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1 - THE MULTI-OBJECTIVE OPTIMIZATION PROBLEM

Multi-cbjective optimization problem with constraints:

Minimize  f(x)
Subjectto x € X and c(x} <0

with
o XCR® s search space
o f={fihz<s — vectorof objective functions to be minimized
0 c={(ch=i=g —+ vectorof constraint functions
+ Sequentially approximate the set of feasible and non-dominated solutions:
M={xeX:elx) <0and Ax" € X suchthat ¢(x') < 0and f(x") < f(x)}
Assumptions:

+ Both f and ¢ are smooth, nonlinear, expensive-to-evaluate functions {black-box)

+ The available simulation budget is very limited (=2 10d)
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1 - POSITIONING AND CONTRIBUTIONS
Positioning:

+ We adopt a Bayesian approach to this optimization problem.

+ We focus on highly constrained problems. Tipically it is assumed that no feasible
observation is available at the start of the optimization procedure.

Main contributions:

+ Proposal of an Expected Improvement (El} criterion for the constrained multi-objective
optimization problem.

+ Study on the use of Seguential Monte Carlo techniques for the optimization of improvement
based sampling criteria.

+ Implementation of the associated algorithm, which we call BMOO.
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1 - PUBLICATIONS

Associated publications:

+ P. Feliot, J. Bect, and E. Vazquez. A bayesian approach to constrained single- and
multi-objective optimization. Journal of Global Optimization, 2016.

+ P. Feliot, Y. Le Guennec, J. Bect, and E. Vazquez. Design of a commerciaf aircraft

environment controf system using Bayesian optimization technigues. ENGOPT, 2016 (to
appear).
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02 THE BMOO ALGORITHM

Expected Hypervelume Improvement (EHVI) criterion
Extending the EHVI to handle constraints

Criterion calculation and optimization

Structure of the algorithm

Illustration
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2 - ExPECTED HYPERVOLUME IMPROYEMENT CRITERION

+ We first consider the multi-objective optimization problem without constraints.

Expected Hypervolume Improvement {EHVI) sampling criterion:
+ Given evaluation results {f{X1), ..., f(Xu)), with F00) = (A (X)), .. .. B, 1 <i<n,

define:
fa
B = {yeR;y<y™} yrep e
H = J{ye®axe X Afx) =<y}
Ho = {yeBJi<n fX)=y} ,@ \\
+ Loss function: J’s.\\
i
Sﬂ{)_(‘f) _ |H \\ Hn| .
B Hy
+ Hypervolume improvement: .},20
b (X} = Ea(XF) — e (X, 1)
= |Hn+l| - |Hn|

Figure: Hypervolume improvement yielded by
the observation of y;
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2 - ExPECTED HYPERVOLUME IMPROYEMENT CRITERION

Expected Hypervolume Improvement {EHVI) sampling criterion:

F=(fi....\f5)

+ The EHVI? comes from taking the expectation of the improvement with respect to the
posterior probability of &:

Eln(x) = Eo([Hoa|l  [Hal}

= K. (/ “.‘,{x)—/\ydy)
% H,
- f o (£(x) < ) dy
By Hy

+ The next sample is chosen as X,y = argmax El,(x}, which requires solving an auxiliary
xEE

optimization problem at each iteration.

“References; Emmerich [2005], Emmerich et al. [2006]
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2 - CONSTRAINT HANDLING

+ We now consider the multi-objective problem with constraints.

Canstraint handling in the literature:®

+ Emmerich [2005] and Couckuyt et al. [2014] propose to multiply the EHVI by Pr{£.(x) = 0)

+ This corresponds o fn — (|Hp1| — [Hn]) 151,y <0 under the independence assumption.

+ The progress on constraint resolution is not measured.

+ Gramacy et al. [2015] recently proposed to use the Augmented Lagrangian approach.

+ Our proposal is o extend the Pareto domination rule to handle the constraints.

®References: See a.g. Cann et al. [1981], Sasena [2002], Parr et al. [2012], Gelbart [2015]
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2 - EXTENDED DOMINATION RULE

Extended domination rule definition:”

S

+ Denote Y, — B”, the objective space and ¥, — " the constraint space, and let
V=% % Ve

+ We shall say that yy € % dominates y» £ %, which will be written as yq <1 yo, if
w{y1) ¢ ¢*(y=). where — is the usual Pareto domination rule.

Wi We X Ve — E x4
(y"lo] 'fyré(l

(Yo. ¥e)
{+oc, max(y.,0)} otherwise.

+ Properties of the extended domination rule:

+ Feasible solutions are compared wrt their objectives values.
+ Mon-feasible solutions are compared wrt their component wise constraint violations.

+ Feasible solutions always dominate non-feasible ones.

“References; Ray et al. [2001], Fonseca and Fleming [1998], Oyama et al. [2007]
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2 - EXPECTED EXTENDED HYPERVOLUME IMPROVEMENT

+ Similarly to the EHV| derivation, we can define the following sets.

E = B, xE., where B, C Y, and B, C %, are bounded hyper-rectangles
H = y B dxc X (f(x), c(x)) <1y}
Ho = {ye B Ji <n{f(X). o(X)} <y}

+ Expected hypervolume improvement criterion with constraints:

Ela{x) = Eo(|Ha 1| = |Hal)

Eq (/ I&(x]-/..y dy)
By Hy

S IGORTTY

+ where £ = (&, &) with&o = (&o,1, -+ . Eap)and & = (Ecir .- - Eog).
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2 - CRITERION CALCULATION AND OPTIMIZATION

Criterion calculation:

+ The criterion takes the form of a multi-dimensional integral for which no closed form solution
exists.

+ The BMOO algorithm implements a Monte Carlo approximation of the integral using
sequential Monte Garlo technigues.

Criterion optimization:

+ The criterion optimization is performed using sequential Monte Carlo techniques as well.

+ Attime n, the next sample is chosen out of a population A}, of particles distributed
according 1o a density of interest =,
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2 - STRUCTURE OF THE ALGORITHM

Structure of the algorithm:

Initial DOE Evaluate f and ¢ Check termination ———

Chaose x,, = argmax £, (x)} | Draw X, ek 1  Kriging (&, and &)
XE 3y
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2 - ILLUSTRATION ON A TOY EXAMPLE

Pareto front

S
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

Input space [N =10} ) Objective space (N = 10)

i ) o
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

Input space [N =11} ) Objective space (N = 11)




Introduction Tha BMOC algcrithm Ermvironmment coniral eystem Cotimization of the eyetern Conclusions Saferancee
L1 1] [ 1111 LT 1T ] [s1nlslstaluls] [Tnlnlels]

2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

Input space [N =12} ) Objective space (N = 12)
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

Input space [N =13} ) Objective space (N = 13)
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

Input space £N =14} ) Ohbjective space (N = 14)
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

Input space [N =15) ) Objective space (N = 15)
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

Input space [N = 16) ) Objective space (N = 16)
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

- Input space £N =17} ) Ohbjective space (N = 17)
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

InpLit space f_N =18) Chjective space (N - 18)
. - (=
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

InpLit space f_N =18) Chijective space (N - 19)
. .
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

Input space {_N =20)

"-‘,E o‘:l‘ 1

x2
i2
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

. Inpuit space (N = 21 Objectwe space (N - 21)
2 -t
“ -6
" . “ el
a o
o - Qe
© i | e

" o =1

:"' C" fad ] 7 i (o] =
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

. Inpuit space (N = 22) Chjective space (N - 22)
TR v ey
.'\;7 o - "‘.'T- o
: u& ) Y .
4 =20 -
'-' P o
o oo
a o

x2
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

. InpLit space f_N =23 Chjective space (N - 23)
. ) . ¢
. .
" o
. R .
a o
o - Qe
. o o
© ) ar = o
[ 411
" o * =1
ki T @ Eﬁ. £ £ Ee 3 w =

i o 3 B3
x1 f1
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

. InpLit space f_N =24) Chijective space (N - 24)
. ) . ¢
. .
” =20
v . S ol
a o
o - Qe
__ - ;
o ’ . ﬁ I ©
" o L‘ =1
o B4 o \-E;h Ea Y ES ] E) =
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

. Input space (N = 25] Obijective space (N - 25}
1= \\?s o - g
;_[ i o -
.‘\ i
‘. =20
p r.. B I3
< g
a o
o R ST
- ) o
o : 1=t 1=
" o i =1
o B4 o \-E;h Ea Y ES ] E) =
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2 - ILLUSTRATION ON A TOY EXAMPLE

lNustration with 7=(x) x P, (£(x) € (1B H,)) and 7 (y) x L (y)

. Input space (N = 50) Objective space (N - 50}
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03 ENVIRONMENT CONTROL SYSTEM

Presentation of the problem
One dimensional model of the system
Formulation of an optimization problem

Cotimization of the eyetern
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Conclusions
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3 - PRESENTATION OF THE PROBLEM

Architecture of the ECS:

—t : :
3r Hx1 2r
— | J_‘
1 2 e P, - -
i 6
i 5
! HX2 .
i T
i 3 4
|
i
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3 - PRESENTATION OF THE PROBLEM

Sizing scenario:

+ Aircraft-on-ground, full of passengers, with 50°C outside.

Pur = Pous + Peq + Npax‘ppa.x + Nerew Porew
+ Keep the cabin temperature at T, = 24°C.
Prr < mep (Te — Ts)
+ Keep the cabin pressure close to the atmospheric pressure.
Pmingpﬁgpm&x

+ The air injected into the cabin must lie between To, = 15°C and Tpha = 25°C.
Objectives:

+ Minimize the mass of the system.

+ Minimize its entropy generation rate.
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3 - ONE DIMENSIONAL MODEL OF THE SYSTEM

Parametrization:

+ 18 variables: rir, m,, 13, Fop, F2t. b, .1'33, fa, f5p. et bs. g, L1, Lyh Lo, L, Ly2.- Lo
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3 - ONE DIMENSIONAL MODEL OF THE SYSTEM

+ The system is ruled by a non-linear system of 13 equations with 13 unknowns:
Tie. s, Tay Tisy Tiaes Toae, Py Pray Pty Prg Prae, Prae and o,

J'?"?Cp(Tﬂ — sz) = ’hrcp(Trar — T:‘zr)
me(ng - Tr4) = erp(TQr - T.r1r)
el Tor — Tie) = ecp{Tn — Ter)
Cp[Trs - Tm) = Ech{Trs - Tﬂr}
Pz — Py = APy
Pey — Pr = APux
Pia P (1 + T}c T")
Prs = Fu (1 + J:T LEES )
1z — m r(:@ - —u"g:"pb;s )
i, L Rle,

N 2w by
We i Wrt LS = o
We = 1emcs(Tim — Te)
W, — iJTmcp( Tis — Tu)
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3 - FORMULATION OF AN OPTIMIZATION PROBLEM

—_—
ERE By =ty i i

Design constraints:

d1 : m ﬁ rh,,

az : ba < fers,

ds : B4 = ira,

di_s g < Fop < Fa,
ds 7 oo = fer = fa,
de : A > 0,

LI e
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3 - FORMULATION OF AN OPTIMIZATION PROBLEM

Simulation constraints:

Ci—z 1 T = Ts < Toax.
€3 4 P = Fs < Prax,
Os—g 0.5 < 2] < 0.9,
crg 05 < e < 09,
Cg . CQ E 0.95'\.-’".-'9?—2,

Cio . Cs E 0.95\.-""}"RT3,

19 : Cy S 0.95\;’%,

Ciz : Cs < 0.95/~AT;5,

[ . Fald E LY "IKHT3:

Ciq . raqwt < \/“,'HT‘;._

Ci5 : Py < .I"th (TC — Tr,) .
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3 - FORMULATION OF AN OPTIMIZATION PROBLEM

Summary:

+ 18 variables: m, M, r5, reg, rar. ba, J3, fa, fop, Foe, Ba, e, Lo, Loy, Loy Lia, Lz, Loz
+ Bound constraints on the variables.

+ 9 design consiraints. ofy_q.

+ 15 simulation constraints: ¢y_1s.

+ 2 objectives: M and S.

Remarks:

+ The design space is not hypercubic.

+ Passibility of simulation failures (hidden constraints).
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04 OPTIMIZATION OF THE SYSTEM

Simulation failures management
Handling non-hypercubic design spaces
Optimization results

Cotimization of the eyetern
[elalulele]

Conclusions

Siefirancae
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4 - SIMULATION FAILURES MANAGEMENT

Hidden constraints management:

+ There are two cases where the model fails to produce a result:

+ The system can not be inverted.
+ The air flowrate becomes supersonic.

+ This is taken into account in BMOQ by multiplying the Expected improvement by a
probability of observability”.

+ A nearest-neighbour classifier is built on the observed/non-observed data to this end.

+ The sampling density = is also multiplied by the probability of observability.

“Reference: Gramacy and Lee [2011]
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4 - HANDLING NON-HYPERCUBIC DESIGN SPACES

Conclusions Siefirancae

Initial DoE:

+ Denote TI the domain delimited by the hound constraints and define:

X=D" {x c I d{x) = 0}

+ It |X] /|| is not too small, a pseude-maximin design on X can be achieved using the
following process.

+ Sample a large population unifarmly on T
+ Discard particles falling out of .

+ Prune the remaining particles to augment the maximin distance until the required number of
particles remain.

During the optimization:

+ The sampling density wr s multiplied by 1.
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A few statistics:

+ Initial DoE:

¢ Ny = 90 samples.
+ 44 simulation failures.
+ No feasible observation

+ Optimization process:

+ Mmay = 500 samples.
+ 92 additional simulation failures.
+ First feasible point found after 25 iterations.

Cotimization of the eyetern

Conclusions Siefirancae

4 - OPTIMIZATION RESUL
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4 - OPTIMIZATION RESULTS

0.55
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o Entropy o
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4 - OPTIMIZATION RESULTS

1 2 3 4 5 6 7
m 2.95 2.92 2.94 2.94 2.94 2.95 2.94
M, 7.74 6.86 5.63 5.06 4.64 4.40 4.27
fog 0.07 0.05 0.05 0.03 0.03 0.07 0.04
rot 0.10 0.08 0.08 0.08 0.08 0.09 0.10
rs 0.10 0.1 .10 0.10 012 g.12 013
bs 0.01 0.01 0.05 0.05 0.04 0.02 0.03
s 0.36 0.74 0.97 0.18 0.61 0.94 0.48
oo 0.03 0.03 0.03 0.03 0.03 0.0 0.03
I 0.05 0.05 0.05 0.05 0.05 0.05 0.05
ra 0.10 0.10 0.11 0.12 0.1 0.10 0.1
ba 0.02 0.02 0.04 0.02 0.04 0.03 0.03
Oy 1.04 0.50 0.89 1.01 0.44 0.79 0.30
L 0.67 0.65 0.68 0.68 0.63 0.69 0.70
Ly 0.65 0.68 0.61 0.67 0.67 0.66 0.65
Lz 0.03 0.04 0.07 0.12 0.17 0.20 0.32
Lz 0.66 0.69 0.66 0.66 0.70 0.68 0.69
Lyo 0.69 0.53 0.68 0.65 0.65 0.68 0.65

L 0.03 0.06 0.09 0.10 0.17 0.25 0.36
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5 - CONCLUSIONS

+ BMOO: A Bayesian optimization algorithm for single- and multi-objective optimization.

+ Designed to address highly constrained problems.

+ Based on a generalized EHVI criterion defined using an extended domination rule.
+ 3MG techniques for the criterion caleulation and optimization.

+ Hidden constraints handling capakility.

+ Non-hypercubic design spaces handling capability.

+ The algorithm is applied to the design of a commaercial aircraft environment control system
with promising results.
+ Directions for future work on this application case.

« Taking into aceount uncertainties an key parameters of the simulation.
+ Sensitivity analysis on non-hypercubic design spaces.
« Sensitivity analysis in constrained multi-objective optimization.
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7 - ADAPTIVE PROCEDURE TO SET 5. AND

Adaptive procedure to set [, and B,:

+ Assume that it evaluation results £(X;). 1 < { < n, are available. Then, we define the
corners of 5, by

ye¥, = min (min,-in Eo(X), Minyea, Lo o alx) — )\‘-,ao:f,n[x)) ,
Yota = max (max,in Eo (X}, MaXsee 2, Eovlx) + /\oﬂo,r‘.n(x)) :

for 1 <7 < p, and the corners of B, by

)’LD?n — min (0, MiNr<a Ec (Xi), minee éc.;',n{x) - )‘CUC-LH(X)) )
)’E[}?n = max (01 Maxica {e i (X), maxgex, éw‘.-rr(x) - }‘C'-TC,}'.-"(X)> )

for1 < f < g, where A, and A, are positive numbers.
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7 - L7 DENSITY FOR EHVI CALCULATION

L density for EHVI calculation:

+ Let (xi }1<x=m, be a population of candidates on which we want to compute the EHVI
value, using a population of particles (i), =« m, distributed according to some density .
iTher
o 1 Tol£0u) = )
= 3 )
my &~ wly)
+ We want to achieve a good approximation for all particles (xx )y <k, . Using the Lz narm,
we get the following:

P( i D = F (i(;‘; _;,()2)
= L Z ( / Pn(sg&j 2y ;5)

S ) x| S PalE(w) <
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7 - A DENSITY FOR HEAVILY CONSTRAINED PROBLEMS

A density for problems with a lot of constraints:

*

Supposeg=d, X =[-1/2,1/2] and ¢; : x = (x1... . xq) — || — £. 6 € {0;1].
Thus, the feasible domain is C = [—£/2,£/2]% and the volume of the subset of X where
exactly k constraints are satisfied is

Ve () 2 (1 - )"

+ Assume moreover that the Gaussian process models are almaost perfect. i.e.,

*

1, fefx) <0,
I X ’ ' - 1
n(Ses) £ 0) {0._ otherwise, W
+ Further assume n = 1 with Xy = (% ..... ) so that the probability of

improvement P, {(£(x} € G1) is close to one everywhere on X
+ The expected number of particles satisfying exactly kK constraints is m Vi
+ If g is large, the particles thus tend to concentrate in regions where k = gc.
+ To compensate for the decrease of V., we suggest using the following modified sampling
density:
i % By (KO)! Legoyea,) -
where K (x} is the number of constraints satisfied by £ at x.
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7 - INTERMEDIATE SUBSETS

Parametric construction of intermediate subsets:

o o
B N

. B

I N
y1\ "

ci

{a) {b)

Figure: Procedure to construct intermediate subsets before the abservation of a feasible solution.
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Parametric construction of intermediate subsets:

B x B,

T

=
L

7 - INTERMEDIATE SUBSETS

B = #,

N R

\

)/Janchﬂr

N

¥a

{@

W\

Ye

(k)

Figure: Procedure to construct intermediate subsets after the observation of a feasible solution.
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