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Contexte

On souhaite caractériser un aléa physique X décrit formellement par :
Y =  H/(X.d)

ou H, est une fonction de transfert décrivant un phénomeéne réel (= réponse d'un systeme
industriel, etc.)
@ d représente des conditions environnementales connues/observables (calables
“aisément")
@ X représente des parametres physiques non-observables

Exemples d’application

En thermohydraulique systéme pour la slireté nucléaire

Modéliser, a partir de données réelles, les parametres de lois physiques
intervenant dans le code CATHARE, utilisé pour |'évaluation de
situations accidentelles.

En acoustique

Estimer l'incertitude sur I'impédance des sols environnant les installations

d'EDF pour une prise en compte a terme dans les études d'impact sonore
(code TYMPAN).



Modélisation et calibration = inversion de X

Concretement, on décrit le phénomeéne réel par un modele :

yi = H: (xi, dj) + uj
~~ S —— ~—
une mesure réponse réelle du systeme S e
sous des conditions supposée dépendre de la grandeur X

expérimentales d;

= H(xi. d;) + Hr(xi. di) — H(x;, di) +u;
N ~ ~— v
réponse modélisée erreur de modele

(code de simulation)

X n'a (généralement) pas le méme sens ni la méme dimension pour H, et H
@ pour H : parameétre de calage lié a la précision, la dimension... peu ou plus de sens
physique clair

H = Code déterministe boite noire, souvent colteux en temps de calcul



En hydraulique

@ Systeme physique : écoulement a surface libre sur 50 km de
Garonne ;

Nord

Ly Feole

seqs de 'écovlemen:

Marmande
&

Ieillian «'Garonnes ﬁm#hm@

&' Garonne . St Perdoux du Breuil

e & Taill Fbourz
Fourgues » Garcune » ¥

e

LeMas d Agenais@
Laomes

@ Eq. de Saint-Venant 1D ou 2D (Mascaret/Telemac) ;

@ Objectif : estimer |'incertitude sur les coefficients de Strickler pour
une prise en compte dans les études de risque d'inondation.




Erreur de modele pratique courante actuelle

It does not really matter if X has no true physical reality, but is simply a tuning parameter : the
problem should then be thought of as finding “some type of best-fitting value of X, with the
bias defined relative to this". [Bayarri et al., 2007]

En I'absence de modéle d'interpolation pertinent (sur les X sachant d) pour étudier I'erreur
(biais) de modele, on décide pour le moment d'injecter dans la calibration de X une partie de
I'incertitude engendrée par |I'"oubli” de cette erreur

En outre : codes qualifiés pour un certain domaine de valeurs d'entrée



Aside : about identifiability, regularization and « well-posed
and conditioned » problems in inversion

Inverse problems as optimization problems

Inverse problem
Let y* € Y and H: X — YT, find x* € X such that
y" = H(x")
That is: find x* € H7Y({y*}), where H'({y*}) = {x € X /y* = H(x*)}.

fIn practice, H is a numerical code Hc0de.

Optimization problem
Let ||.|| be a norm on YT, find

x* =argmin |ly" — H(x)|.
xeX

This formulation is more general and allows the use of optimization methods
(e.g. a simulated annealing algorithm, which is a Metropolis-Hastings one).

Tespecially if V) is a metric space without norm, another way to generalize the
inverse problem is minimizing d(y*, H(x)) where d(.,.) is a distance on ).



The linear euclidean case

Let y* € R” and H: RY — R, considering the inverse problem y* = H(x*)
and a euclidean-norm ||.|s induced by S € S5 (R), thatis [ly|° = y" Sy,

X =arg min |[ly" — H(x)||ls < X = arg rn]iP? (y* —H(x)" S (y" — H(x))
= xER9

Assumption: 3H € Mp q(R) H(x)= Hx.

Then:

@ X can be defined as a solution to a linear system:
% =arg min |y* —H(x)|ls ¢ H'Sy*=H'SHx.
xeR@
@ X is unique whatever y* is iif the rank of H is maximal, which implies

P > Q ("as many pieces of data as many unknowns is needed") and
H" SH e S§*(R).



Well-conditioned problems

Well-posed problem in the sense of Hadamard

@ A solution x* exists: H™(y*) # 0.
@ The solution is unique: H™'(y*) = {x*}.

© The solution depends continuously on the data, in some reasonnable
topology: H™' is continuous around y*.

Well-conditioned problem: a practical necessity

In practice, it is necessary to go beyond that latter condition and to ensure that

"a small error on y* may not cause a large error on x™": the condition number
of H~! around y* must be small T.

If not, you cannot expect to compute an "accurate" solution: the problem need
to be regularized.

f dox)—f 4
"Condition number of f at x: lim sup I +8x) (X)q / [” X”]

e—0% |15 <e 1)l x|



Tikhonov regularization
This is the most commonly used method of regularization. The linear euclidean

Tikhonov-regularized problem is: find

R = arg min [y — Hxlls*+[IA (x = x0)ll,* & [HSH+ATA] o0 = H' Sy"+AT/
xeR

e g

W

Axg,A

with A € Mk o(R)" and xo € R9.

Xp appears as some kind of guess of what x™ could be, that is as a prior piece
of information! What if one associates a prior distribution 7(x) on x7



Bayesian inference as regularization

We assume the following model:

@ Likelihood coming from
Y* = Hx* + U where U ~ N(0,00°5)
with S = Ip (OLS) and known oul:

Y* NN(HX*,O'U2 lp);

@ Prior: x* NN'(XU,szIQ).

"Variability of the measurement "errors" already estimated.



Bayesian inference as regularization

Model: Y* ~ N (Hx*,ou”1p) and x* ~ N(x0, 0x° 1).

Therefore,

m(xly™) o LG yT) m(x)

xop (=1 |20 — )T — B+ a(x = x0)T(x = x0)] )

oy
X exp (—% [XTE_IX — 2,uTElx]) X exp (—%( — ,u,)TZ_l(x — p))

with T~ = L (HTH + 251g) and X' = Ly* TH+ Lox .

2
x

o) (v*"TH+ 25x") and

oy

Thus p = (H"H + 2

a2
* ey - G.X

x|ly™ ~ N(ZqA, L) with A = - lo.
U

Hence, bayesian inference appears as a way to regularize ill-conditioned problem.
Moreover, here, the bayesian approach gives rationale for the choice of A and xo.



Bayesian inference as regularization against
non-identifiability

Bayesian statistical model

Roughly speaking, a bayesian statistical model is defined by the "combination”
of a parametrized statistical model (), Ty,{Ps : 6 € ©}) with a prior 7(6)
which is a probability distribution on (©, Te).

Remark

@ (V,Ty,{Ps : 8 € ©}) is chosen so as to only model the "true"
variability /dispersion /randomness which is postulated by the observer;

@ whereas the prior m(#), chosen in coherence with the available knowledge,
represents the epistemic uncertainty (lack of knowledge) on 6.

Thus, the use of gaussian processes for deterministic numerical code
meta-modelling is intrinsically a bayesian modelling.



Bayesian inference as regularization against
non-identifiability

About the well-poseness of the bayesian inference problem

The bayesian inference approach is completely based on the determination of
the posterior w(6#|y™) whose existence and uniqueness are always garanteed
(unless the data are incoherent with your model or in some cases of improper
prior).

Moreover, most of the Bayes rule (minimizing the posterior expected loss) lead
to a unique Bayes estimator': the existence and uniqueness of a Bayes estimate
0 of 0% is generally ensured in practice.

TPosterior expectation or quantile, typically.



Back to the problem : the data point of view

Response of the physical system: y = Hreal(x, d)

: measurement with

E confidence bounds

Controlled /known

~ experimental

| | conditions: d
For a given d, the variability of the measurements is significant: the uncertain

parameter x cannot be reasonably be thought as steady. x has to be consider
as an irreductible hazard X: its characterization is naturally a statistical
problem and not a “classical" inverse problem.



Calibration of a « physical tuning » parameter by
inversion of a costly nonlinear computer code

From the Ph.D work by S. Fu (2012), supervized by G. Celeux

Formulation :  Y; = H(X;,d;) + U;, 1 <i<n, with

» Y; € RP : measured/observed vector data ;

» H : known physical model, highly expensive ;

» X; € R9 : non observed random data, assumed i.i.d. ;

» d; € R%” : observed variables related to experimental conditions :

» U; € RP : measurement errors, assumed i.i.d., independent from X;.

calls to
physical model
H
*

variability of N

knowledoe on

Y; and ;

measurement ervor L7

Objective : to estimate the distribution of X; from the data Y; and d,.



Motivating application : hvdraulical case-study

* A river portion is considered flood plain

* His a hydraulical code predicting the
downstream water level Y at various

sites of interest diial il

\

* Known inputs (d) : measures of
upstream water discharge k /

* Unknown stochastic inputs to
inverse (X) : the independent friction

coefficients characterizing : ?V;ﬂttigsc:lﬂge %

* main bed

* flood plain

—  Friction coefficient
X
(hon-cbservabie)

Downsiream

height ¥ I

(observable)

Site of interest



How to estimate the missing-data X; 7
Model assumptions :

Xilm, C ~  Ng(m, C)
U~ ~ N,(0,R), R assumed to be known

— estimate # = (m, C) from observationsy = {y1,...,¥»} and
d={d,...,dn}.

e Frequentist inference :

e

e.g. (MLE) 0 = arg max Iog/ﬁ(@; X.y,d)dX,

with X = {X1,.... X,,} and L(#;...) the likelihood of 6.

= the ECME (Celeux et al., 2010), SEM (Barbillon, 2010), MCEM,
SAEM (Delyon et al., 1999, Kuhn, 2003) algorithms

e Bayesian inference :

— the key viewpoint in this thesis : # is considered as a random
variable. But why Bayesian 7 And how 7



The Bayesian inference is chosen because it ...

» adds the available expert knowledge (often the case in engineering);

Contextual values of Manning'’s coefficient
[US Geological Survey 1989, Viollet et al. 1998]

Surface Description n
Smooth surfaces [concrete, asphalt, gravel, or

bare soul| 0.011
Fallow [no residue) 0.05
Cultivated soils

Residue cover [less than 20%) 006

Residue cover (greater than 20%) 0.17 .
Grass i

Short grass prairie 015 |

Dense grasses” 0.24 ;

Bermuda grass 0.41 |
Range [natural) 0.13
Woods:

Light underbrush 0.40

Dense underbrush C'iSD

0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

Link between mean and relative error

[Liu 2009]

3 |
~ |
0.02 004 0.06 0.08 0.1 0.142

Manning's 'n' Value Estimates

» is favorable in small sample size setting, with few data y; and d;

available:

Example : during several years, there are only dozen measurements of the

discharge are available;

» improves the robustness with regard to identifiability problems;

0.14



Prior constraint on Cov(X) (1/3)

Solving the inversion problem (assessing the distribution of X from information on Y)
gets sense only if the uncertainty on Y is mainly explained by the uncertainty on X.

How expressing this idea ?

1 - Variance analysis : assume a linear or a linearized model
i — H;(X,'—XO?,')%—E,' i=1.....n

where H; is the jacobian of H(., d;) at xp ;. Simplify in

Yi = HiXi+e
and rewrite
Y =TX-+e
with
> YT =[Y1,....Ya]. XT =[X1,.... Xn] and €T =[e1..... €n]
[ Hy O O ... 0 O
> 0 H 0 ... 0 O
0 0 Hn |




Prior constraint on Cov(X) (2/3)

It is proposed to consider the following condition of “relevance" or “identifiability" of
the inversion problem

|Cov(lX) > |Cov(e) (1)

Such a constraint can be a part of prior specification

Ex : Gaussian model
X|o=(m.C) ~ Ne(m.C)
mC ~ Ng(u.C/a)
C ~ =w(C)
Then
Cov(FX)| = [FCFT| = |C||rTr|

m(C) must be such that (1) is true :

cl > [RI/(rTrpYe

P in linear cases originally
P it seems reasonnable to extend this rule to nonlinear cases



Prior constraint on Cov(X) (3/4)

2 - A more intrinsic approach
E(H(X,d)) = £&(e) (2)

where £(Z) is the entropy of the random variable Z ~ f, ie. H(Z) = — [ flogf

The same result can be found

Under the condition that [FTT| > 0, C lives in

Qc = {Cest (€2}

Consequently, any noninformative prior 7(C) o |C| "1~k with k > 0 is proper on Q¢



Prior constraint on Cov(X) (4/4)

This condition is not satisfactory, since
n
T T
r'rp = ] IH Hil
i=1

If at least one H; is not of rank g (non-injective), then H,-TH,- =0

This occurs when p < g (so frequently)

The condition [T 7T| > 0 is much stronger than the identifiability condition
(rank(H) = q)



Inference via Gibbs algorithm

Given (mll, Cll X1y for r=0,1,2,..., generate:

P & Lt | PP
IW(A+ iy (ml1 = XF)(mld — xPly 4 a(mld — ) (ml] = Y, v+ n+ 1),

2. ml ]~ N (G2 S XE] S where X[ = 1300 X,
T
H(x,-._d,-)) R—l(‘:’,-—H(X;-.d;))]

% unknown density form !

= numerical method (ex. Metropolis-Hastings) required

= high number of calls to H, necessary to replace H by cheaper H

Use of kriging techniques




Adaptation to code kriging emulation

Yi = HUL) 4+ Uy with £ ={Gd),7=1,..,,0

New uncertainty | Y; is the realization of a GP ),

New dependence | between sample points H(Zx) and H(Z))

Y|Z.Hp, =Hp, ~ N H(Z).R+MSE(Z)},

where
MSE; (Z) 0 } n lines
MSE(Z) =
0 MSEP(Z) } n lines
and
R 0 } n lines Rii
R = . with R; =

0 R, } n lines 0



Prior calibration and choice of domain 2

1. Elicitation for conjugate
priors :

( j1 = prior mean,

a = size of virtual sample,
Xilm, €~ Ng(m, C) — & F=pl

m|C ~ Ng(p C/a) v=t+q+1,
C ~ IW4(Av) | A=1-Cpp

2. We choose the domain {2 as a confidence domain according to the
prior predictive distribution




Application to the Garonne river
(France)

La Heole

North

Ste Bazeille i
-

.Marmandt:

Bourdelles
-

-
Meilhan-sur-Garonne

T

Flow direction

St. Perdoux du Breuil
+

Taillebourg

Fourques-sur-Garonne -

-
i Senestis

Tonneins

(R
e
=

Le Mas d'Agenais .

3 sections characterized
by 3 Xk = Strickler roughness coefficients

Reduced to dimension 2 for MASCARET code or dimension 4 for
TELEMAC code



Prior elicitation for the Garonne Strickler

Hyperparameters Mascaret Telemac-2D
17
17 45
: ( 40 ) 38
40
a 1 1
t 2 2
v 5 7
5 4.1 0 0 0
C 41 0 0 712 0 0
Exp 0 712 0 0 712 0
' 0 0 0 7.1




Incomplete posterior approximation (re.emac example)

Telemac, m1i Distribution of C11

0.4

. 0.1
0.2} /\ - 0.05}
0 + : 0 +
10 15 20 25 0 50 100
m2 « 10~ Distribution of C22
0.1 : : 2 .
%o 0 “50 100
m3 C33
0.2 - - - - 0.01 :
0 : - 0 L4
20 30 40 50 60 70 0 500 1000
me< -3 CAa4
o1 | ! | 4 X 10 .
0.05} /\ 2t
0 : of )= :
0 20 40 60 20 500 1000
Need for : Specific criteria h b
o . . S ecific criteria have been
- testing if the posterior approximation is fine P

- adding points to the experimental design if needed developed by S. Fu (2012)



A focus on « testing the design »

DAC(rly,Hp,) = KL (= (8ly,Hp,)||x(8)) — KL (=’ (6ly,Hp, || (8))

Non-informative (baseline) prior
Made proper on the compact set defined by :
- the knowledge of the kriging domain

- the « identifiability constraint »

Compact set for the covariance C:

Qc = (C=VDVT €S8} st.|D|>|R|%?,0< D;; <




A focus on « improving the design »

Ideally, the next point 7. 1) to be added into Dy is to approach the
target distribution :

Z(N+1) = a.rgminKL( m(Aly.d, H) ||7r(_9|y,d,HDNU{H(Z)})),
zefd ~ ~ - ~ . ~

aroet, 'I."I" _'_ o e 1 1 .
target distribution posterior distribution

by adding z into Dy

Obvious problems:

1. m(fly.d, H) is not accessible. 2. H(z) is to be avoided.

A more reasonable criterion :
zwen) = argmaxExgy) |KL(7(0ly.d. Hoy U {hn(2)}) | 7(0ly.d.Ho,))|.
ZC

with hy(z) := H(z)|Hpy ~ N(u(z),0%(2)).



Checking for agreement between posterior predictive
distribution and observed data

Pre:idﬁihlfiyn‘ﬁftﬁ:lﬁmm

1.8

g 1.6

14

12




Take-home messages

A kriging emulation method is needed to carry out the inversion process
A sequential kriging can accelerate the posterior estimation

A methodology of prior elicitation can be easily adaptable from the motivating
case-study to many other cases

* take account of prior constraints inducing that the inversion problem is well-
defined

* use the prior predictive distribution for assessing a relevant domain for
designing numerical experiments

* provide a clear sense to hyperparameters (virtual size, expert mean opinion
about roughness...)

Multi-fidelity : inverse calibration / validation ?
« |dentifiability » conditions : should be improved ?

Accounting for errors in experimental conditions
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