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Step 0 : 5 inputs
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Motivation
Maodel

Industrial motivation

Step 0 : 5 inputs Step 1: 9 inputs

Question : How to take into account the previous information in the new
model 7 Can we use a multifidelity approach?
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Motivation
Madzl

Objective function
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Corre:
Estimation of the pa

Motivation
Madzl

Conelusion

We focus on x; = F(x1,0) . A DoE is generated :

! f(xY.0)

F(x$"),0)

X2

we

X1

9

2D visualization of f on
the section e =0
6/32) Thierry Gonan GDR MASCOTNURM

3D visualization of f Isocontours of f




Corre:
Estimation of the pa

Motivation
Madzl

Conelusion

We focus on the whole function f. A DoE is generated :

X£DD+1) Xé”ﬂ_l} IC(X]{-”D"‘]-): X2(n0+1))

X](-J'Tg.| 1) Xz(nu f11) f(X%no | nl}-z Xz(no | nl})

3D visualization of Isocontours of f
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Introduction

Motivation

Model

Gaussian process regression framework [Santner et al., 2003]
[Williams and Rasmussen, 2006]

o Step0: x; +— f(x1,0) realization of the Gaussian process
Yo @ [01]xQ — R
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Introduction

Motivation

Model

Gaussian process regression framework [Santner et al., 2003]
[Williams and Rasmussen, 2006]

o Step0: x; +— f(x1,0) realization of the Gaussian process
Yo @ [01]xQ — R

@ Step 1 : f realization of the Gaussian process
Y1 : [0,1?xQ — R such that:
Yilxi, %) = Yo(x1) + Zi(x, %), Y(x1,x) € [0,1]?
Yl(Xl, 0) = Yo(Xl), Vx1 € [0, 1]

Z1 1L Yp and Z; GP. model inspired from the Multifidelity framework
[Kennedy and O’'Hagan, 2000]
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Motivation
Madzl

By construction, Z; verifies :

i(x.e) = Yoba)+Zla.x)
; Z1(x,0) = 0
{Yl(xl,O} = Yolx1) 1(x1,0)
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Introduction

Motivation

Model

Problems

@ How to build the correction process Z; such that :

Zl(X17O) = 0, VXl S [0, ].] ?
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Introduction

Motivation

Model

Problems

@ How to build the correction process Z; such that :

Zl(X17O) = 0, VXl S [0, ].] ?

@ How to jointly estimate the parameters of Yy and Z; given the DoE
(X?,y%) and (X', y1)?
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Correction process

First candidate : Red (Reducted) process

Let }1 : [0,1?xQ — R bea Gaussian process :
Zy o~ g'P(Oaﬁfr)
The Red process is defined by

ZlRed(X17 X2)

4 0.20.40,60.8
0.‘

L O =
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Correction process

First candidate : Red (Reducted) process

Let }1 C [0,1PxQ — R be a Gaussian process :

Zy ~ GP(0,0%r)

The Red process is defined by

~

Z8(x,0) = Zi(x.xe)— V(x1,x2) € [0, 1]
So
Z{*d ~ GP(0,0%p)
with

p((xx2), (x1, %)) = r((xa, %), (x1,x3)) + r((x1,0), (x1,0))
_r((Xh O)v (X{’Xé)) - r((Xl’XQ)’ (Xi{v 0))
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Correction process

Second candidate : P (Preconditionned) process

Let }1 : [0,12xQ — R bea Gaussian process :

~

Zl ~ gP(O(T%f)
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Correction process

Second candidate : P (Preconditionned) process

Let }1 : [0,12xQ — R bea Gaussian process :

Z1 ~ GP(0,0%r)
The P process is defined by [Gauthier, 2011] as

~

Zl'D(Xl,Xg) = Zl(Xl.XQ)—

where Hy = span (}1(1‘1,0), vt € [0, 1]>
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Correction process

General formula of the expectation [Gauthier, 2011]

Eigen Problem : [} k((x1,0), (t1, 0))pn(t1)dts = Ancn(x1)

1

1 ~
= dnla,) = 3 /o k(0. x2), (11, 0))8,(11)dty

Pro(Z1(x1, %2)) Z¢n X1, X2 / 60(11)Z1(12,0)dty

GP of covariance kernel :

+oo
kro (31, %2), (x1,2)) = D Anbn(x1,%2) b (X1, X3)

n=1
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Correction process

General formula of the expectation [Gauthier, 2011]

Eigen Problem : fol k((x1,0), (t170))5n(t1)dt1 = )\ngn(xl)

1

1 ~
= dnla,) = 3 /o k(0. x2), (11, 0))8,(11)dty

Pro(Z1(x1, %2)) Z¢n X1, X2 / 60(11)Z1(12,0)dty

GP of covariance kernel :

+oo
kro (31, %2), (x1,2)) = D Anbn(x1,%2) b (X1, X3)

n=1

Numerical implementation ?
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Correction process

Tensor product case

If Z1 ~ GP(0, 0%r) with :

Y(x1,x) € [0, 1]

7 _ / _ !

r((X17X2)>(X17X2)) = rl(X17X1)r2(X2 07X2 0), V(X{,Xﬁ) c [O, 1]2
Then E }1(x1,xz) | El(tl,O) vVt € [0,1]| = r2(X2,O)}1(X1,O)
and

kHo((Xla X2)a (X]/.a Xé)) = I’1(X1, X{)rg(Xz, 0)r2(Xéa 0)
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Correction process

Tensor product case

If El ~ GP(0,02r) with :

V(Xl,XQ) S [0, 1]2

((a0).(4.8)) = nla)nte =04 -0), (5780
So -~
ZP(x1, %) = Zi(x,x0)—
~ GP(0,0%p)
with

p((x1,x2), (x15%2)) = ni(x1, x1) [r2(x2,%3) — ra(x2, 0)ra(3, 0)]
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Correction process

Summary correction process

Let Zy ~ GP(0,0%r)
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Correction process

Summary correction process

Let Zy ~ GP(0,0%r)

@ Red process :
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Correction process

Summary correction process

Let Zy ~ GP(0,0%r)

@ Red process :

En ~ *

Z7*(x1, x2) Z1(x1, %2)

0.20,40,60.8 1
[Eai

[.
|
e P process : | ||‘AH =
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Estimation of the parameters

Observed data vs complete data

We need to estimate n = (1o, 71) with 1o parameters of Yp, 11 parameters of
Zl .
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Estimation of the parameters

Observed data vs complete data

We need to estimate n = (1o, 71) with 1o parameters of Yp, 11 parameters of
Zl .

Observed data :
o Yo(XO) = yO
o Yl(Xl) = yl
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Estimation of the parameters

Observed data vs complete data

We need to estimate n = (1o, 71) with 1o parameters of Yp, 11 parameters of
Zl .

Observed data : Loglikelihood :
o Yo(X%) =y 0,0 1 0 1
I(no,m;y",2°,27) = log hyy(xey vy xca) (Y75 Y
o Yi(X!) =y! 0(X9),Ya(X?) ( )

= 1o and 7; are not separated
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Estimation of the parameters

Observed data vs complete data

We need to estimate n = (1o, 71) with 1o parameters of Yp, 11 parameters of
Zl .

Observed data : Loglikelihood :
o Yo(X%) =y 0,0 1 0 1
I(no,m;y",2°,27) = log hyy(xey vy xca) (Y75 Y
o Yi(X!) =y! 0(X9),Ya(X?) ( )

= 1o and 7; are not separated

Complete data :

*] Y()(XO) y
° Yo(X!)=2°
] Zl (Xl) Z
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Estimation of the parameters

Observed data vs complete data

We need to estimate n = (1o, 71) with 1o parameters of Yp, 11 parameters of
Zl .

Observed data : Loglikelihood :
o Yo(X%) =y 0,0 1 0 1
I(no,m;y",2°,27) = log hyy(xey vy xca) (Y75 Y
o Yi(X!) =y! 0(X9),Ya(X?) ( )

= 1o and 7; are not separated

Complete data : Loglikelihood :
e Yo XO y
Y, (Xl) /c(770»771; yovzoazl) = |0g hYg(X“) Yo(Xl) Z,(X1) (y(]’zo,zl)
o Yo(X') =2° = lo(no:y°,2%) + h(m;y")
] Zl(Xl) Z

= Separation of 79 and 1
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Estimation of the parameters

EM algorithm
Expectation :
Q(n,n) = Ey [le(no,m;: Yo(X°), Yo(X1), Z1(X1)) | Yo(X0) =y°, Vi(X!) = y*

Eyr | lo(1m0; Y( %), Yo(X1) | Yo(X°) =y°, Yl(Xl)—y]
+ Ey [h(n Zu(XY) | Yo(X0) =y°, Vi(XY) = y!]

= Qo(mo,n") + Qu(m,n’)
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Estimation of the parameters

EM algorithm
Expectation :
Q(nn') = By [le(no,m; Yo(X°), Yo(X1), Z1(X1)) | Yo(X) =yO, Vi (X!) =y
= Ey [’0(770? Yo(XO), Yo(X) | Y( ) =y°, Yl(Xl) =y']
+ Eyp [h(n Zu(XY) | Yo(XO) =y0, vi(XP) = y!]

= Qo(mo,n") + Qu(m,n’)

Maximization : ‘ o
We build the sequence (n(). = (ng)mg'))' such that :
o ni™ solution of max,, Qo(10,n")

o i solution of maxy, Q1(n1,n")
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Estimation of the parameters
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Conelusion

Remark

@ More steps
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Corre process
Estimation of the parameters
Application

Conelusion

Remark

@ More steps
@ More input variables by step

@ Fixed input variables not necessarily constant equal to 0 but function of the
free input variables

Zf based on Z1 of kernel :

Xz

r((x.x2). (4. x3))
= n(a. xq)r(e - g(xa). 3 — g(x))
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@ Application
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Application

Test on an analytical function

We consider the function :

fool[0,12 ~ R
(x1,%2,x3,xa) +—  fi(x1, x2) + fax1, x2, X3, Xa)
with
fi(x1, x2) = [4 —2.1(4x; — 2)% + M} (4x —2)?
+ (4X1 — 2)(2X2 — l) + [—4 + 4(2X2 — 1)2} (2X2 — 1)2
fo(x1,x2,x3,x4) = 4dexp(—|x— 0.3H2
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Application

Test on an analytical function

We consider the function :

fool[0,12 ~ R
(x1,%2,x3,xa) +—  fi(x1, x2) + fax1, x2, X3, Xa)
with
fi(x1, x2) = [4 —2.1(4x; — 2)% + M} (4x —2)?
+ (4X1 — 2)(2X2 — l) + [—4 + 4(2X2 — 1)2} (2X2 — 1)2
fo(x1,x2,x3,x4) = 4dexp(—|x— 0.3H2

o Atstep 0, we focus on  (x1,x2) +—  f(x1, %, 25%2,0.2x; +0.7) . We
dispose of a DoE (X©,y?) of size 10.
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Application

Test on an analytical function

We consider the function :

fool[0,12 ~ R
(x1,%2,x3,xa) +—  fi(x1, x2) + fax1, x2, X3, Xa)
with
fi(x1, x2) = [4 —2.1(4x; — 2)% + M} (4x —2)?
+ (4X1 — 2)(2X2 — l) + [—4 + 4(2X2 — 1)2} (2X2 — 1)2
fo(x1,x2,x3,x4) = 4dexp(—|x— 0.3H2

o Atstep 0, we focus on  (x1,x2) +—  f(x1, %, 25%2,0.2x; +0.7) . We
dispose of a DoE (X©,y?) of size 10.

o At step 1, we focus on f. We dispose of a DoE (X!, y!) of size 20.
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Application

Methods

o K_1: kriging model trained on (X', y!) with a covariance kernel

stationary tensor product Matern %
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Application

Methods

o K_1: kriging model trained on (X', y!) with a covariance kernel
stationary tensor product Matern 3.

o K_tot : kriging model trained on (X°,y%) and (X*,y') with a covariance
kernel stationary tensor product Matern g
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Application

Methods

o K_1: kriging model trained on (X', y!) with a covariance kernel
stationary tensor product Matern 3.

o K_tot : kriging model trained on (X°,y%) and (X*,y') with a covariance
kernel stationary tensor product Matern g

@ Our method :

Y1(x1, X2, X3, X4) = Yo(x,x2) + Z1(x1, x2, X3, Xa)
Zl (Xl, X2, XlerXZ , 0.2X1 + 07) 07

trained on (X%, y?) and (X1, y!).
o Yo with a covariance kernel stationary tensor product Matern

e Z; with a covariance kernel stationary tensor product Matern 2 robustified

(of covariance parameters (61,61, 62, 62))

o Z1 a Red or P process build on Z;.
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Correction process
Estimation of the paramaters
Application

Conelusion

Results

RMSE’s on a sobol sequence of size 10000. Boxplots over 30 different training
samples (X9,¥?), (X1, y!). Red is better.

K1 [ B Hed
methad

Boxplots of RMSE's
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Conclusion

Conclusion

@ Auto-regressive model inspired from the multifidelity
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@ Auto-regressive model inspired from the multifidelity
o Additional property of the correction term : two candidates that verify it

o EM algorithm to jointly estimate the parameters of the processes
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Conclusion

Conclusion

@ Auto-regressive model inspired from the multifidelity
o Additional property of the correction term : two candidates that verify it
o EM algorithm to jointly estimate the parameters of the processes

e Comforting results on a toy case
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Coenelusion

Perspective : Multiple conditionning

® Step 0 x o ™ : .
; T N
1
Isocontours x2 =10 =1
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Conclusion

Perspective : Multiple conditionning

o Step 0 X

il
T
.
.
-
T
i

X1
Isocontours x2 =10 =1

o Stepl

X1
Isocontours
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@ Industrial case
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Conclusion

Other perspectives

@ Industrial case

@ Enrichment of the samples
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Conclusion

Other perspectives

@ Industrial case
@ Enrichment of the samples

o Noise (no interpolation)
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General formula of the P process [Gauthier, 2011]

Let }1 ~ GP (0, k) be a stationary GP. Then

o o~ +o0 1. ~
E Zl(Xl,Xz) | 21(1'1,0)7 Vit € [07 1]:| = Z¢n(X17X2)/ ¢n(t1)21(t1,0)dt1
n=1 0
where
— 1 ! >
oaao) = 1 [ k(). (11,00 (12) e

~

and (An, @,)n solutions of

/0 K((x1,0), (11, 0))dn(t1)dtr = Anop(x1)

Thierry Gonon GDR MASCOTNUM



Formula in the tensor product case

@ The eigen problem becomes

1 ~ ~
/ A (X1, t1)bn(t1)dts = Ana(1)
0

@ ¢, becomes
¢n(X17X2) = rz(X27 0)¢n(X1)

o E |:}1(X1,X2) | zl(tl,O), Vt; € [0,1]:| becomes

+oo 1, o
Z¢n(x1)/0 ¢,(t1)Z1(t1,0)dt1 r2(x2,0)
n=1

=Z1(x1,0)
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Multiple P process

Let }1 ~ GP (0, k) be a stationary GP. The multiple P process conditionned on
xo =0 and xo = 1 is defined as :

- - Fr(t,0) =
ZP(x0,%0) = Z1(x1.30) — E | Z1 (s 0) | 2100 = 0 gy c o 1)
Zi(t,1) = 0
If Kk =rir then E }1(x1,><2) | gl(tl’o) =0 Vt; € [0,1]] is equal to
Zl(tl,l) =0
-1 /=
r2(0,0) FQ(O,].)) Zl(Xl,O)
0 1 <
(I‘2(X2 ) r2(X2 )) <I’2(1,0) I’2(171) Zl(xl,l)
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