod(x — ') = o2

V2 —
2 (_ | |)

Caod( — ') = 0% exp 7
(o}

o When v = 5/2 we get (intermediate, C? realizations):

2le — 2’| 10|x — x'|? 10|z — «’
1+\f\ |, 10 ‘)exp(v’ \)

EC 3€c a eC

Caod(z — ') = 02<

e It is possible to estimate the hyperparameters of C,,oq from the

observations (by maximum likelihood or by cross validation).
Josselin Garnier (Ecole polytechnique) Uncertainty Quantification IHP - November 12, 2025 29 /69



3
—Gauss —Gauss
- — Matern 5/2 o [ — — Matern 5/2
081 —-=-Matern 3/2 | i —-=-Matern 3/2
Matern 1/2 Matern 1/2
ir\ N
0.6 1
=
(&)
0.4r 1 i
o
0.2r 1 )
ok 2= -3
-3 -2 -1 0 1 2 3 -5 0
X X

Left : covariance functions. Right: realizations.
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Gaussian process regression pipeline

@ Goal: build a metamodel for

f(x).

0.0 0.2 0.4
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Gaussian process regression pipeline

@ Bayesian viewpoint

o
T @ Prior: a Gaussian process
Z(x) with mean m(x) and
© covariance k(x,x’).
- @ For example m(x) =0 and
= ° (x—x")?
k(x,x") = o2 exp(—>5+)
[To
!
o
2 ]
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Gaussian process regression pipeline

@ We observe Z at points
. X1, .- %X € R

@ We want to predict Z(x)
given the observed values
Z(x1) =f(x1),...,Z(xn) =
f(Xn).

@ Bayes theorem gives the
posterior distribution of
Z(x). It is Gaussian with

2 posterior mean #(x) and
00 02 04 06 08 1.0 variance 82(x).
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Gaussian process regression pipeline

@ The posterior mean is the

=3 Best Linear Unbiased
Predictor (BLUP) :
° F(x) = m(x)+k(x) TK"}(f~m)
X o where
k(x) = [k(x, x)]-y
@ K = [k(xi, %)]7 j=1
7 =Gl
] m = [m()]is
|

00 02 04 06 08 1.0 @ Dashed blue line : BLUP
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Gaussian process regression pipeline

@ The posterior mean minimizes

24 - the Mean Square Error
/ (MSE) which is the posterior
o variance:
52(x) = k(x,x)—k(x) "K™1k(x)
o ] N @ Dashed blue line: BLUP (Best
Linear Unbiased Predictor)
2 @ Dash-dotted red lines:
00 02 04 06 08 10 credibility interval
X f(x) £256(x).
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Example 2

2 , 2,
15 151
1 1}
> 05 > 05
0 ol
05 05
Tos 15 Tos 0 05 1 15
X
n=10 n =100

The true and observed functions are:
F(x) =x%  Yobs(x) = £(x) + €meas()
The metamodel is:
Yimod(x) = B1 + Box + Zmod(x)
with E [Zimod(X) Zmod(X')] = Guoda(x — x”) Gaussian.
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Polynomial chaos expansion
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Orthogonal polynomials

e Let w be a probability density on R.

e A family of polynomials (¢,)nen is called orthogonal for w if

1) ¢ has degree n for all n,

2) there exist positive real numbers (7,)nen such that for all n,m € N :

/R () bm(x)w(x)dx = vnlo(m — n).

If v, =1, then the polynomials are orthonormal.

e Orthogonal polynomials are used in Gaussian quadrature, in linear
regression (here) and in many other fields.

e Classical examples:

- w(x) = %1[_1,1](X) — Legendre polynomials,
X
2

- w(x) = \/#27 exp (— %) — Hermite polynomials.

e If w has an exponential moment, then an orthormal polynomial family is

an orthonormal basis of L?(w).
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Polynomial chaos expansion
e Let X be a real-valued random variable with density w and f : R — R.
If Y = f(X) is square integrable, then:

Y = io: Yn¢n(X)7

n=0
where
Yo :/ (x)dx = E[Yn(X)].
e In order to build a metamodel, we truncate the expansion:
M
YM =37 ygn(X).
n=0

Y (M) is the best approximation (in L? sense) of Y by a polynomial in X
with degree at most M:
E[(Y ~ YMP) = inf E[(Y — p(X))?]
pPEFM

We will see that it also possesses additional valuable properties.
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Polynomial Chaos Metamodeling of

Mth polynomial:

xe[-1,1] — f(x) =

1

1 4 25x2

M
Pu(x) =" yidi(x)
=0

with ¢; =normalized Legendre polynomial and y; = %f}l oj(x)f(x)dx.

Josselin Garnier (Ecole polytechnique) Uncertainty Quantification

IHP - November 12, 2025

36 /69



Generalized polynomial chaos

e We assume:
@ The random vector X = (XJ-)J‘.’:1 with X; independent with density
(Wj)le-

@ The output is Y = f(X) (square integrable).

° For anyj =1,...,d, we know an orthonormal polynomial family
{qﬁ%, aj € N}in L2(R, w;).
e Then
@ The tensorized polynomials ¢q(x) = g:ll)(xl) ( )(xd) are
orthonormal,

E [¢a(X)¢a’(X)] = daa
@ The random variable Y = (X)) can be expanded as:

Y = Z Yaba(X), Yo = E[f(X)da(X)].

acNd
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Polynomial chaos metamodel

e Fix a truncation method (along the degree) for the polynomial chaos

expansion, relabel the polynomials (®;)jen = (Pan,....aq)an,....aqeN SO that
the truncated polynomial has the form:

M
Y =37 y0,(X),

Jj=0
with
y; = E[0;(X)f(X)], j=0,...,M.
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Estimation of the coefficients by Monte Carlo

e The jth coefficient y; of the polynomial chaos expansion of f(X) is:
yj = E[®;(X)F(X)].

o If (X F(X())7_, is an i.i.d. sample, then y; can be estimated by
. 13 i i
s = 130X D)X )
i—1

This is a convergent estimator of y; by the law of large numbers.
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Estimation of the coefficients by regression
e We want to approximate Y = f(X) by a metamodel 37 ®(X) with

o(z) = (4(2) 0, B=(B) o

The idea is to minimize the residual error:
. 2
Yreg = argmin E[(87 ®(X) — f(X))7].
BeRM+1

By orthogonality of the polynomials, we have

M 0
E[(BT®(X) - (X)) =308 - %)+ > ¥&
j=0 j=M+1

and Yyreg j is the coefficient y; of the polynomial chaos expansion of f(X),
for j < M.

— If (X (X)), is an i.i.d. sample, the coefficients can be
estimated by

.
Dreg = %regRrEgll Z BTa(Xx") - F(xM))2.
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e We must solve:
L . 2
Yreg = aremin [HB - FIF,

with H; = ¢;(X ) and F; = (X))
e Solution:
'greg = H+F

o Remember: Monte Carlo method:
. 1
Ymc = ;HTF

— the regression method consists in applying the pseudo-inverse
lims_o(HTH 4+ 61)"THT to F, rather than its approximation %HT.
e Remark 1: the difference with MC is small but nonnegligible !

(HTH); = i@(x("))w(x(”) ~ nE[¢;(X )y (X)] = ndy
i=1

e Remark 2: if we compare with linear regression with an arbitrary basis
(for instance, monomials), then we can see that H is well-conditioned !
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e How to select M 7?

e The generalization error results from a trade-off bias-variance:

M 00
~ 2 A ~
E[(f(X) - yr-,e—zgi)(X)) | yreg] = Z(Yreg,j B }/1)2 + Z -yjz
j=0 j=M+1
estimation error bias

with §eg determined from a sample of size n.

e For fixed M, when n increases:
- the biais does not change (error between f(X) and ZinO yi®i(X)),
- the estimation error decays (goes to 0 as 1/n).

e For fixed n, when M increases:

- the biais decays (all the faster as f is smoother),

- the estimation error increases (there are more and more coefficients y; to
estimate).

e Selection of M by cross validation (e.g., minimization of the LOO error).
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Polynomial Chaos Metamodeling of
€11~ f(x) = —
x € [— = f(x) = ——
’ 1 4 25x2

PC - exact: truncated PC, with y; = E[¢;(X)f(X)].

PC - MC: truncated PC obtained with n points, with ¥; \ic.

PC - reg: truncated PC obtained with n points, with ¥ ;e..

mono - reg: ordinary polynomial regression (with monomials) obtained
with n points.
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Neural network
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Neural network surrogate model

e Given a sample dataset (x(), y(0)_, with y() = f(2()).
@ Choose the network architecture:
» Example: Fully connected feed-forward network
» Layers: x - hy > hy — -+ —= ¥
» Activation: RelLU, tanh, ...

@ Train the network parameters 6 by minimizing the loss:
= () ()y)2
argmin " — NNy(x"
er ; (v o(z\))
Supports gradient-based optimization via automatic differentiation.

Requires regularization: dropout, weight decay, ...

© Validate the model on a test set to prevent overfitting.
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Surrogate models in one slide
© Expectation:
E[Y] = argmin E[(Y — a)?]
acR
@ Linear regression:

Yieg = areg+,3r7;gX, where (Qyeg, Breg) = argmin ]E[(Y—a—,@TX)2]
a€R,BERY

© Polynomial chaos:

Y(M) = Py(X), where Py = argmin E[(Y — p(X))?]
PEFM

@ Neural network:

Yan = NNp«(X), where 6* = argmin E[(Y — NNy(X))?]
S

© Conditional expectation:

E[Y|X] = W(X), where ¥ = argmin E[(Y — Y(X))?]
P:RI-R

Estimation obtained by replacing E[F(X, Y)] by 327, F(2(), y().
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Summary: Linear Regression

@ Advantages:
» Simple, fast, analytical solution.
» Easy to interpret (coefficients directly show influence).
» Works well when the true relation is “linear” or nearly so.
> Requires little data.

@ Drawbacks:

» Limited expressiveness (cannot model complicated nonlinearities).

> Sensitive to multicollinearity.

» Assumes additive Gaussian noise.

o UQ aspects:

» Can provide analytical confidence intervals on coefficients and
predictions under Gaussian noise assumptions.

» However, does not capture model-form error.

» Overly optimistic if true relation is “nonlinear”.
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Summary: Polynomial Chaos Expansion

o Advantages:
» Built for UQ: designed to represent random inputs and outputs
explicitly.
» Analytical decomposition of uncertainty propagation.
» Fast evaluation once built (polynomial surrogate).

@ Drawbacks:
» Grows exponentially with number of random variables (curse of
dimensionality).
» Depends on the input distribution.
» Requires smooth response (poor for highly nonlinear or discontinuous
systems).
o UQ aspects:
» Gives analytic expressions for moments (mean, variance, etc) of the
output.
» Coefficients directly linked to Sobol sensitivity indices.
» Does not capture model-form error (no explicit predictive variance on
the model error).
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Summary: Gaussian Process Regression

@ Advantages:

> Excellent for small-to-medium datasets.
» Provides built-in probabilistic uncertainty estimate at each prediction
point.
» Flexible and non-parametric.
» Theoretically grounded in Bayesian inference.
o Drawbacks:
» Computationally expensive (training cost is O(n®)).
» Poor scalability in high dimensions (> 10 — 20 variables).

» Hyperparameter tuning can be delicate: optimization should be carried

out carefully.
o UQ aspects:

» Strong UQ capability: each prediction gives a mean and variance
(posterior predictive distribution).

» Can over- or under-estimate uncertainty if kernel/hyperparameters are
mis-specified.

» Excellent for adaptive sampling / active learning.
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Summary: Neural Network

@ Advantages:

» Very flexible (can approximate any continuous function).

> Scales well with high-dimensional data.

» Many architectures (MLP, CNN, etc.) for different data types.
@ Drawbacks:

» Training can be computationally expensive and data-hungry.

» Poor interpretability.

» No inherent UQ: must be added externally.

» Sensitive to architecture, hyperparameters, and data scaling.
o UQ aspects:

» Standard NN gives point estimates only (no uncertainty).

» UQ can be added via Monte Carlo Dropout, Bayesian Neural Networks,

or deep ensembles, which approximate predictive uncertainty.
» Hard to calibrate and interpret uncertainty.
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Sensitivity analysis

e Goal: Quantify how uncertainty in Y = f(X) is apportioned to different
sources of uncertainty in X.

e Global sensitivity analysis uses entire input-output relationship.
e Two main objectives for the definition of global sensitivity indices:

@ it should explain the complex relationship between the inputs and the
output and be as quantitative as possible,

@ it should be estimated with as few calls as possible.
References

[ A. Saltelli et al., Global Sensitivity Analysis: The Primer, Wiley, 2008.

3 S. Da Veiga, F. Gamboa, B. looss, and C. Prieur, Basics and Trends in
Sensitivity Analysis, SIAM, 2021.
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Variance-based approaches to sensitivity analysis
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First-order Sobol" index
o Let X = (X;)%.;, Y = f(X) square integrable, j € {1,...,d}.
e fi(Xj) = E[Y|Xj] is the best approximation of Y by a function of X;:
fi= argmin E[(Y - g(X}))*]
geL%j

@ Remember the total variance formula:
Var(Y) = Var(E[Y|Xj]) + E[Var(Y|X;)].

explained residual

o If Var(E[Y|Xj]) >~ Var(Y), then Var(Y|X;) is much smaller than
Var(Y'), which means that fixing X strongly reduces the fluctuations
of Y = Y essentially depends on X;.
< First-order Sobol" index
_ Var(E[Y|X]])

5= Var(Y) €.

If S; ~ 1, then X; is an explanatory factor.
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Total Sobol’ index

e First-order Sobol’ index:

5 _ Var(E[YIX])
/ Var(Y)

S; ~ 0 does not imply that X; is irrelevant !
[Example: Y = X1X2, Xl,X2 i.i.d. N(O, 1) — 51 = 52 = 0]

o Let X = (Xj);.f:l, Y=Ff(X),je{l,....d}, X_j = (X)iy-

o If Var(Y|X_;) is much smaller than Var(Y’), then fixing X _;
strongly reduces the fluctuations of Y = Y does not depend on X;.

— Total Sobol’ index
 E[Var(Y|X_)

I T Var(Y) €01

If T; ~ 0, then Xj is an irrelevant factor.
[Example: Y = X1 X, X1,X2 i.i.d. ./\[(0, 1) — 51 = 52 =0, Ti=T= 1.]
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Hoeffding-Sobol" decomposition and analysis of variance

e For independent inputs X = (X1,...,Xy) and f € L3,

f(X): Z fu(Xu):ﬁ)+Zﬁ(Xi)+Zﬁj(Xia)<j)+"' )

uC{1,...,d} i<j

where fo = E[f(X)],
E[f(Xu)] =0 if u# 0, E[f (X)) (X)] =0if u#v.
[Uniqueness ensured by the condition E[f,(X )| X\ ;3] =0 V) € u].

e Then
Var(Y) = Z Var(f,(X4))-

uC{l,....d}

Sobol’ indices:
~ Var(fu(X.))

Su= Var(Y)
such that S, € [0,1], >°, S, = 1.
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Sobol’ sensitivity indices
o First-order index:

Var(E[Y|Xj]) _ Var(fi(X;))
Var(Y) Var(Y)

S =

o Total index:

E[Var(Y|X_;)] Var(f,(
Var(Y) N Z Var Z Sv-

v,jEV v,jEv

Tj:

e Estimation seems tricky (variance of conditional expectation seems to
require nested Monte Carlo), but it is actually possible by pick-freeze
principle: If

Y=f(X), Y= f()(j,XLj), Y_j= f(Xj,X_J-)
where X, X’ are i.i.d., then we have

Cov(Y,Y)) o 1

Var(Y) I 2Var(Y)]E[(Y - Y]

S =

Josselin Garnier (Ecole polytechnique) Uncertainty Quantification IHP - November 12, 2025 57 /69



Pick-freeze estimators
e To estimate S; or T, use specific experimental design:

i _ i (i _ (N 5(0) (i _ (i) (1)
vy =f(x®), v =fx" x), v =rx x1),

—J
where X X'(0) j=1 ... n, areiid..
First-order index:

§!DF_1Z’ 1 IYJ() (?)
’ Iy —(v)?’

n

Total index:

e 2 X0 YR
5 o (YO)2 — (V)2
e Properties [Janon 2013]:
o Consistent, asymptotically normal (convergence rate O(n~1/2)).
e Asymptotically efficient (attains the Cramér-Rao lower bound).
@ Finite-sample concentration inequalities are also available.
@ Requires (d + 1)n model evaluations for all first-order indices.
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Rank-based estimator

e Estimator of the first-order indices for real-valued inputs X; [Gamboa
2022]:

o Sample (X, y()r_ with Y) = (X1} and X i.id..
e Sort pairs (X() Y(D)1_, by X; and denote ordered Y-
@ Define

1 n—1 v
grank _ n 2oici Y[’] Y[i+1]__ Y2 Yy — 1 Z y ()
) AT n &

e Properties:
@ Uses n samples for all d first-order indices.

o Consistent, convergence rate O(n~1/2), asymptotically normal.
@ Interpretation of rank-based estimator:

» If Y L Xj: consecutive (Y[, Y[i;+1]) are independent — numerator ~ 0.
» If Y =f(Xj): Yjiqq = Y} — ratio~ 1.
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Limitations and extensions of variance-based indices

@ Depend only on second-order moments — insensitive to tail behavior,
skewness ,...

@ Require input independence for orthogonal ANOVA decomposition.

@ Vector or functional outputs: extend to Hilbert space norms [Gamboa
et al. 2014].

@ Stochastic simulators: introduction of an extra latent variable,
second-level sensitivity analysis [Fort et al. 2021].
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Kernel-based approaches to sensitivity analysis
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Sensitivity index based on independence criterion

e Principle: For u C {1,...,d}, let X, = (Xj)jeu. We have
Y 1 X, =— X, is not influential on Y

< ldea: Define an index S, based on a distance (divergence) between
PXL,,Y and PXU X Py:

S, ~ D(PXU,y, PXU & Py)

e Which distance ?
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RKHS-based distance
e General distance between two probability measures P and @ on RY:

Dy(P,Q)= sup  |Ex~p[h(X)] — Ey~ol[h(Y)]|
heH, ||hllx <1

@ H = bounded functions = total variation distance
@ H = Lipschitz functions = Wasserstein-1 distance

@ H = Reproducing Kernel Hilbert Space (RKHS) = Maximum Mean
Discrepancy (MMD)

e RKHS characterized by a symmetric positive definite kernel x(x, x’):
. n
H = Ho, Ho = {h('):Za;f@(x,-,-), a; € R, x; eRd}
i=1

with (273 ain(xi, ), iy (s ) ) = i ciefi(xi, ).
Property: h(x) = (h, k(x,-)).
Example: if & is a v-Matérn kernel, then H = W¥+9/22(R9).
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Maximum Mean Discrepancy (MMD)

e Let P and Q be probability measures on RY.
@ Given an RKHS H with reproducing kernel &:

MMD(P, Q) = sup [Ep[h(X)] —Eq[h(Y)]|-

Al <1
o Equivalently, using the kernel trick,
MMD?(P, Q) = Epgp[r(X, X')[+Equqlr (Y. Y)]-2Epsqls(X, Y)].

— Monte Carlo-type estimators.

e If k is characteristic, then MMD(P, Q) =0 <— P = Q.
— X and Y are independent <= MMD(Px y, Px ® Py) = 0.
Examples of characteristic kernel: Matérn or Gaussian kernel.
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Empirical MMD estimator

e Given independent samples {x()}7_, ~ P, {y(D}n_ ~ Q:

—2 1 & . . 1 . . 2 . .
MMD (P, Q) = - 3 #(x D x D) 3wy, y D)= 5 37 (ot y )

L ij=1 ij=1

o Converge rate O(n~%/?),
@ Choice of kernel controls sensitivity to different moments or scales.

@ If the kernel is characteristic, MMD detects all distributional
differences.
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Hilbert-Schmidt Independence Criterion (HSIC)

@ Consider joint distribution Px y and product Px ® Py. Define
HSIC(X, Y) = MMD?(Px.y, Px ® Py).
in terms of a given kernel k, typically
K((x,y), (X y) = Ea(x, X )iy (v, y')

e HSIC(X,Y)=0 <= X LY (if s is characteristic).
e Equivalent (kernel trick) formulation:

HSIC(X, Y) =Elsx(X, X )ry(Y, Y] + E[sx (X, X)E[sy(Y, Y]
—2E[kx(X, X ey (Y, Y],

with (X, Y), (X', Y’), (X", Y") independent with distribution Px y.
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Empirical HSIC estimator
e Given samples {(x(), y(D)}7_ with distribution Px y, let

K’j = KX(X(i)’X(j))a L’J = Hy(y(i)’y(j))’ H=1- %IIT’

Kj=(1-6;)Kyj Lyj=(1-3;)L;

@ Monte Carlo (U-statistics): unbiased but may be negative

5T, ATK1)(ATi1) 2 )

(ﬂ(kf_) - - 17KL1).

n(n—3) (n—1)(n—-2) n-2

@ Monte Carlo (V-statistics): biased but nonnegative
— 1
HSICy , = ?Tr(KHLH).

@ Practical choice of the kernels ky and ky: Gaussian with correlation
length equal to the empirical standard deviation.
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HSIC-based sensitivity indices

Y=f(X),  X=0GL

e Define for a subset of variables X, = (Xj)jeu:

SHSIC HSIC(X,, Y)
VHASIC(X,, X,) HSIC(Y, Y)

Normalized dependence measure: HSIC(Y, X ) € [0, 1].
SHSIC =0 if and only if Y L X,

o Unlike variance-based indices, HSIC-based indices SH*/C are not
constrained to sum to one.

Monte Carlo estimation of HSIC sensitivity indices
» Sample (X)), i.i.d. and compute Y() = £( X)) for all i.
> Build the sample (XL(, )y Nn_,
» Estimate HSIC,(X,, X,), HSIC,(Y, Y), HSIC,(X.,, Y).
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Summary: sensitivity analysis

e For real-valued inputs:

Sj TJ SJ_HSIC
screening no | yes | yes
ranking yes | yes | no
given sample yes | no | yes
small sample yes | no | yes
input dependence | no | no | yes

@ Sobol’ indices — variance-based,

one), rather costly to estimate.

interpretable, quantitative (sum to

e HSIC indices — general dependence, not easy to interpret (does not
sum to one — HSIC-ANOVA), rather cheap to estimate, sensitive to
the choice of the (correlation length of the) kernel.

[Exercise: Y = sin(27.X1) 4 2sin(87.X2), X1, X2 i.i.d. U4(0,1)
Compute 51, S5, T1, T and discuss 5{“’5'6, Sf’s’c w.r.t. correlation length.]
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