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Gaussian process regression framework [Santner et al., 2003]

[Williams and Rasmussen, 2006]

Step 0 : x1 7→ f (x1, 0) realization of the Gaussian process
Y0 : [0, 1]× Ω → R
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Gaussian process regression framework [Santner et al., 2003]

[Williams and Rasmussen, 2006]

Step 0 : x1 7→ f (x1, 0) realization of the Gaussian process
Y0 : [0, 1]× Ω → R

Step 1 : f realization of the Gaussian process
Y1 : [0, 1]2 × Ω → R such that :

{
Y1(x1, x2) = Y0(x1) + Z1(x1, x2), ∀(x1, x2) ∈ [0, 1]2

Y1(x1, 0) = Y0(x1), ∀x1 ∈ [0, 1]

Z1 ⊥⊥ Y0 and Z1 GP. model inspired from the Multifidelity framework
[Kennedy and O’Hagan, 2000]
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Problems

How to build the correction process Z1 such that :

Z1(x1, 0) = 0, ∀x1 ∈ [0, 1] ?

10/32 Thierry Gonon GDR MASCOTNUM



Introduction
Correction process

Estimation of the parameters
Application
Conclusion

Motivation
Model

Problems

How to build the correction process Z1 such that :

Z1(x1, 0) = 0, ∀x1 ∈ [0, 1] ?

How to jointly estimate the parameters of Y0 and Z1 given the DoE
(X0, y0) and (X1, y1) ?
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First candidate : Red (Reducted) process

Let
∼

Z 1 : [0, 1]2 × Ω → R be a Gaussian process :

∼

Z 1 ∼ GP(0, σ2
1r)

The Red process is defined by

ZRed
1 (x1, x2) =

∼

Z 1(x1, x2)−
∼

Z 1(x1, 0), ∀(x1, x2) ∈ [0, 1]2

Z
Red

1 (x1, x2)

=

∼

Z1(x1, x2)

-

∼

Z1(x1, 0)
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∼

Z 1 : [0, 1]2 × Ω → R be a Gaussian process :

∼

Z 1 ∼ GP(0, σ2
1r)

The Red process is defined by

ZRed
1 (x1, x2) =

∼

Z 1(x1, x2)−
∼

Z 1(x1, 0), ∀(x1, x2) ∈ [0, 1]2

So
ZRed

1 ∼ GP(0, σ2
1ρ)

with

ρ((x1, x2), (x
′

1, x
′

2)) = r((x1, x2), (x
′

1, x
′

2)) + r((x1, 0), (x
′

1, 0))
−r((x1, 0), (x

′

1, x
′

2))− r((x1, x2), (x
′

1, 0))
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Second candidate : P (Preconditionned) process

Let
∼

Z 1 : [0, 1]2 × Ω → R be a Gaussian process :

∼

Z 1 ∼ GP(0, σ2
1r)

The P process is defined by [Gauthier, 2011] as

ZP
1 (x1, x2) =

∼

Z 1(x1, x2)− E

[
∼

Z 1(x1, x2) |
∼

Z 1(t1, 0), ∀t1 ∈ [0, 1]

]

︸ ︷︷ ︸

pH0 (
∼

Z1(x1,x2))

where H0 = span

(
∼

Z 1(t1, 0), ∀t1 ∈ [0, 1]

)
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General formula of the expectation [Gauthier, 2011]

Eigen Problem :
∫ 1

0
k((x1, 0), (t1, 0))

∼

φn(t1)dt1 = λn

∼

φn(x1)

⇒ φn(x1, x2) =
1

λn

∫ 1

0

k((x1, x2), (t1, 0))
∼

φn(t1)dt1

pH0(
∼

Z 1(x1, x2)) =

+∞∑

n=1

φn(x1, x2)

∫ 1

0

∼

φn(t1)
∼

Z 1(t1, 0)dt1

GP of covariance kernel :

kH0((x1, x2), (x
′

1, x
′

2)) =

+∞∑

n=1

λnφn(x1, x2)φn(x
′

1, x
′

2)
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General formula of the expectation [Gauthier, 2011]

Eigen Problem :
∫ 1

0
k((x1, 0), (t1, 0))

∼

φn(t1)dt1 = λn

∼

φn(x1)

⇒ φn(x1, x2) =
1

λn

∫ 1

0

k((x1, x2), (t1, 0))
∼

φn(t1)dt1

pH0(
∼

Z 1(x1, x2)) =

+∞∑

n=1

φn(x1, x2)

∫ 1

0

∼

φn(t1)
∼

Z 1(t1, 0)dt1

GP of covariance kernel :

kH0((x1, x2), (x
′

1, x
′

2)) =

+∞∑

n=1

λnφn(x1, x2)φn(x
′

1, x
′

2)

Numerical implementation ?
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Tensor product case

If
∼

Z 1 ∼ GP(0, σ2r) with :

r((x1, x2), (x
′

1, x
′

2)) = r1(x1, x
′

1)r2(x2 − 0, x ′2 − 0),
∀(x1, x2) ∈ [0, 1]2

∀(x ′1, x
′

2) ∈ [0, 1]2

Then E

[
∼

Z 1(x1, x2) |
∼

Z 1(t1, 0) ∀t1 ∈ [0, 1]

]

= r2(x2, 0)
∼

Z 1(x1, 0)

and
kH0((x1, x2), (x

′

1, x
′

2)) = r1(x1, x
′

1)r2(x2, 0)r2(x
′

2, 0)
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Tensor product case

If
∼

Z 1 ∼ GP(0, σ2r) with :

r((x1, x2), (x
′

1, x
′

2)) = r1(x1, x
′

1)r2(x2 − 0, x ′2 − 0),
∀(x1, x2) ∈ [0, 1]2

∀(x ′1, x
′

2) ∈ [0, 1]2

So

ZP
1 (x1, x2) =

∼

Z1(x1, x2)−r2(x2, 0)
∼

Z 1(x1, 0)
∼ GP(0, σ2

1ρ)

with
ρ((x1, x2), (x

′

1, x
′

2)) = r1(x1, x
′

1) [r2(x2, x
′

2)− r2(x2, 0)r2(x
′

2, 0)]
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Z 1 ∼ GP(0, σ2r)

Red process :

Z
Red

1 (x1, x2)

=

∼

Z1(x1, x2)

-

∼

Z1(x1, 0)

P process :

Z
P

1 (x1, x2)

=

∼

Z1(x1, x2)

-

r2(x2, 0)
∼

Z1(x1, 0)
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We need to estimate η = (η0, η1) with η0 parameters of Y0, η1 parameters of
∼

Z 1 :
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Observed data vs complete data

We need to estimate η = (η0, η1) with η0 parameters of Y0, η1 parameters of
∼

Z 1 :

Observed data :

Y0(X
0) = y0

Y1(X
1) = y1

Loglikelihood :

l(η0, η1; y0, z0, z1) = log hY0(X0),Y1(X1)

(
y0, y1

)

⇒ η0 and η1 are not separated

Complete data :

Y0(X
0) = y0

Y0(X
1) = z0

Z1(X
1) = z1

Loglikelihood :

lc(η0, η1; y0, z0, z1) = log hY0(X0),Y0(X1),Z1(X1)

(
y0, z0, z1

)

= l0(η0; y0, z0) + l1(η1; y1)

⇒ Separation of η0 and η1
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EM algorithm

Expectation :

Q(η, η′) = Eη′

[
lc(η0, η1;Y0(X

0),Y0(X
1),Z1(X

1)) | Y0(X
0) = y0,Y1(X

1) = y1
]

= Eη′

[
l0(η0;Y0(X

0),Y0(X
1) | Y0(X

0) = y0,Y1(X
1) = y1

]

+ Eη′

[
l1(η1;Z1(X

1) | Y0(X
0) = y0,Y1(X

1) = y1
]

= Q0(η0, η
′) + Q1(η1, η

′)
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EM algorithm

Expectation :

Q(η, η′) = Eη′

[
lc(η0, η1;Y0(X

0),Y0(X
1),Z1(X

1)) | Y0(X
0) = y0,Y1(X

1) = y1
]

= Eη′

[
l0(η0;Y0(X

0),Y0(X
1) | Y0(X

0) = y0,Y1(X
1) = y1

]

+ Eη′

[
l1(η1;Z1(X

1) | Y0(X
0) = y0,Y1(X

1) = y1
]

= Q0(η0, η
′) + Q1(η1, η

′)

Maximization :
We build the sequence

(
η(i)
)

i
=
(

η
(i)
0 , η

(i)
1

)

i
such that :

η
(i+1)
0 solution of maxη0 Q0(η0, η

(i))

η
(i+1)
1 solution of maxη1 Q1(η1, η

(i))
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Test on an analytical function

We consider the function :

f : [0, 1]2 → R

(x1, x2, x3, x4) 7→ f1(x1, x2) + f2(x1, x2, x3, x4)

with






f1(x1, x2) =
[

4 − 2.1(4x1 − 2)2 + (4x1−2)4

3

]

(4x1 − 2)2

+ (4x1 − 2)(2x2 − 1) +
[
−4 + 4(2x2 − 1)2

]
(2x2 − 1)2

f2(x1, x2, x3, x4) = 4 exp
(

−‖x − 0.3‖
2
)
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3

]

(4x1 − 2)2

+ (4x1 − 2)(2x2 − 1) +
[
−4 + 4(2x2 − 1)2

]
(2x2 − 1)2

f2(x1, x2, x3, x4) = 4 exp
(

−‖x − 0.3‖
2
)

At step 0, we focus on (x1, x2) 7→ f (x1, x2,
x1+x2

2
, 0.2x1 + 0.7) . We

dispose of a DoE (X0, y0) of size 10.
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We consider the function :

f : [0, 1]2 → R
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with
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3

]
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[
−4 + 4(2x2 − 1)2

]
(2x2 − 1)2

f2(x1, x2, x3, x4) = 4 exp
(

−‖x − 0.3‖
2
)

At step 0, we focus on (x1, x2) 7→ f (x1, x2,
x1+x2

2
, 0.2x1 + 0.7) . We

dispose of a DoE (X0, y0) of size 10.

At step 1, we focus on f . We dispose of a DoE (X1, y1) of size 20.
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Methods

K_1 : kriging model trained on (X1, y1) with a covariance kernel
stationary tensor product Matern 5

2
.

K_tot : kriging model trained on (X0, y0) and (X1, y1) with a covariance
kernel stationary tensor product Matern 5

2
.

Our method :
{

Y1(x1, x2, x3, x4) = Y0(x1, x2) + Z1(x1, x2, x3, x4)
Z1(x1, x2,

x1+x2
2

, 0.2x1 + 0.7) = 0,

trained on (X0, y0) and (X1, y1).

Y0 with a covariance kernel stationary tensor product Matern 5

2
∼

Z 1 with a covariance kernel stationary tensor product Matern 5

2
robustified

(of covariance parameters (θ1, θ1, θ2, θ2))

Z1 a Red or P process build on
∼

Z 1.
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Conclusion

Auto-regressive model inspired from the multifidelity

Additional property of the correction term : two candidates that verify it

EM algorithm to jointly estimate the parameters of the processes

Comforting results on a toy case
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Other perspectives

Industrial case

Enrichment of the samples

Noise (no interpolation)
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General formula of the P process [Gauthier, 2011]

Let
∼

Z 1 ∼ GP (0, k) be a stationary GP. Then

E

[
∼

Z 1(x1, x2) |
∼

Z 1(t1, 0), ∀t1 ∈ [0, 1]

]

=

+∞∑

n=1

φn(x1, x2)

∫ 1

0

∼

φn(t1)
∼

Z 1(t1, 0)dt1

where

φn(x1, x2) =
1

λn

∫ 1

0

k((x1, x2), (t1, 0))
∼

φn(t1)dt1

and (λn,
∼

φn)n solutions of

∫ 1

0

k((x1, 0), (t1, 0))
∼

φn(t1)dt1 = λn

∼

φn(x1)
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Formula in the tensor product case

The eigen problem becomes

∫ 1

0

r1(x1, t1)
∼

φn(t1)dt1 = λn

∼

φn(x1)

φn becomes

φn(x1, x2) = r2(x2, 0)
∼

φn(x1)

E

[
∼

Z 1(x1, x2) |
∼

Z 1(t1, 0), ∀t1 ∈ [0, 1]

]

becomes

+∞∑

n=1

∼

φn(x1)

∫ 1

0

∼

φn(t1)
∼

Z 1(t1, 0)dt1

︸ ︷︷ ︸

=
∼

Z1(x1,0)

r2(x2, 0)
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Multiple P process

Let
∼

Z 1 ∼ GP (0, k) be a stationary GP. The multiple P process conditionned on
x2 = 0 and x2 = 1 is defined as :

ZP
1 (x1, x2) =

∼

Z 1(x1, x2)− E

[
∼

Z 1(x1, x2) |

∼

Z 1(t1, 0) = 0
∼

Z 1(t1, 1) = 0
∀t1 ∈ [0, 1]

]

If k = r1r2 then E

[
∼

Z 1(x1, x2) |

∼

Z 1(t1, 0) = 0
∼

Z 1(t1, 1) = 0
∀t1 ∈ [0, 1]

]

is equal to

(
r2(x2, 0) r2(x2, 1)

)
(
r2(0, 0) r2(0, 1)
r2(1, 0) r2(1, 1)

)
−1
(

∼

Z 1(x1, 0)
∼

Z 1(x1, 1)

)
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