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Introduction

Context : PDE-based numerical simulations of multi-scale and multi-physics phenomena using
Deep Learning.

Common point of all these codes : trade-off between

Cost efficiency for numerical studies (production, sensitivity analysis, uncertainty
quantification...).

Accuracy of the numerical prediction.

Approach : Acceleration of PDE-based simulation codes by approximating costly parts with a
neural network.

⇒ Requires to work on the same trade-off during the construction of a neural network ...

... Let’s construct a neural network !

Commissariat à l’énergie atomique et aux énergies alternatives
Paul Novello†,∗, Gaël Poëtte†, David Lugato†, Pietro Congedo∗ 28/04/2021 2 / 24



Hyperparameters of neural networks
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Figure 1 – Example of hyperparameters space. So many possibilities ...
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Impact of hyperparameters on the accuracy

(a) Bateman equations, L2 error (b) MNIST, 1− accuracy (in %)

Histogram of the error of a NN for different instances of training corresponding to random
hyperparameters.
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Why working on HO?

Three attention points :

There is a lot of possible hyperparameters combinations and we have to use Monte Carlo.

Hyperparameters have a high influence on the error,

but they also have an impact on execution or training time, especially width and depth.
⇒ Cost-efficiency / accuracy trade-off !

Many HO techniques ... (random search, bayesian optimization, hyperband, etc) [1, 15, 16, 2, 17,
9, 11, 5, 19, 13, 20, 10] ... that all have at least one drawback : lack of explainability (black-box)

Motivations to work on HO :

� Correcting the lack of explainability of usual HO techniques

� Large potential impact on cost efficiency

� Large potential impact on accuracy
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A sensitivity analysis approach

Sensitivity analysis (SA) evaluates the effect of input variables (X1, ...,Xnh ) ∈ X1 × ...×Xn on an
output f (X1, ...,Xnh ) ∈ Y (exhaustive review in [14]).

Motivations to use SA :

� Analyzing the relative importance of input variables for explaining the output
⇒ Explainability

� Selecting practically convenient values for input variables with a limited negative impact
on the output
⇒ Cost efficiency

� Identifying where to efficiently put research efforts in order to improve the output
⇒ Accuracy

These benefits will allow us to set up an explainable hyperparameter optimization algorithm.
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Dependance measure based sensitivity analysis

Constraints :
Since we are only interested in the most accurate neural networks, the analysis must be
goal-oriented.

One training of a neural network can be a long process so we would need scalable indices
estimation.

Main possibilities :
Goal-oriented variance analysis based indices [6, 3] : estimation error of O( 1√

ns
) requires

(nh + 2)× ns sample evaluations.

Dependance measures [12, 4] : estimation error of O( 1√
ns

) requires ns sample evaluations.
⇒ Best choice for us.

In this work, we focus on Hilbert Schmidt Independence Criterion (HSIC)
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Hilbert Schmidt Independence Criterion (HSIC)

Let X ∈ X and Y ∈ Y, and G a Restricted Kernel Hilbert Space (RKHS) of kernel
k : X 2 × Y2 → R. HSIC [8] can be written

(1) HSIC(X ,Y ) = γ2
k (PXY ,PY PX )

Where γ2
k (PXY ,PXPY ) is the Maximum Mean Discrepancy (MMD) between PXY and PXPY .

HSIC is the distance between PXY and PY PX embedded in H.

⇒ Since X ⊥ Y ⇒ PXY = PY PX , the closer these distributions are, in the sense of γk , the
more independent they are.

The definition of HSIC involves a kernel choice for γk , which we will discuss shortly.
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Hyperparameters analysis using HSIC

HSIC can be applied in the context of Hyperparameters Optimization (HO) by considering that :

the set {X1, ...,Xnh} is the set of hyperparameters.

The output to consider is Z = 1f (X1,...,Xnh
)∈Y, where Y is chosen to be the sub space of Y

for which f (X1, ...,Xnh ) is in the best percentile p of the error say p = 10% (as in [18]).
⇒ HSIC(Xi ,Z) boils down to the distance between Xi and Xi |f (X1, ...,Xnh ) ∈ Y.

HSIC measures the importance of each hyperparameter in reaching the top 10% best NNs.

We denote HSIC(X,Y) Monte Carlo estimation by SX ,Y.
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Practical problems

Practical problems to circumvent :

P1 Hyperparameters do not live in the same measured space : Continuous
(weights_decay ∈ [10−6, 10−1]), integers (n_layers ∈ {8, ..., 64}), categorical
(activation ∈ {relu, ..., sigmoid}) ...

P2 They could interact with each others. For instance batch_size adds variance on the
objective function optimized by optimizer.

P3 Some hyperparameters are not involved for every neural networks configurations :
dropout_rate is not used when dropout = False.
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Problem 1 : Different measured space

Example Let f : [0, 2]2 → {0, 1} such that

f (X1,X2) =

{
1 if X1 ∈ [0, 1],X2 ∈ [0, 1],
0 otherwise.

Let X1 ∼ N (1, 0.1, [0, 2]) (normal distribution of mean 1 and variance 0.1 truncated between 0
and 2) and X2 ∼ U [0, 2]

X1 X2
SX ,Y 3.7× 10−3 4.8× 10−3

Table 1 – SX,Y values for X1 and X2

This conclusion is not desirable : in our case, the choice of the hyperparameter distribution is only
related to practical concerns.
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Problem 1 : Different measured space

Let Φi be the CDF of Xi . We have that Φi (Xi ) = Ui , with Ui ∼ U [0, 1]. We can first sample from
Ui , record the sample and then train the network with hyperparameter Φ−1

i (Ui ).

Variables Ui are iid and live in the same measured space, so can be compared pairwise with
HSIC regardless of practical distribution choice for Xi .

It strongly facilitates the kernel choice : we will use Gaussian Radial Basis Functions.

An important point :

For continuous variables, Φi (Xi ) is a bijection between Xi and [0, 1] so Φ−1
i is well defined.

For categorical, integer or boolean variables (discrete variables), it is not the case. We use a
method, as in [7] to sample discrete variables from uniform variables.

U1 U2
SX ,Y 4.8× 10−3 4.8× 10−3

Table 2 – SX,Y values for U1 and U2

⇒ Solution :

Transform hyperparameters values into samples of uniform random variables and compare Ui

with Ui |f (X1, ...,Xnh ) ∈ Y instead of Xi with Xi |f (X1, ...,Xnh ) ∈ Y.
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Problem 2 : Interaction ... check out the preprint !

Example For instance let f : [0, 2]3 → {0, 1} such that

f (X1,X2,X3) =

{ 1 if X1 ∈ [0, 1],X2 ∈ [1, 2],X3 ∈ [0, 1],
1 if X1 ∈ [0, 1],X2 ∈ [0, 1],X3 ∈ [1, 2],
0 otherwise.

Figure 3 – From left to right : 1 - Pairs of (X2|Z = 1,X3|Z = 1). 2 - Histogram of X1 and X1|Z = 1. 3 -
Histogram of X2 and X2|Z = 1. 4 - Histogram of X3 and X3|Z = 1.

⇒ SX2,Y and SX3,Y will be very low (even 0 analytically)
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Problem 2 : Interaction ... check out the preprint !

Figure 4 – S(Xi ,Xj ),Y for each pair of variable (Xi ,Xj ).

SX ,Y
X1 1.17× 10−3

X2 8.11× 10−7

X3 1.68× 10−6

(X2,X3) 3.04× 10−4

(X4,X5) 1.37× 10−6

Table 3 – SX,Y values for variables
of the experiment

⇒ Solution :

Check for interactions using S(Xi ,Xj ),Y before selecting hyperparameter values.
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Problem 3 : Conditional variables ... check out the preprint !

Example. Let f : [0, 2]3 → {0, 1} such that :

f (X1,X2,X3) =

{ B if X1 ∈ [0, 1],X2 ∈ [0, t]
1 if X1 ∈ [0, 1],X2 ∈ [t, 2],X3 ∈ [0, 1],
0 otherwise,

With B a Bernoulli variable of parameter 0.5 and t ∈ [0, 2] (so that SX2,Y is low)

(a) (b)
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Problem 3 : Conditional variables ... check out the preprint !

Let Jk ∈ {1, ..., nh} be the set of indices of hyperparameters that can be involved in a training
jointly with conditional hyperparameter Xk . We define GXk

= {Xi |Xk , i ∈ Jk}, the set of
hyperparameters involved jointly in hyperparameter configurations when Xk is also involved.

⇒ Each SXi ,Y must be only compared within Xi ∈ GXk
.

⇒ Solution :

Only compare hyperparameters’ HSIC within a same conditional group.
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Practical problems (+ solutions !)

Practical problems to circumvent :

P1 Hyperparameters do not live in the same measured space : Continuous
(weights_decay ∈ [10−6, 10−1]), integers (n_layers ∈ {8, ..., 64}), categorical
(activation ∈ {relu, ..., sigmoid}) ...

Transform hyperparameters values into samples of uniform random variables and compare
Ui with Ui |f (X1, ...,Xnh ) ∈ Y instead of Xi with Xi |f (X1, ...,Xnh ) ∈ Y.

P2 They could interact with each others. For instance batch_size adds variance on the
objective function optimized by optimizer.

Check for interactions using S(Xi ,Xj ),Y before selecting hyperparameter values.

P3 Some hyperparameters are not involved for every neural networks configurations :
dropout_rate is not used when dropout = False.

Only compare hyperparameters’ HSIC within a same conditional group.
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Application 1 : explainability

(a) Bateman equations (b) MNIST

Comparison of SXi ,Y, where Y is the error 10% percentile.

Cost-efficiency / Accuracy trade-off remark : For MNIST, n_layers has a very limited impact
on accuracy, but the strongest impact on execution time !
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Application 1 : explainability

(a) MNIST (b) Bateman

Figure 7 – Representation of Ui |Z = 1 (orange for KDE and blue for histogram) and Ui (red for KDE and
grey for histogram), for hyperparameters Xi with high SXi ,Y

Commissariat à l’énergie atomique et aux énergies alternatives
Paul Novello†,∗, Gaël Poëtte†, David Lugato†, Pietro Congedo∗ 28/04/2021 19 / 24



Application 2 : stability ...check out the preprint !

(a) SXi ,Y , Y = 10% worst errors (b) Xi |Y, Y = 10% worst errors (c) Xi |Y, Y = 10% best errors

Figure 8 – Bateman : (a) Comparison of SXi ,Y when Y is the set of the 10% worst errors. (b) Histogram of
Xi |Y when Y is the set of 10% worst errors, with Xi = optimizer. (c) Histogram of Xi |Y when Y is the set
of the 10% best errors, with Xi = optimizer.
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Application 3 : cost efficiency ...check out the preprint !

(a) MNIST (b) Bateman

Figure 9 – SXi |Xi∈[a+c,b],Y w.r.t. c for (a) n_layers in MNIST, (b) n_layers in Bateman.

Let Xi ∈ [a, b] be a hyperparameter that have an impact on both accuracy and execution time.
One can find a good trade off by computing SXi ,Y for Xi ∈ [a + c, b].
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Application 4 : optimization (explainability, cost efficiency, accuracy)

Results when pairing HSIC with Gaussian Processes Based Bayesian Optimization (GPBO) :

data set baseline test metric params MFLOPs FLOPS factor
MNIST RS 98.36 436,147 871 ×3
- GPBO 98.42 ± 0.05 10,271,367 20,534 ×67
- HSIC-GPBO 98.42 ± 0.02 151,306 307 ×1 (ref)
Bateman RS 1.99 ×10−4 1,259,140 2,516 ×360
- GPBO 2.94 ± 0.42 ×10−4 1,588,215 3,173 ×453
- HSIC-GPBO 3.49 ± 0.31 ×10−4 3,291 7 ×1 (ref)

Table 4 – Results of hyperparameter optimization for Random Search (RS), Gaussian Processes based
Bayesian Optimization on full hyperparameters space (GPBO) and HSIC Gaussian Processes based
Bayesian Optimization (HSIC-GPBO). HSIC-GPBO first optimizes most impactful hyperparameters defined
by HSIC (as in [18]) with other hyperparameters values chosen in order to improve cost efficiency. It then
fine-tunes the remaining hyperparameters that has no effect on execution time.

The neural networks obtained have competitive test error w.r.t. GPBO (which is one of
the most used HO algorithm).

HSIC analysis allows dramatically reducing the number of FLOPs and params of the
resulting neural networks.

It is complementary to other HO techniques. Could even be used jointly with multi
objective HO techniques to further reduce execution time.
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Conclusion - Take-away slide

Neural networks’ hyperparameters optimization is a tedious and challenging task with high stakes
because :

Great impact on accuracy.

Great impact on performances.

Lack of explainability

⇒ HSIC based Sensitivity analysis approach to hyperparameter optimization.

In this work :

We adapted HSIC based sensitivity analysis methodology to hyperparameter analysis

We used it to explain hyperparameters’ effect on the test error.

We constructed a robust and explainable HO methodology that addresses the
accuracy-performances trade-off.
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Thank you for your attention
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