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Uncertainty propagation X — Y

Task 1

Input uncertainty
X ~ 777

Task 0
Model

Y

Y 2 u(X)

A A

Task 0-bis
Surrogate model

Task 3
Sensitivity analysis

\4

Task 2
Output uncertainty
E[Y]=...

PlY >a]=...

Cov(Y) = ...

A

X = (Xu, X5, X3, X4

Task 4

Inverse problem X|Y = yous )

Reverse propagation X < Y
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Remember: regularity is not enough!

High-dimensional function approximation requires leveraging any underlying
low-dimensional structure present in u, such as:

» Sparse structure

®,(x) : given basis
=~ Z UQ¢Q(X)7 {#A(N) N

aElNy

» Low-rank structure

m
u(x) ~ Z u uy(xd)
i=1

» Compositional structure

g:RY = R™
u(x) = f o g(x), f:R" >R
m : latent dimension
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Low-effective dimension: latent dimension m < d

Given u: R? — R, find a feature map g : R? — R™ and a profile function
f : R™ — R with latent dimension m < d such that

E[(u(X) — fog(X))] <e

(regression problem in L?)
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f : R™ — R with latent dimension m < d such that
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(regression problem in L?)

A trivial solution: {g = v ; f = id ; m = 1} yields . We have to

restrict g in a tractable class
g€eg
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Low-effective dimension: latent dimension m < d
Given u: R? — R, find a feature map g : R? — R™ and a profile function
f : R™ — R with latent dimension m < d such that
E[(u(X) — fog(X))’]<e

(regression problem in L?)

A trivial solution: {g = v ; f = id ; m = 1} yields . We have to

restrict g in a tractable class
geg

sin(\x}/)

G = coordinate selection
(sensitivity analysis)
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restrict g in a tractable class

geg

1 T X2

sin((x1 ) sin (x1 4+ x2)
~— ——
G = coordinate selection G = linear projection
(sensitivity analysis) (active subspace)
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Low-effective dimension: latent dimension m < d

Given u: R? — R, find a feature map g : R? — R™ and a profile function
f : R™ — R with latent dimension m < d such that

E[(u(X) — fog(X))] <e

(regression problem in L?)

A trivial solution: {g = v ; f = id ; m = 1} yields . We have to

restrict g in a tractable class

geg

1 T X2

sin((x1 ) sin (x1 4+ x2) sin(x1+x22)
~~ —— ——
G = coordinate selection G = linear projection G = nonlinear extraction
(sensitivity analysis) (active subspace) (active manifold)
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Gradient-based dimension reduction



u = constant
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u(x)' =0 & u = constant

Aou(x1,x) =0 & u(x1, %) = u(x1)
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u(x)' =0 & u = constant
Aou(x1,x) =0 & u(x1, %) = u(x1)

77?7

E[(u(X1, X))’ ]~ 0 & u(x, %) ~ f(x1)
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u(x)' =0 & u = constant

Aou(x1,x) =0 & u(x1, %) = u(x1)

E[(6u(X, X)) 1~ 0 £ ula,x) = f(x)
Poincaré inequality (PI)

A probability measure wx on R? satisfies the Poincaré inequality with constant
C(mx) < oo if
Var(u(X)) < C(rx) E[||Vu(X)|]

holds for any smooth function u: RY — R.

6/35



u(x)' =0 & u = constant

Aou(x1,x) =0 & u(x1, %) = u(x1)

77

E[(agu(xl, Xz))2] ~0 =4 U(Xl,XQ) ~ f(Xl)

Poincaré inequality (PI)

A probability measure wx on R? satisfies the Poincaré inequality with constant
C(mx) < oo if
Var(u(X)) < C(rx) E[||Vu(X)|]

holds for any smooth function u: RY — R.

If mx satisfies B
Cmx) :=sup C(mx, | x,=x ) < 00
X1
then there exists f(X1) (the conditional expectation f(Xi) = E[u(X)|Xi]) such
that

E[(u(X) — £(X1))’] < C(mx) E[(92u(X))’]
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Proof

min E[(u(X:, X2) — F(%))’] = E [(u(X;, %) — E[u(X:, X2)|X])?]

(tower property =E [E[(U(Xl, X)) — E[u(X, X2)|X1])2|X1]}
(def. conditional variance = E[Var(u(Xl,Xz)|X1)]
(definition of C(x) (mx)E [E[(@gu(Xl X)) \xl]]

)
)
(Poincaré on Xo|Xi)  <E [(C(WXQ‘XI)IE[(Ozu(Xl xz))ﬂxl]]
)
) (mx)E[(D20(X1, X2))?]

<C
(tower property again =C
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Generalization

Given a unitary matrix U = [Un,, U.] € R4, we decompose X as

B Xm=Up X €R™
X = UnXm + UL XL { X, = UIX c Rdfm

Subspace Poincaré inequality

A probability measure mx on R satisfies the subspace Poincaré inequality with
constant C(mx) < oo if

Clmx) = sup sup C(mx, |xp=xm) < 00
Um, U] such that x, €R™
[Um,U ] is unitary
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Generalization
Given a unitary matrix U = [Un,, U.] € R4, we decompose X as

_ T m
X = UnXon + UL X1 {Xm*UmX €R

X, =U/X eRI™

Subspace Poincaré inequality

A probability measure mx on R satisfies the subspace Poincaré inequality with
constant C(mx) < oo if

Clmx) = sup sup C(mx, |xp=xm) < 00
Um, U] such that x, €R™
[Um,U ] is unitary

For any matrix Upn, there exists f such that

E[(u(X) = f(Un X))*] < C(mx)E[| U] Vu(X)|?
=C(r

() (ELIVu(X)IP] — LI Uz Tu(X)|])

The RHS is quadratic in Up, hence simple to minimize (compared to the LHS).
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Active Subspace (AS)! = PCA on Vu(X)

min E[(u(X) — F(Up X))] < C(mx) (BIIVa(X)IP] = B[ Uy Vu(X)[])

= C(nx) ( trace(H) — trace(U,, HUm))

where H is the active subspace matrix

| H = E[Vu(X)Vu(x)"]]

1?ET[Cv:mstantine et.al. 2014]
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Active Subspace (AS)! = PCA on Vu(X)

min E[(u(X) — F(Up X))] < C(mx) (BIIVa(X)IP] = B[ Uy Vu(X)[])

= C(nx) ( trace(H) — trace(U,, HUm))

where H is the active subspace matrix

| H = E[Vu(X)Vu(x)"]]

Minimizing the RHS corresponds to compute a PCA on Vu(X) B
1. Compute H e.g. via Monte Carlo: H" = L% vu(XD)Vu(X")

2. Solve the eigenvalue problem with \; > X\, > ... > 0 and

assemble Un=1[v1,..,Vm]
U, = [V,,H,l,...,Vd]
3. Finally we obtain d
min E[(u(X) = F(Un X)) < Clmx) 3° A
i=m+1

m Choose m such that the RHS is bellow a prescribed tolerance,
m Compute f (polynomial, tensors, KRR, NN,...)

! %[Cunstantine et.al. 2014]
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Link with Sobol’ indices

Instead of minimizing over U, take U, = [ej]ic- such that for

any set of indices 7 C {1,...,d}

mfin]E[(u( ) — £(X))’] < C(n )(trace(H)—trace(U HUp ))

= @f (mx) :E:: Hi;

i€—T
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Link with Sobol’ indices

Instead of minimizing over U, take U, = [ej]ic- such that for

any set of indices 7 C {1,...,d}

min E[(u(X) — £(X:))’] < @(m)(trace(H) — trace(U,) HUm))

Then we get

C(ﬂ'x) C(WX)
< g i r>1— i
T Var(Y) - H and S 1 H

ieT

where
Hi =E [(6;U(X))2]

are called the Derivative based Global Sensitivity Measure (DGSM).
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Link with Sobol’ indices

Instead of minimizing over U, take U, = [ej]ic- such that for

any set of indices 7 C {1,...

mfin E[(u(X

Then we get

7d}
) — F(X:))?] < @(md(trace(H) - trace(Ur:HUm))

C(nx)
"= Var(Y)

ieT

Z Hii

and

where

are called the Derivative based Global Sensitivity Measure (DGSM).

Remark: for independent inputs X; L Xj, we even get {%[Zahm et.al, 2020]

Hi =E [(6;U(X))2]

Z

Var(Y

and

STZ]'_

C(mx) .
£~ Var(Y) !
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How to control C(?Tx) 7 Bizahm et al, 2022]

Lower-bound (easy): by testing Var(f(X)) < C(nx)E[||Vf(x)|]*] with affine
functions, we get
(definition of

M — v . subspace Pl) __ -
Sup eSO — e (CMX) <€) < Tl
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How to control @(Wx) 7 B[zahm et al, 2022]

Lower-bound (easy): by testing Var(f(X)) < C(nx)E[||Vf(x)|]*] with affine

functions, we get
(definition of

M — v . subspace Pl) __ -
Sup eSO — e (CMX) <€) < Tl

Upper-bound (hard): B
» Bakry—Emery theorem for log-concave mx B[Bakry and Emery 1983]

Hess(— log mx(x)) = pla = C(rx) < 1/p

» Holley—Stroock perturbation lemma B[Holley and Stroock 1987]

apx() Smx() <Bpx(x) = Clmx) < DC(px)

» Combination of the two above.
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How to control @(Wx) 7 B[zahm et al, 2022]

Lower-bound (easy): by testing Var(f(X)) < C(nx)E[||Vf(x)|]*] with affine
functions, we get

(definition of

M — v - subspace Pl) __ -
Sup eSO — e (CMX) <€) < Tl

Upper-bound (hard): B
» Bakry—Emery theorem for log-concave mx B[Bakry and Emery 1983]

Hess(— log mx(x)) = pla = C(rx) < 1/p
» Holley—Stroock perturbation lemma B[Holley and Stroock 1987]
apx() Smx() <Bpx(x) = Clmx) < DC(px)
» Combination of the two above.
Examples

> Standard Gaussian measure mx = N(0,/y): | C(7x) = 1| (ideal setting)

» Uniform measures on compact & convex domains

> Gaussian mixture? Yeah-ish... (worth setting)
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How to improve (C(Wx)? 2 zahm et.al. 2020]
Always whiten the input parameter

X = Cov(X) Y2(X — E[X])

before applying the subspace Poincaré inequality!! (= dimensionless C(7x))
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How to improve @(Wx)? 2 zahm et.al. 2020]

Always whiten the input parameter
X = Cov(X) Y2(X — E[X])
before applying the subspace Poincaré inequality!! (= dimensionless C(7x))
E[(u(X) — f(Un X))] < Clrx) (ELICov(X)"*Vu(X)[[’] = E[l|Up, Cov(X)"*Tu(X)|])

= C(7x) ( trace(HCov(X)) — trace(U,, Cov(X)"/?HCov(X)'/? Um))
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C(mx) ( trace(HCov(X)) — trace(U,, Cov(X)"/?HCov(X)'/? Um))

> If X ~ N(m, ) then C(rx) = 1

» Requires now the eigendecomposition of

’ H = Cov(X)"? H Cov(X)"?
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How to improve @(Wx)? 2 zahm et.al. 2020]

Always whiten the input parameter
X = Cov(X) Y2(X — E[X])
before applying the subspace Poincaré inequality!! (= dimensionless C(7x))

E[(u(X) — f(Un X))] < Clrx) (ELICov(X)"*Vu(X)[[’] = E[l|Up, Cov(X)"*Tu(X)|])

C(mx) ( trace(HCov(X)) — trace(U,, Cov(X)"/?HCov(X)'/? Um))

> If X ~ N(m, ) then C(rx) = 1

» Requires now the eigendecomposition of

’ H = Cov(X)"? H Cov(X)"?

> A supervised version of the unsupervised PCA(X) (i.e. truncated
Karhunen-Loeve expansion of X)
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How to further improve C(7x)7? Eicuictan. 2022
Normalize the parameter X = T(X) with a diffeomorphic map T : RY — R?
such that T(X) ~ N(0, Iy) and apply the Poincaré inequality on T(X):
E[(u(X) — F(Up, T(X)))2] < Clrreo) (trace(HT) — trace(U,} Hr Um))
————

=1

This replaces H with

Hr =E [v T(X)*TVU(X)VU(X)TVT(X)*l}
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How to further improve C(mx)? Bicui cea 202
Normalize the parameter X = T(X) with a diffeomorphic map T : RY — R?
such that T(X) ~ N(0, Iy) and apply the Poincaré inequality on T(X):
E[(u(X) — f(Un T(X))] < C(rrx)) (trace(HT) — trace(Uy, H U ))
W—’

=1

This replaces H with

Hr =E [v T(X)*TVU(X)VU(X)TVT(X)*l}

Towards nonlinear dimension reduction u(X) ~ (U, T(X))

= Next! <
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How to further improve C(mx)? Bicui cea 202
Normalize the parameter X = T(X) with a diffeomorphic map T : RY — R?
such that T(X) ~ N(0, Iy) and apply the Poincaré inequality on T(X):

E[(u(X) — F(U,, T(X)))]] < Clrrx )(trace(Hr)ftrace(U Hr Un ))
T/

This replaces H with

Hr =E [v T(X)*TVU(X)VU(X)TVT(X)*l}

Towards nonlinear dimension reduction u(X) ~ (U, T(X))

= Next! <

Alternatively: optimal Riemannian metric for Poincaré inequalities

Var(u(X)) < C(mx, W)E[|Vu(X)|[}vx]

What is the optimal metric x — W/(x) to use here? Can we use it within AS?

= Tomorrow! <

13/35



(counter)Examples



An analytical (counter)example Bizanm ct.al. 2020]

> Let mx = N(0, ly) so that C(mx) = 1, and consider

u(X) — Z ai sin(wi X;)

for some a1,...aq4 and w1, ..., wd.
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An analytical (counter)example Bizanm ct.al. 2020]

> Let mx = N(0, ly) so that C(mx) = 1, and consider
d
U(X) — Z aj sin(w,-X,-)
i1
for some a1,...aq4 and w1, ..., wd.

» Restrict U, to be a coordinate selection matrix so that
T
Un X = (Xryyo ooy, Xo)

for some index set 7 C {1,...,d}.
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An analytical (counter)example Bizanm ct.al. 2020]

> Let mx = N(0, ly) so that C(mx) = 1, and consider
d
U(X) — Z aj sin(w,-X,-)
i1
for some a1,...aq4 and w1, ..., wd.

» Restrict U, to be a coordinate selection matrix so that
Un X = (Xey, ..y Xop)

for some index set 7 C {1,...,d}.

» We can compute analytically the true error and its bound

E[(u(X) — (Up X))*] < Clux) (ENIVuCI] = B[ U5 V(X))

2303 - ep(-247) 237 (1 + exp(~208)
i¢T i¢T

15/35



An analytical (counter)example Bizanm ct.al. 2020]

%Zaiz(lfexp(f%.),?)) < Za 2(1 + exp(—2u?))

i¢T lef

{error} {bound}

» Ifw=wforalli=1,...,d, we have

arg n&in {error} = arg r[l}in {bound}
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An analytical (counter)example Bizanm ct.al. 2020]

%Zaiz(lfexp(f%.),?)) < Za 2(1 + exp(—2u?))

i¢T lef

{error} {bound}

» Ifw=wforalli=1,...,d, we have

arg n&in {error} = arg r[l}in {bound}

but when w — oo,

/ E a2 min {error} < min {bound} —
w~>oc Un - Un w—00
ieE—1
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An analytical (counter)example Bizanm ct.al. 2020]

%Zaiz(lfexp(f%.),?)) < Za 2(1 + exp(—2u?))

i¢T lef

{error} {bound}

» Ifw=wforalli=1,...,d, we have

arg n&in {error} = arg r[l}in {bound}

but when w — oo,
/ Z a2 min {error} < min {bound} —
w~>oc Un - Un w—00
ieE—r1

> Ifw;:a,.7221:
arg max {error} = arg nain {bound}
aie aie aie...
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A numerical example: the wrenchmark
Linear elasticity problem:
» Input: Young Modulus, Gaussian random field (C(7x) = 1)

» Qutput 1: Vertical displacement of the green point
» OQutput 2: Averaged von Mises stress on the red circle

g8

)
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A numerical example: the wrenchmark

Linear elasticity problem:
» Input: Young Modulus, Gaussian random field (C(7x) = 1)
» Qutput 1: Vertical displacement of the green point
» QOutput 2: Averaged von Mises stress on the red circle

Finite element solution, 3409 elements:

Young modulus = exp(AX) € R*%, . '
X ~ N(0, I4) Displacement and von Mises stress
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A numerical example: the wrenchmark

Linear elasticity problem:
» Input: Young Modulus, Gaussian random field (C(7x) = 1)
» Qutput 1: Vertical displacement of the green point
» QOutput 2: Averaged von Mises stress on the red circle

Finite element solution, 3409 elements:

Young modulus = exp(AX) € R*%,

X ~ N(0, Ig) Displacement and von Mises stress

N
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Eigenmodes vi, vy, ... for X, = (v X, ..., v, X)

Output 1: displ. of the green point | Output 2: VonMises on the red circle

999
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Error bound = function(m)

H=E[Vu(X)Vu'(X)]

Output 1: displ. of the point | Output 2: VonMises on the red circle

1077 ¢

L | k| L | . ]
0 50 100 150 0 50 100 150

{error(Un)} < Z \i = function(m)

i>m+1
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Error bound = functlon( ) using MC estimation of H
RZ u(X)Vu(X:)"

Output 1: displ. of the green point | Output 2: VonMises on the red circle
T I F | 1 T |
100 ! ! .- K=10 f i i ---K=10 |
A ! ce- K =50 ] 101 I\ | - K =50 |
R | --- K =100 || ! -- K =100 f
1077 4N : --- K =300 f ‘ -~ K =300 ]
i ] 1072 F
10-2F 1
:
! 3
| 10-3 -
107 ¢ !
| al
1071 10
107° | | E 1077
£! ! | ] L ; : 3
0 50 100 150 0 50 100 150
{error(Un)} £ E i = function(m) (dashed curves)

i>m+1
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Error bound = functlon( ) using MC estimation of H
RZ u(X)Vu(X:)"

Output 1: displ. of the green point | Output 2: VonMises on the red circle
T I F | } T |
100! } - K=10 [ A i --- K =10 j
' ! - K =50 || o-1 ! --- K=50 ||
B | <o K =100 ] - K =100
10 K =300 f{ b K =300 {{
] 1072} E
1072 ! & El
i : !
i 1073 ¢ ! E
1078 l
| | 1
1074 | ! 3 107 !
| | ! | !
. , | o
1075 ! ! ' E 1077
! 1 ‘ ] E 1 i 3
50 100 150 0 50 100 150
{error(Un)} £ E i = function(m) (dashed curves)
i>m+1

{error(Um)} < {bound(Un)} = function(m)  (solid curves)
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Linear DR for regression: not new, yet very active!
u(X, ..., Xq) = F(Un X)

Dimension reduction using the gradients of the model v,

%[Samarov 1993] “Exploring regression structure using nonparametric functional estimation”, JASA
=»
E[Constantinc et.al. 2014] “Active subspace methods in theory and practice”, SIAM-SISC

=|[Zahm et.al > 2018] Subspace Poincaré inequalities, Vector-valued models, multi-fidelity...
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Linear DR for regression: not new, yet very active!
u(X, ..., Xq) = F(Un X)

Dimension reduction using the gradients of the model v,

%[Samarov 1993] “Exploring regression structure using nonparametric functional estimation”, JASA
=»
E[Constantinc et.al. 2014] “Active subspace methods in theory and practice”, SIAM-SISC

=|[Zahm et.al > 2018] Subspace Poincaré inequalities, Vector-valued models, multi-fidelity...

or using the gradients of a surrogate model 7,

=»

E[Hristachc et.al. 2001] “Structure adaptive approach for dimension reduction”, Ann. Stat.
Q[Fukumizu et.al. 2014] “Gradient-based kernel dimension reduction for regression”, JASA
=N

E[Wycoff et.al. 2021] “Sequential learning of active subspaces”, JCGS

2
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Linear DR for regression: not new, yet very active!
u(X, ..., Xq) = F(Un X)

Dimension reduction using the gradients of the model v,

%[Samarov 1993] “Exploring regression structure using nonparametric functional estimation”, JASA
=»
E[Constantinc et.al. 2014] “Active subspace methods in theory and practice”, SIAM-SISC

Q[Zahm et.al > 2018] Subspace Poincaré inequalities, Vector-valued models, multi-fidelity...

S

or using the gradients of a surrogate model 7,

=»

E[Hristachc et.al. 2001] “Structure adaptive approach for dimension reduction”, Ann. Stat.
Q[Fukumizu et.al. 2014] “Gradient-based kernel dimension reduction for regression”, JASA
=N

E[Wycoff et.al. 2021] “Sequential learning of active subspaces”, JCGS

2

£ ]

or without gradient at all!

E[Li, 1991] “Sliced inverse regression for dimension reduction”, J. of the American Statistical Association.
E[Cha, 1994] “Partial least squares”, Adv. Methods Mark. Res

F%‘[Petrushev 1998] “Approximation by ridge functions and neural networks”, SIAM-SIMA

%[Cook et.al. 2005] “Sufficient dimension reduction via inverse regression”, JASA

=Y
‘:[Fukumizu. Bach, Jordan 2004] “Dimensionality reduction for supervised learning with RKHS”, JMLR
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Towards nonlinear dimension reduction

linear

nonlinear



u(x) = fog(x)
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u(x) = fog(x)

Vu(x) = Vg(x) ' Vf(g(x))
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u(x) = fog(x)
4
Vu(x) = Vg(X)TVf(g(X))

I
Vu(x) € range(Vg(x)")
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u(x) = fog(x)

I
Vu(x) = Ve(x) Vf(g(x))
I
Vu(x) € range(Vg(x)")
I

J(g) = E[HV“(X) ~ Mrange(va()T) V“(X)W] =0
——

orthogonal projector
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u(x) = fog(x)
4
Vu(x) = Vg(x) ' Vf(g(x))
I
Vu(x) € range(Veg(x)")
4
J(g): [HV“ = Meange(ve()7) V“(X)HQ} =

orthogonal projector

Two steps strategy:
1. Build g by minimizing g — J(g), (aligning Vg with Vu)
2. Build f by minimizing f — E[(u(X) — f o g(X))?] (low-dim regression)
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u(x) = fog(x)
U
Vu(x) = Veg(x)' VF(g(x))
J
Vu(x) € range(Veg(x)")
U
J(g): [HV“ = Meange(ve)T) V“(X)HQ} =0

orthogonal projector

Two steps strategy:
1. Build g by minimizing g — J(g), (aligning Vg with Vu)
2. Build f by minimizing f — E[(u(X) — f o g(X))?] (low-dim regression)

Questions:
» Q1: is the reciprocal {} true?
» Q2: does J(g) ~ 0 implies u~ f o g?
» Q3: what approximation class G for g?
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Question 1: is the reciprocal {} true?

Answer: yes, under some assumptions on G [Bigoni et.al. 2022]

Let g : R — R™ be a smooth function such that the level-sets
g '({z}) = {x e R’ 1 g(x) = 2},
are path-connected for any z € R”. Then

J(g)=0 = 3f suchthatu=fog

No...
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Question 2: does J(g) ~ 0 implies u ~ f o g7

Answer: yes, under some assumptions on both G and 7x [Bigoni 2022]

Assume

C(X|G) := sup sup C(mx|g(x)=z) < 00
g€G zERM

Then for any g € G, there exists a profile f : R™ — R such that

E [(u(X) - f 0 g(X))*] <T(XI9) J(g)
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Question 2: does J(g) ~ 0 implies u ~ f o g7

Answer: yes, under some assumptions on both G and 7x %[Bigoni 2022]

Assume

C(X|G) := sup sup C(mx|g(x)=z) < 00
g€G zERM

Then for any g € G, there exists a profile f : R™ — R such that

E [(u(X) - f 0 g(X))*] <T(XI9) J(g)

Example: if § = {x — U,-',,—x U, € RIXm orthorgonal columns} and if
X ~ ./\/’(O7 Id), then o
C(X|g)=1

(back to the linear dimension reduction...)
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Question 3: what approximation class G for g7

=
In ‘E[Bigoni et.al. 2022], we use an adaptive polynomial basis
®(x) = (P1(x), ..., Pp(x)) for parametrizing g.

G C{g(x)=G®(x): GeR™"}

» Minimization of g — J(g) via a quasi-Newton algorithm
» Path-connected level sets? No...
> Control of C(X|G)? No...
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Question 3: what approximation class G for g7

=
In ‘E[Bigoni et.al. 2022], we use an adaptive polynomial basis
®(x) = (P1(x), ..., Pp(x)) for parametrizing g.

G C{g(x)=G®(x): GeR™"}

» Minimization of g — J(g) via a quasi-Newton algorithm
» Path-connected level sets? No...
> Control of C(X|G)? No...

= . .
In ‘E[Verdiére et.al. 2025] we employ diffeomorphism-based feature maps

¢1(x)
GClgx)= : : ¢ € Diffeo(R?; RY)
em(x)
 is parametrized using invertible NN (= composition of triangular monotone
maps)
> Easy to minimize? “Who cares???” (the ML answer)
» Path-connected level set? Yes!
> Control of C(X|G)? AIMOSt.....cceerrueenne ish
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For any diffeomorphism ¢ : R? — RY, the feature map

©1(x) )
om(x)

g(x) = (

has connected level set.

©(X) € Feature space (FS)

X € Input space (IS)
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lllustration WX) = sn(IX[D), X ~u(0.1]"),  d =20

100

——mins,L2,g € G,

--- ming, ]Lfr, 9¢Gm
—miny,HL, g € G,

nl- " Ininﬁg H}rvg ¢ gm

— miny 725(g), miny L2(r)
—8—min, jrlns (g) with d 4+ 2, miny ]1172r

E[(u(X) — u(X))?]

Latent dimension m

Using the same training set {X u(X"), Vu(X?)}¥,, learn

> g € G invertible NN (solid) or g ¢ G: fully connected NN (dashed)
» f € fully connected NN
by minimizing either
> L>-norm: %Z;L(“(X(i)) — fog(X"))?
> H'-norm: 370, (u(XWY) — £ o g(XD))? +[[Vu(X?) — V(f o g)(XD)]?
> 2 steps: first g € G (via J(g)) then f (via the L?-norm)
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Dimension augmentation trick Ejverdiere ct.a. 2025]

Basic idea: approximating u(X) in a dimension-augmented space via

(X, Z) = u(X)
v
eRd+k
where = = (Z1,...,Zx) is an arbitrary random vector, e.g. = ~ N/(0, k)

2 %[Dupont, Doucet, Teh 2019] Augmented neural odes, NeurlPS.
3 %[Huang, Dinh, Courville 2020] Augmented normalizing flows, arXiv.
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Dimension augmentation trick Ejverdiere ct.a. 2025]

Basic idea: approximating u(X) in a dimension-augmented space via
(X, Z) = u(X)
~—~—
eRd+k
where = = (Z1,...,Zx) is an arbitrary random vector, e.g. = ~ N/(0, k)

> As for neural ODEs® or normalizing flows®, augmenting the dimension
facilitates the construction of diffeomorphisms.

2 ‘%[Dupont, Doucet, Teh 2019] Augmented neural odes, NeurlPS.
3 I%[Huang, Dinh, Courville 2020] Augmented normalizing flows, arXiv.
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Dimension augmentation trick Ejverdiere ct.a. 2025]

Basic idea: approximating u(X) in a dimension-augmented space via
(X, =) = u(X)
~—~—
eRd+k

where = = (Z1,...,Zx) is an arbitrary random vector, e.g. = ~ N/(0, k)
> As for neural ODEs® or normalizing flows®, augmenting the dimension
facilitates the construction of diffeomorphisms.
> For fixed x € R, we now approximate u(x) by a random variable
u(x) =~ fog(x, =)

or eventually by its mean u(x) = E=[f o g(x, Z)]

2 ‘%[Dupont, Doucet, Teh 2019] Augmented neural odes, NeurlPS.
3 ‘%[Huang, Dinh, Courville 2020] Augmented normalizing flows, arXiv.
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Thermal block: parametrized PDE with d = 16

r=1
Points Structure [#Param MSE% NRMSE% RL>% RL1%
BACF_IS(6) | 1632 |(1.25 & 0.50) x 10 3| 5.18 + 1.11 [12.97 & 2.79|8.43 + 2.7
Nrain = 100 [BACF_IS4,4(4)| 1680 |(6.33 4 1.90) x 10~%|3.73 4 0.56 |9.34 - 1.40 | 5.69 & 1.26
PFM 152 |(4.76 & 0.27) x 1073[10.34 £ 0.2925.88 + 0.74/20.10 + 0.96
BACF_IS(6) | 1632 |(1.81 & 0.56) x 10 7| 2.00 + 0.31|5.01 £ 0.77 | 2.19 & 0.42
Nrain = 500 [BACF_ISq4(4)| 1680 [(1.32 4 0.55) x 10~%|1.68 £ 0.35 |4.22 + 0.87 |1.92 £ 0.44
PFM 152 |(4.74 4+ 0.50) x 1073/10.34 4 0.55[25.90 + 1.39(19.79 + 0.87
NLL - - 6.26 - 12.71
Merain = 25000 ppyyrg - - 2.19 - 2.72
r=2
Points Structure [#Param MSE% NRMSE% RL>,% RL:%
BACF_IS(6) | 1632 |(1.27 £ 0.37) x 10 3| 5.29 + 0.76 [13.24 + 1.91|8.28 + 1.75
Nerain = 100 [BACF_ISy.4(4)| 1680 |(1.18 + 0.55) x 10~3|5.05 + 1.02 [12.66 - 2.55/7.26 + 1.35
PFM 304 |(4.65 %+ 0.27) x 1073/10.21 + 0.29[25.88 + 0.73(19.78 + 1.00
BACF_IS(6) | 1632 |(2.73 £ 4.21) x 10 7| 2.18 & 1.17 | 5.47 & 2.93 | 3.46 & 3.42
Ntrain = 500 [BACF_TS4,4(4)| 1680 |(1.42 & 1.20) x 10~*#/1.70 & 0.55|4.25 + 1.38|2.39 + 1.73
NLL - - 6.66 - 13.45
Merain = 2500 ppirrg - - - - -

Table: PFM is the Polynomial Feature Maps method from @[Bigoni 2022] and the
results for DRiLLS and NLL are copied from E[Teng 2021].
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Nonlinear feature learning: quite recent & super active!

u(Xi, ..., Xa) = f(g(X))

Nonlinear features using the gradients of the model v,

=)
E[Zhang et.a. 2019] “Learning nonlinear level sets for DR in function approximation”, NeurlPS
%[Bigoni et.a. 2022] “Nonlinear DR for surrogate modeling using gradient information”, IMA:I&I.

%[Romor et.a. 2022] “Kernel-based active subspaces with application to computational fluid dynamics
parametric problems using the discontinuous Galerkin method”, Int. J. Numer. Methods Eng

Y
E[Tcng et.a. 2023] “Level Set Learning with Pseudoreversible Neural Networks for Nonlinear Dimension
Reduction in Function Approximation”, SIAM-SISC

%[Ncuy Pasco 2025] “Surrogate to Pl on manifolds for DR in nonlinear feature spaces”, arXiv

%[Verdiére et.al 2025] “Diffeomorphism-based feature learning using Pl on augmented input space”, JMLR

Br..q
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u(Xi, ..., Xa) = f(g(X))

Nonlinear features using the gradients of the model v,

=)
E[Zhang et.a. 2019] “Learning nonlinear level sets for DR in function approximation”, NeurlPS
%[Bigoni et.a. 2022] “Nonlinear DR for surrogate modeling using gradient information”, IMA:I&I.

%[Romcr et.a. 2022] “Kernel-based active subspaces with application to computational fluid dynamics
parametric problems using the discontinuous Galerkin method”, Int. J. Numer. Methods Eng

Y
E[Tcng et.a. 2023] “Level Set Learning with Pseudoreversible Neural Networks for Nonlinear Dimension
Reduction in Function Approximation”, SIAM-SISC

%[Nouy Pasco 2025] “Surrogate to Pl on manifolds for DR in nonlinear feature spaces”, arXiv

%[Verdiére et.al 2025] “Diffeomorphism-based feature learning using Pl on augmented input space”, JMLR

Br..q

or without gradient at all

=Y
E[Rosipal et.al. 2001] “Kernel partial least squares regression in reproducing kernel hilbert space”, JMLR
=

‘E[Barshan et.al., 2011] “Supervised principal component analysis’, Pattern Recognition

%[Lataniotis, 2020] “Extending classical surrogate modeling to high dimensions through supervised
dimensionality reduction”, Int.JUQ

] S ]
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Nonlinear feature learning: quite recent & super active!

u(Xu, ..., Xq) = f(g(X))

Nonlinear features using the gradients of the model u,

%[Zhang et.a. 2019] “Learning nonlinear level sets for DR in function approximation”, NeurlPS
%[Bigoni et.a. 2022] “Nonlinear DR for surrogate modeling using gradient information”, IMA:1&I.

%[Romor et.a. 2022] “Kernel-based active subspaces with application to computational fluid dynamics
parametric problems using the discontinuous Galerkin method”, Int. J. Numer. Methods Eng

=5
E[Teng et.a. 2023] “Level Set Learning with Pseudoreversible Neural Networks for Nonlinear Dimension
Reduction in Function Approximation”, SIAM-SISC

%[Nouy Pasco 2025] “Surrogate to Pl on manifolds for DR in nonlinear feature spaces”, arXiv

%[Verdiére et.al 2025] “Diffeomorphism-based feature learning using Pl on augmented input space”, JMLR

Br..q

or without gradient at all

=
E[Rosipal et.al. 2001] “Kernel partial least squares regression in reproducing kernel hilbert space”, JMLR
%[Barshan et.al., 2011] “Supervised principal component analysis”, Pattern Recognition

%[Lataniotis, 2020] “Extending classical surrogate modeling to high dimensions through supervised
dimensionality reduction”, Int.JUQ

Unsupervised manifold learning

El[Kernel PCA, Isomap, locally linear embedding (LLE), Hessian LLE, Laplacian eigenmaps, Linear
discriminant analysis, Generalized discriminant analysis, (variational) autoencoders, Nonlinear
Independent Component Analysis (ICA), Topological Data Analysis (TDA) .......ccccoevuiiiiiiiiniinnniienans | 31/35



Questions?



Alternative loss function

2
JM(g) = IE[HVU(X) — I_IZ,E;)(Vg(X)T)VU(X)||M(X)]

for some field M(X) > 0 of SPD matrices (Riemannian metric).
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Alternative loss function

2
JM(g) = IE[HVU(X) — I_IZ,E;)(Vg(X)T)VU(X)||M(><)]

for some field M(X) > 0 of SPD matrices (Riemannian metric). In particular,
M(X) = Vp(X) "' Ve(X) ™"

corresponds to applying the Poincaré inequality in the feature space (right).

g

EEEEE
g
Bk

This is equivalent to applying Active Subspace on z — u(p!(2))
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Alternative loss function

2
JM(g) = IE[HVU(X) — nZ:;)(vg(X)T)vu(X)||M(X)]

for some field M(X) > 0 of SPD matrices (Riemannian metric). In particular,
M(X) = Vp(X) "' Ve(X) ™"

corresponds to applying the Poincaré inequality in the feature space (right).

i

|

]

:
This is equivalent to applying Active Subspace on z — u(p!(2))

Idea: force p;mx to being close to a Gaussian (so that C(X|G) ~ 1?) via

I (g) = J"(g) + ADxwr(psmx|IN(0, la))

penalization

Works in practice, but no significant improvement in our experiments...
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Generalization to vector-valued function v : R — V

Jacobian

_ —N—
E[HU(X) —f og(X)||2v] < (C(X\Q)IE[ |V u(X) —nfjn(:g(vg(xmvu(X)||2V®M(X>]
vector norm Frobenius-like matrix norm
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Generalization to vector-valued function v : R — V

Jacoblan
]E[H“(X) - fog(X)Hi] C(X|9) [Hv“ n:\:rE:e)(Vg(X)T)vu(X va;;w(x)]
vector norm Frobenius-like matrix norm

Application to autoencoders: let VV = R? and approximate the identity
function u = id in [?(7x)

u(X) =X — s
{VU(X) -y X~ £ ogX)

decoder o oder

using Poincaré inequalities in the Feature Space.
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Generalization to vector-valued function v : R — V

Jacoblan
]E[H“(X) - fog(X)Hi] C(X|9) [Hv“ n:\aﬂrE;)(Vg(X)T)vu(X va;;w(x)]
vector norm Frobenius-like matrix norm

Application to autoencoders: let VV = R? and approximate the identity
function u = id in [?(7x)

u(X) =X — s
{VU(X) -y X~ £ ogX)

decoder o oder

using Poincaré inequalities in the Feature Space. This yields the following loss:

RE@) = ADkwlpimx N0 1))+ E[IVIVe(X)""I1]

train a “normalizing flow” ... ... whose last components are “inactive”
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Tests on a synthetic data set

X=Vv(Z)eR?  ZeR"

> U :R™ — R? is a arbitrary (polynomial) function.
> We used Niain = 100 samples (only)
» Compare with zero-padding strategy* which minimizes

Lin(p) = E[IX = ¢~ (p=r(X), 04-1)°]

\ —~- Zero padding P ~ -~ Zero padding
100 4 AN —— FS Loss. 1,50 A —— FSLoss

MSE

4 [%[Nguyen et.al. 2019] “Training invertible neural networks as autoencoders”, GCPR
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