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• Expensive-to-evaluate

• Black-box (no derivative)

Bayesian optimization (Efficient Global Optimization)

can solve efficiently an expensive black-box problem.

• Surrogate-based

• Global optimization

• Constrained problems

Evolutionary

algorithms

Number of function evaluations

Global aspect

Bayesian Optimization

Gradient-based

algorithms
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Gaussian process (or Kriging model)

 Hyperparameters tuning

 The number of hyperparameters increases with

the dimension 𝑛

 Curse of dimensionality (𝑛 large) 𝑓(𝑥) ֜ 𝑌 𝑥 =𝒩( ො𝑦 𝒙 , s2 𝒙 )

• its trend

𝜇(𝑥𝑟) ∈ ℝ
• its correlation kernel

k(𝑥𝑟 , 𝑥𝑠) ∈ ℝ

𝑥𝑟 , 𝑥𝑠 ∈ ℝ𝑛 2 𝑓(𝑥) ∈ ℝ

7/27

Estimation of 

hyperparameters

𝜃𝑖 , 𝑖 = 1, … , 𝑛 by MLE

A Gaussian process (GP) is characterized by:

D. Krige, A statistical approach to some basic mine valuation problems on the Witwatersrand, 1951, Journal of the Southern African Institute of Mining and Metallurgy.
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From continuous to mixed-integer Gaussian process

Exponential kernels
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Modeling categorical kernels

Model
Θi

(example with 3 levels)

Ki ci
r, ci

s, Θi # of parameters

Homoscedastic

Hypersphere (HH)

1 [Θi]12 [Θi]13
1 [Θi]23

Sym. 1

[Θi]ci
r,ci

s
1

2
Li Li − 1

Reference:

Our full model (FE)

[Θi]11 [Θi]12 [Θi]13
[Θi]22 [Θi]23

Sym. [Θi]33

exp( −( [Θi]ci
r,ci

r + [Θi]ci
s,ci

s )) exp( −2 [Θi]ci
r,ci

s) 1

2
Li Li + 1

Our model as Exponential

Homoscedastic

Hypersphere (EHH)

0 [Θi]12 [Θi]13
0 [Θi]23

Sym. 0

exp( −2 [Θi]ci
r,ci

s)
1

2
Li Li − 1

Our model as Continuous

Relaxation (CR)

[Θi]11 0 0

[Θi]22 0

Sym. [Θi]33

exp( −( [Θi]ci
r,ci

r + [Θi]ci
s,ci

s )) Li

Our model as Gower 

distance (GD)
[Θi]cov

0 1 1
0 1

Sym. 0
exp( −2 [Θi]cov) 1

12/27
P. Saves, Y. Diouane, N.  Bartoli, T. Lefebvre, J. Morlier, A mixed-categorical correlation kernel for Gaussian process, 2023, Neurocomputing.
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Reference:

Our full model (FE)

[Θi]11 [Θi]12 [Θi]13
[Θi]22 [Θi]23

Sym. [Θi]33

exp( −( [Θi]ci
r,ci

r + [Θi]ci
s,ci

s )) exp( −2 [Θi]ci
r,ci

s) 1

2
Li Li + 1

Our model as Exponential

Homoscedastic

Hypersphere (EHH)

0 [Θi]12 [Θi]13
0 [Θi]23

Sym. 0

exp( −2 [Θi]ci
r,ci

s)
1

2
Li Li − 1

Our model as Continuous

Relaxation (CR)

[Θi]11 0 0

[Θi]22 0

Sym. [Θi]33

exp( −( [Θi]ci
r,ci

r + [Θi]ci
s,ci

s )) Li

Our model as Gower 

distance (GD)
[Θi]cov

0 1 1
0 1

Sym. 0
exp( −2 [Θi]cov) 1
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𝑛
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New KPLS models for mixed variables

Model # of parameters Relaxation KPLS?

GD
1 — —

CR Li One-hot encoding ℎ ≪ 𝐿𝑖 , ℎ ∈ ℕ

HH

1

2
Li Li − 1 Cross-level encoding ℎ =

1

2
ℓ𝑖 ℓ𝑖 − 1 , ℓ𝑖 ≪ 𝐿𝑖 ∈ ℕ

EHH
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Open-Source software by DLR
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+ 𝑠 𝑤 𝜙
𝑓𝑚𝑖𝑛−ො𝑦 𝑤

𝑠 𝑤

ො𝑦 𝑤 , 𝑠 𝑤
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Optimization problem: DRAGON 
Towards a green aircraft concept

• 30% reduction of CO2 emissions by 2035
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Boxplots after 160 evaluations

10 runs of 10 + 150 iterations

DRAGON optimization results

• GD  ~ 36h

• CR  ~ 62h

• CR with PLS 3D  ~ 14h

• HH  ~ 320h

• HH with PLS 3D  ~ 102h

• HH with PLS 12D ~ 258h

• NSGA-II ~ 16h

• HIER ~ 40h

• DRAGON MDA run time ~ 3min*160 = 8h

Best trade-off

Best speed

Best convergence

Good but HIER is better

P. Saves, E. Nguyen Van, N. Bartoli, Y. Diouane, T. Lefebvre, J. Morlier, C. David, S. Defoort, Bayesian optimization for mixed variables using an adaptive dimension reduction process:
applications to aircraft design, 2022, AIAA SciTech Forum.
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 GAUSSIAN PROCESS

SMT 2.6 features:

• Models to handle a large number of design variables (KPLS –

KPLSK – MGP): automatic number of components

• Mixture of experts to handle heterogeneous functions (MOE)

• Different covariance kernels added

• Multi-fidelity models (MFK – MFKPLS – MFKPLSK)

• Noisy kriging to handle uncertainties on data

• Kriging models for mixed variables (continuous, discrete, 

categorical) & associated kernels, sampling and optimization

• Kriging models for hierarchical variables (meta, neutral, 

decreed) & associated kernels, sampling and optimization

• Benchmarking problems

 Included some Jupyter notebooks & documentation

github.com/SMTorg/smt
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P. Saves, R. Lafage, N. Bartoli, Y. Diouane, J. Bussemaker, T. Lefebvre, J. Hwang, J. Morlier, J. Martins, SMT 2.0: A Surrogate Modeling Toolbox with a focus on Hierarchical and Mixed
Variables Gaussian Processes, 2024, Advances in Engineering Software.

M.-A. Bouhlel, J. Hwang, N. Bartoli, R. Lafage, J. Morlier, J. Martins, A Python surrogate modeling framework with derivatives, 2019, Advances in Engineering Software.

Open-source toolbox for surrogate models
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• Developed Gaussian process for:

• Implement models in an open-source software ✓

 Mixed variables (continuous, integer, categorical) ✓

 Hierarchical variables / variable-size problems (Meta, decreed, neutral) ✓

 High dimensional problems (a high number of variables) ✓
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• Developed Gaussian process for:

• Applied to Bayesian optimization algorithms under constraints ✓

• Implement models in an open-source software ✓

• Efficiently optimized a green aircraft design based on multidisciplinary design optimization ✓

• Extend Bayesian optimization to high dimension and mixed variables ✓

 Mixed variables (continuous, integer, categorical) ✓

 Hierarchical variables / variable-size problems (Meta, decreed, neutral) ✓

 High dimensional problems (a high number of variables) ✓

• Several Bayesian optimization extensions have been implemented:

 SEGOMOE for multi-objective optimization (with R. Grapin, ISAE)✓

 SEGOMOE for multi-fidelity optimization (with R. Charayron, ISAE/ONERA)✓

 SEGOMOE for architecture (hierarchical) optimization (with J. Bussemaker, DLR)✓

 SEGOMOE for very high dimension (up to 1000) optimization (with R. Priem, ISAE/ONERA)✓

N. Bartoli, T. Lefebvre, R. Lafage, P. Saves, Y. Diouane, J. Morlier, J. Bussemaker, G. Donelli, J. Gomes de Mello, M. Mandorino, P. Della Vecchia, Multi Objective Bayesian
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 Coupling ADSG with SMT (with J. Bussemaker, DLR)

 Generalize the hierarchical mathematical framework (with E. Hallé-Hannan, Polytechnique Montréal)

J. Bussemaker, P. Saves, N. Bartoli, T. Lefebvre, R. Lafage, System Architecture Optimization Strategies: Dealing with Expensive Hierarchical Problems, 2024, JOGO, Under review.

E. Hallé-Hannan, C. Audet, Y. Diouane, S. Le Digabel, P. Saves, A graph-structured distance for heterogeneous datasets with meta variables, 2024, SIMODS, Under review.
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 Coupling ADSG with SMT (with J. Bussemaker, DLR)

 Generalize the hierarchical mathematical framework (with E. Hallé-Hannan, Polytechnique Montréal)

• In the frame of COLOSSUS

 ONERA SEGOMOE has been successfully applied to wildfire fighting case

 Urban air mobility within an intermodal optimization will be the next step!
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