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Task 1

Input uncertainty
X ~ 777

Task 0
Model

A A

Y

Uncertainty propagation X — Y

Y 2 u(X)

Task O-bis
Surrogate model

Task 3
Sensitivity analysis

X = (Xu, X5, X3, X4

\4

Task 2
Output uncertainty
E[Y]=...

PlY >a]=...

Cov(Y) = ...

A

Task 4

Inverse problem X|Y = yops )

Reverse propagation X < Y
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Inverse problem

Given an observation yobs of
Y = U(Xl,...,Xd)—l—&‘,

where € ~ N(0, Xobs), how to identify the parameter X which is the most
coherent with this observation?

The Bayesian perspective: update the "knowledge” on X after observing yops.

mx(x) x|y (X|Yobs)
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Variational
Yy

\

min lyess — u(x)|2-: + AR(x)

Y regularization
data mismatch €
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Variational V.S. Bayesian
Y y

Yobs ’_/-\_‘
\

N——
z
. l _ 2 .
min 3o~ o1+ IR() v (e, ) = () v
data mismatch regularization joint likelihood prior
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Variational V.S. Bayesian
Y y

Yobs ’_/-\_‘
v

l_v_l
x T
. 2
min 2o — () 2+ AR(Y) (3%, ) = Ty (1) mx ()

data mismatch regularization joint likelihood prior

Given yops, the posterior is given by | x|, (X) o< Ty |x(Yobs|X)7x (x)
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Variational V.S. Bayesian

Yy Yy
Yobs ’_/-\_‘
\
N~—
z x
min Hlyan — 0G0 + AR v (5,5) = () ()

data mismatch regularization joint likelihood prior

Given yobs, the posterior is given by ‘ X |yape (X) X Ty x (Vobs|X)mx (x) ‘

Curse of dimensionality x = (x1,...,Xq)

Standard sampling algorithms (MCMC, Importance Sampling, Particle Filters)

struggle when d > 1 (slow mixing, weight degeneracy, slow convergence...)
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Low-effective dimension of Bayesian inverse problems

In many situations, the data are informative only on a low-dimensional
subspace

Tpos ()
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Low-effective dimension of Bayesian inverse problems

In many situations, the data are informative only on a low-dimensional
subspace

Tpr () Tpos(Z)

The likelihood informed components

X = UnXpn+ UL XL
~—— ——
informed uninformed

Find a projection matrix U, € R**™ (feature map) and a reduced likelihood
L’ :R™ — R (profile function) such that
xv (xly) o< £ (Unp x)mx ()

yields a “good” posterior approximation to mx |y (x|y) oc L7 (x)mx(x)
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Subspace accelerated inference

%[Vrugt 2009] Accelerating MCMC [...] with randomized subspace sampling, INT J NONLIN SCI NUM
=|[Marzouk Najm 2009] Dimensionality reduction and PC acceleration of Bayesian inference, JCP
=|[Cui Law Marzouk 2016] Dimension-independent likelihood-informed MCMC, JCP

=l[Constantine et.al. 2016] Accelerating MCMC with active subspaces, SIAM-SISC

=|[Izmailov et.al. 2020] Subspace inference for Bayesian deep learning, PMLR

Chen Ghattas 2020] Projected Stein variational gradient descent, NeurlPS

:W[Brennan et.al. 2020] Greedy inference with structure-exploiting lazy maps, NeurlPS

By....
.
X = UnXm + UL X1 Ker(U7)
S—— ==
€Im(Um)  €Ker(U])
Then
. ~ Im(U,
Pt (X) = (L) xm (m) ) 7, 13, (3 m) no)
T X [Yobs (xm)

Concentrate the numerical effort on X,
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‘E[Izmailuv et.al. 2020] Subspace inference for Bayesian deep learning, PMLR

Chen Ghattas 2020] Projected Stein variational gradient descent, NeurlPS

:W[Brennan et.al. 2020] Greedy inference with structure-exploiting lazy maps, NeurlPS

By....
X = Ume + ULXL
~—— =

€Im(Um)  €Ker(U])

Ker(U])

Then

%XI}/Qbs(X) = (Z(Xm)ﬂ'X,,.(Xm)) WXL|Xm(Xl‘Xm) Im(Ur)

%Xm [Yobs (Xm)
Concentrate the numerical effort on X,
> Maximum a posteriori maxy mx|y (x|y) over x € Im(Up) + U x{
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Then
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Concentrate the numerical effort on X,
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Subspace accelerated inference

%[Vrugt 2009] Accelerating MCMC [...] with randomized subspace sampling, INT J NONLIN SCI NUM
=|[Marzouk Najm 2009] Dimensionality reduction and PC acceleration of Bayesian inference, JCP
=|[Cui Law Marzouk 2016] Dimension-independent likelihood-informed MCMC, JCP

Q[Constantine et.al. 2016] Accelerating MCMC with active subspaces, SIAM-SISC

‘E[Izmailuv et.al. 2020] Subspace inference for Bayesian deep learning, PMLR

Chen Ghattas 2020] Projected Stein variational gradient descent, NeurlPS

:W[Brennan et.al. 2020] Greedy inference with structure-exploiting lazy maps, NeurlPS

By....
X = Ume + ULXL
~—— =

€Im(Um)  €Ker(U])

Then
Pt (X) = (L) xm (m) ) 7, 13, (3 m)

T X Yobs (Xm)
Concentrate the numerical effort on X,
> Maximum a posteriori maxy mx|y (x|y) over x € Im(Up) + U x{
> MCMC to sample from 7y,
1. Subspace MCMC to get samples x. ~ T X yase (Xm)
2. Draw samples from the conditional prior xﬂ) ~TTX X (x |x)

3. Assemble x{) = Umx,(yf) + ULXS) ~ x|y (x)
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Certified dimension reduction



Gaussian Linear problems: a well understood case
X~ N (ppr, Zpr)
Y = u(X) +e,
~——
AX
where & ~ N(0, Xops). Then
(XIY =y) ~ N(tpos(y), Zpos)
with ppes(y) = (blablabla) and

obs

Yo = T FATI A
N—_——

H
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Gaussian Linear problems: a well understood case
X~ N (ppr, Zpr)
Y = u(X) +e,
~——
AX
where & ~ N(0, Xops). Then
(XIY =y) ~ N(tpos(y), Zpos)

with ppes(y) = (blablabla) and

pos obs

-1 (;) zpfrl_i_AT):flA
H

The prior-to-posterior covariance contraction is captured by H, and the most
informed direction are given by

Bui-Thanh et.al. 2012] Extreme-scale UQ for bayesian inverse problems governed by pdes, IEEE
Spantini et.al. 2015] Optimal low-rank approximations of Bayesian linear inverse problems, SIAM-SISC
Polette 2025] Contributions to reduced basis methods for nonparametric Bayesian inference in geosciences, PhD
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Generalization to nonlinear & nonGaussian problems

T

v' Hv
arg max———— where H =777
verd VXV
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Generalization to nonlinear & nonGaussian problems

T

=777
arg max Ty-T where H =777
veRd V pr V

> %[Cui et.al. 2016]: Replace A with Vu(X) and take posterior expectation

H(y) = / V() E5i Vu(x) "dmxy (x]y)
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> %[Cui et.al. 2016]: Replace A with Vu(X) and take posterior expectation
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> ‘%[Constantine et.al. 2016]: apply Active Subspace on log £ w.r.t. prior
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Generalization to nonlinear & nonGaussian problems

-
where H =777

arg max
-1
verd VXV

> %[Cui et.al. 2016]: Replace A with Vu(X) and take posterior expectation

H(y) = / V() E5i Vu(x) "dmxy (x]y)

> %[Constantine et.al. 2016]: apply Active Subspace on log £ w.r.t. prior

H(y) = /(wogm(v log £/) T dmx

> %[Zahm et.al. 2022]: Use the Fisher Information matrix = “certified” DR

H) = [ (Tlog /() (VIog £()) " dmxy (1)
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Control the Kullback-Leibler (KL) Eizam et ai, 2022

D (mxiyllxiy) = /Iog (M) drx)y, {ﬂxly o< L7 (x)mx(x)

TX|y Tixy o< L2 (Un x)mx(x)
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Control the Kullback-Leibler (KL) Eizam et ai, 2022

D (mxiyllxiy) = /Iog (M) dmxiy, {ﬂxly o L7 (x)mx (x)

x|y Tixy o< L2 (Un x)mx(x)

» For any U, the KL-optimal profile is the conditional expectation

| 2 (m) = Eny [ ()| Up X = ]|

and yields (exact marginal posterior)

T Y (Xm|Y) = x|y (Xim|y)
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Control the Kullback-Leibler (KL) Eizam et ai, 2022

Drt(mxty [Ffxiy) = /Iog (ﬂx\y) drxiy, {ﬂxu o LY (x)7x(x)

Xy Fxty o £ (U x)mx(x)

» For any U, the KL-optimal profile is the conditional expectation

| 2 (m) = Eny [ ()| Up X = ]|

and yields (exact marginal posterior)

%Xm‘Y(Xmly) = ﬂ-Xle(Xm‘y)

» Subspace LSI: for any Uy, it holds

Ql

(7x)
2

D (mxi l1Fxty) < =0 (B, [V 108 £7] — Eay, [11Us V08 £7]2])

where C(7x) is now the subspace Logarithmic Sobolev constant’.

'Log-Sob inequality: E[u(X)? log(u(X))] < C(mx)E[||u(X)]|?] for all u > 0 s.t. E[u(X)] =1
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Minimizing the RHS: PCA on Vlog LY (X) with X ~ 7y,

~ C(m
D (e |ixiy) € “0X) (e 119 108 217 ~ By, [1U7 ¥ o5 £7]7])

1. Compute the diagnostic matrix

H(y) = /(wogm(v log £7) " dmx),
2. Solve the eigenvalue problem | H(y)vi = A\jv; |with A1 > X2 > ... > 0 and
assemble

Un=1[v1,..., Vm]

UL = [v,,,+1,...,vd]
3. Finally we obtain

@(WX
2

™

Dii(mxy ||Tx1y) <
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How to control C(7x) ?

> Bakry—émery theorem for log-concave mx

Hess(— log mx(x)) = pla = C(rx) <1/p

» Holley—Stroock perturbation lemma

apx() Smx() < Box(x) = Clmx) < Dcgox)

» Combination of the two above.

{these assumptions} = {(subspace)LogSob } = {(subspace)Poincaré}
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How to control C(7x) ?

> Bakry—émery theorem for log-concave mx

Hess(— log mx(x)) = pla = C(rx) <1/p

» Holley—Stroock perturbation lemma

apx() Smx() < Box(x) = Clmx) < Dcgox)

» Combination of the two above.

{these assumptions} = {(subspace)LogSob } = {(subspace)Poincaré}

The ideal setting remains mx = N (0, Iy). As for the (subspace)Poincaré
inequality, it is preferable to whiten the prior

X = 2;1’2(X — Mpr)

This is equivalent to computing the generalized eigenvalue problem

H(y)vi = )\,'Z;rlv,-
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Other functional inequalities bound other divergences

D (mxpllxy) < 0 (Ery, 15175 tog £7]7] ~ Eny, [ U7 £V log £7])

= (RHS)
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Other functional inequalities bound other divergences

D (mxpllxy) < 0 (Ery, 15175 tog £7]7] ~ Eny, [ U7 £V log £7])

= (RHS)
> (subspace)Poincaré inequality bounds Hellinger distance Ecui Tong 2022]
Dren(mx )y ||7x1y) < 2(RHS)

Usefull e.g. for Laplace priors mx(x) = []%_, exp(—A|x:|) which do not
satisfy the (subspace)LSl...

=Y
E[Flock et.al. 2024] Certified coordinate selection for BIP with Laplace prior, Inverse Problems
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Other functional inequalities bound other divergences

D (mxpllxy) < 0 (Ery, 15175 tog £7]7] ~ Eny, [ U7 £V log £7])

= (RHS)
> (subspace)Poincaré inequality bounds Hellinger distance Ecui Tong 2022]
Dren(mx )y ||7x1y) < 2(RHS)

Usefull e.g. for Laplace priors mx(x) = []%_, exp(—A|x:|) which do not
satisfy the (subspace)LSl...

=Y
E[Flock et.al. 2024] Certified coordinate selection for BIP with Laplace prior, Inverse Problems

> (subspace)®-Sobolev inequality bounds the a-divergence
Da(mxiyl|7x)y) < Ja ((RHS))
This interpolates KL (a = 1), Hellinger (o = 1/2) and X (a=2)...

=
E[Li Marzouk Zahm 2024] Principal feature detection via ®-Sobolev inequalities, Bernouli.
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Other functional inequalities bound other divergences

ral
A7

D (mxpllxy) < 0 (Ery, 15175 tog £7]7] ~ Eny, [ U7 £V log £7])

= (RHS)
» (subspace)Poincaré inequality bounds Hellinger distance Blicui Tong 2022]
Duen(mx )y ||7x)y) < 2(RHS)
Usefull e.g. for Laplace priors mx(x) = []%_, exp(—A|x:|) which do not
satisfy the (subspace)LSl...

=Y
E[Flock et.al. 2024] Certified coordinate selection for BIP with Laplace prior, Inverse Problems

> (subspace)®-Sobolev inequality bounds the a-divergence
Da(mxiyl|7x)y) < Ja ((RHS))
This interpolates KL (a = 1), Hellinger (oo = 1/2) and x* (a = 2)...

=
‘E[Li Marzouk Zahm 2024] Principal feature detection via ®-Sobolev inequalities, Bernouli.

» Dimensional Logarithmic Sobolev inequality improves the above bound
1A

D (1, |IFixyy) < log(1 + (RHS))

E[Li Cui Li Marzouk Zahm 2024] Sharp detection of LDS via di ional logSob i lities, arXiv.
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In practice...



Benchmark Gomos: atmospheric remote sensing

> ‘%[Haario Tamminen et al. 2004]
> Estimate gas densities x = p®°(z) from transmission spectra y.,(z)

» Beer's law:

Yu(2) = exp (/ht cha‘Ej‘s(z(c)) P (2(6)) dC) +£

Signals:
sate/ﬁrs\ar\br’! 10 11
™ }“\l\
W — ] ™
* N e w
U —
\
N

Earth radius

> Gaussian prior N (ppr, L) with squared exponential kernel covariance

> After discretization of the atmosphere, dim(x) = 200.
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Dk (mxy||Tx|y) = function(r)

104"

----- error bound

1076

— New, p = myos

10 20

30

50

H(y) = /(v log £7)(Vlog £7) T drx),

16/36



Dk (mxy||Tx|y) = function(r)

| o p=Tp
= p = Laplace(mpos)
----- error bound

—6 |
107 | New, p = myon

10 20 30 40 50

HO() = [(Viog£)(V1og £2) dp
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Dxi(mx)y|[7x)y) = function(r) Iterative procedure:

mx = H™) o 7y, — HE)

fix error threshold = 102

10
. —e— §Rr (P, H)
10 —a— Dg,(v||y), Vi =m
5 10° —10
) 1
<10
o
107 \
3 e 2
10
1 2 3 4 5

iteration 1

40
T et
—&— p = Laplace(mpos
P D 235
3‘0 40 50
30
HO() = [(Viog£)(V1og £2) dp T T
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Dxi(mx)y|[7x)y) = function(r) Iterative procedure:

o mx = H™) o 7y, — HE)
fix error threshold = 102
107
5 —o— %RF(P, JH)
10 —EI—DKLZ(VHQ,.), Yi=m
3 — 10
§ 10
S 10!
o
10! \
3 ~— -
10
1 2 3 4 5
iteration 1
40
| ——p=Tpr
—&— p = Laplace(mpos) -
§ 35
Il
30 40 50
(») T o 2 3 4 5
P _ y Y
HO(y) = [ (Tlog £)(V log ') dp srnia

‘ We have to re-run the whole procedure for every new piece of observed data y...
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Data-free dimension reduction U,, = Uy



Problem statement

Recall that, in the Bayesian perspective, the observed data y is a realization of
a random variable
Y ~ Tqata

Objective
Find a U, = U] such that

Dri(mxv ||Tx)v) < tol (1)
in high probability (w.r.t. Y).

By Markov inequality,
Ey [DKL(WX\YH%X\Y)] <e

is sufficient to ensure (1) with probability greater than 1 — ¢/tol.
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Problem statement

Recall that, in the Bayesian perspective, the observed data y is a realization of
a random variable
Y ~ Tqata

Objective
Find a U, = U] such that

Dri(mxv ||Tx)v) < tol (1)
in high probability (w.r.t. Y).

By Markov inequality,
Ey |:DKL(7TX\YH%X\Y):| <e

is sufficient to ensure (1) with probability greater than 1 — ¢/tol.

Remark: this corresponds to controlling the Conditional Mutual Information

CMI(Y, XL|X,) < e

18/36



Online / Offline procedure

Offline

Online

1. Compute

H=E(H(Y)), Y~y

2. Solve the generalized eigenvalue problem Hu; = /\,-Z;,lu,- and let

Um = [Ul,..

7Um] c Rdxm

3. Receive a realization y of Y,

4. Compute the optimal function £¥(xmn) = En, (£ (X)|Unp X = xm)

5. Assemble the posterior approximation 7x,(x) o L (U x)mx(x)

Proposition @[cm et.al. 2021]

Assume C(7x) < co. The above procedure yields

E[DKL(WX\YH%XW)} <

S(’/’TY d
2

™
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Online / Offline procedure

Offline

Online

1. Compute
H= E(H(Y)), Y ~my

2. Solve the generalized eigenvalue problem Hu; = /\,-Zpﬁlu,- and let

Un =[u1,. ., um] c RI*xm

3. Receive a realization y of Y,
4. Compute the optimal function £’ (xp) = En, (£ (X)] Un X = xm)

5. Assemble the posterior approximation 7x,(x) o L (U x)mx(x)

Proposition @[cm et.al. 2021]
Assume C(7x) < co. The above procedure yields

= d
C(m
E[DKL(WX\YH%XW)} < (2X

™

If Gaussian prior, “dimensional log-Sob” improvement %[Li et.al. 2024]

d
~ 1
E [ D (mxvlffixiv)] < 5 D log(1+ )
i=m+1
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How to compute H =E[H(Y)]?

Proposition

H= /I(X) dmx(x)

where Z(x) is the Fisher information matrix of the likelihood £”(x) o 7(y|x)
defined by

i) = / e 2 s ) ey
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How to compute H =E[H(Y)]?

Proposition

H= /I(X) dmx(x)

where Z(x) is the Fisher information matrix of the likelihood £”(x) o 7(y|x)
defined by

I(x) = /V log £7(x)V log £ (x) T 7(y|x)dy

> Gaussian likelihood: £”(x) = exp(—3|lu(x) — y|Z 1)
obs

HZ/VU(X)TZ(;)iVU(X) dmx(x)

This corresponds to the Active Subspace on the forward model u!
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How to compute H =E[H(Y)]?

Proposition

H= /I(X) dmx(x)

where Z(x) is the Fisher information matrix of the likelihood £”(x) o 7(y|x)
defined by

I(x) = /V log £7(x)V log £ (x) T 7(y|x)dy

> Gaussian likelihood: £”(x) = exp(—3|lu(x) — y|Z 1)
obs

H:/VU(X)TZO_biVu(X) dmx(x)

This corresponds to the Active Subspace on the forward model u!

> Poisson likelihood: L (x) = []7, St eB=Cit)

H= /VU(X)Tdiag(ul(x)7 ce Um(X)) 71VU(X)T dmx(x)
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A numerical example: elliptic PDE
V. (K,(S)Vp(s)) —f(s), selo,1]
» Parameter: x = logk

» Data: y = (p(s1),-.-,P(sm)) + N(0, Tobs) (Gaussian likelihood)
> Gaussian prior: —Ax + yx = W with YW = white noise and v = 10

case 1 case 2 case 3

1

21/36



Elliptic PDE: results for three different observations
Yy, y®@ y@)

Drw(mx v [|[7x|y) = function(m)

case 1 case 2 case 3

102

10°
—o— data-free

D D 0

1072

4 16 64 256 4 16 64 256 4 16 64 256

> data-free: Un computed via H = E(H(Y))
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Elliptic PDE: results for three different observations

Yy, y®@ y@)

102

100

1072

> data-free: Un computed via H = E(H(Y))
> data set 1: Un computed via H(Y)

Drw(mx v [|7x|y) = function(m)

case 1 case 2 case 3
E f
[¢ ¢ [
—e— data-free
data set 1
D
4 16 64 256 4 16 64 256 4 16 64 256
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Elliptic PDE: results for three different observations
Yy, y®@ y@)
D (v [[7x|y()) = function(m)

102 case 1 case 2 case 3

o

100

—o— data-free
data set 1
—a—data set 2

1072

4 16 64 256 4 16 64 256 4 16 64 256

> data-free: Un computed via H = E(H(Y))
> data set 1: Un computed via H(Y)
> data set 2: U, computed via H(Y®))
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Elliptic PDE: results for three different observations
Yy, y®@ y@)
D (v [[7x|y()) = function(m)

102 case 1 case 2 case 3

100

—o— data-free

data set 1
—a—data set 2
10-2 —v—data set 3

4 16 64 256 4 16 64 256 4 16 64 256

> data-free: Un computed via H = E(H(Y))
> data set 1: Un computed via H(Y)
> data set 2: U, computed via H(Y®))
> data set 3: U, computed via H(Y®))
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Sample from the approximate posterior
x|y (X) = Ty ly (xm) 7x (X1 3im)
1. Marginal posterior x4 ~ Xy (Xim)

2. Conditional prior Xf) ~mx (o |X5)

3. Assemble Umx,(,;') + ULX(P ~ x|y (x)
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Sample from the approximate posterior

x|y (X) = Tx,,1y (Xm) Tx (XL [xm)

1. Marginal posterior x Xy (Xm)
2. Conditional prior XY) ~7x(xL \X,(ri))

3. Assemble Umx,(,;') + ULX(L") ~ x|y (x)

Pseudo-Marginal MCMC %[Andrieu, Roberts 2009] to sample x|, (Xm)
X ()
Txly (xm +X1) =~ Ty (Xm + X1")
Ty (Xm) = / S (R xm)dXL A
ly mx (XL |Xm) N Z 7Tx(X( )|Xm)

> Low-variance estimator by construction of Un (N can be small)

» Pseudo-Marginal trick: redraw iﬂ) ~ 7x(xL|xm) at every iteration.
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Sample from the appreximate exact posterior
x|y (X) = Txuly (xXm) 7x (X1 |Xim)

1. Marginal posterior x/ ~ Xy (Xim)
2. Conditionat-prisr X ~rxbecbeld)

3. Assemble Upx\) + UJ_XY) ~ Tx)y(x)

Pseudo-Marginal MCMC %[Andrieu, Roberts 2009] to sample x|, (Xm)

= (i)
Xy (Xm +X0) ~ mxly(xm +X17)
m)= | —F=——— m)d =~
T3 |y (Xim) / o Ger o) mx (XL [ xm)dXL N E 7Tx(X()|Xm)

> Low-variance estimator by construction of Un (N can be small)

» Pseudo-Marginal trick: redraw iﬂ) ~ 7x(xL|xm) at every iteration.

Recycle ij_") to sample the exact full posterior wx‘y(x) [%[Cui Zahm 2021]

Instead of drawing xﬂ) ~x (x2x), pick x| )e {x xi )} at random.
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A numerical example: X-ray tomography with Poisson data

Identify the density of a material in a domain of interest (blue square) using
two X-ray sources (red points) and m = 100 sensors (blue points)

> Data: Y € N7 integer-valued vector (number of incident photons)
» Poisson likelihood of the form

l Vi ex Gi(x
.U (x) p( (x))

where the forward model G(x) stems from Beer's law.

» Laplace prior
d=642

x) H exp(—A|xi|)

> We use coordinate selection to reduce the dimension.
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MCMC using H-MALA? as a baseline to sample the exact

posterior

We use Integrated Auto Correlation Time (IACT) to measure the mixing

performances of the MCMC.

IACT  /var[log £%]
N r=16 | 85.142.7  1.5440.02
Iy =32 | 54.143.1 0.61+.007
< ;=48 | 494426  0.454.002
o r=16 | 60.0£6.2  0.93%.006
Iy =32 | 47.6425  0.39+.004
< ;=48 | 465414  0.29+.001

IACT of the full-dimensional H-MALA: 95.9 + 3.3

2Hessian-preconditioned Metropolis-Adjusted Langevin Algorithm
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Joint density estimation for fast Bayesian
inversion




Objective

Build an approximation of the joint density 7xy ~ mxy which allows fast
conditioning on Y = yops

%X‘.Vobs(x) X %XY(Xy}/obs)

[%[Cui, Dolgov, Zahm 2023] Scalable conditional deep inverse Rosenblatt
transports using tensor-trains and gradient-based dimension reduction, JCP
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Approximation of mxy using low-rank tensor formats

Txy (X, y) o g’ (»)e*(x)
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Approximation of mxy using low-rank tensor formats

Tixy (X, y) o Zg, g (x)
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Approximation of mxy using low-rank tensor formats

vaxy)0<<zg, r X)> >0
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Approximation of mxy using low-rank tensor formats

Txy (x,y) o (Zg, v)e’ X)> >0

Generalization to higher dimensions x = (x1,...,xq4) and y = (y1,. .., ¥p):

» The canonical tensor format

Txv (%, y) <Zg,”(yp) g,-yl(yl)g,-Xl(Xl)mg,-X"(Xd))
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Approximation of mxy using low-rank tensor formats

Txy (x,y) o (Zg, v)e’ X)> >0

Generalization to higher dimensions x = (x1,...,xq4) and y = (y1,. .., ¥p):

» The canonical tensor format

Toxy (x,y) o <Zg,”(yp) -Yl(yl)g,-Xl(Xl)mg,-X"(Xd))

> The tensor train (TT) format %[OseledetsZOll]

F1sh25-5ld—1

~ Y, Y,— X,
Tixy (X, y) o S & (e (Ye1) - g (xa1)g (xa)

i1 yipyeeeyig_1=1

where the g's are matrix valued functions. Better approximation
properties compared to the canonical format, but it is sensitive to
variable ordering.
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Tensor Train approximation

The Hellinger distance satisfies

- 1 —
Dren(mxy, Txy )’ = 5 /(\/WXY — V7xy)?dxy

2
Myeeelfd—1

/ Ym Ym— Xd— X,
= 2/ XY Z 8 & ' "'g"dd—Zvl"d—lg"dil dxy

ityenyig_q=1

Minimizing the RHS requires solving a standard least-square problem to
approximate /mxy .
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Tensor Train approximation

> Construct the g's using adaptive cross approximation algorithms
l%[Dolgov et al, 2014]. This requires evaluating fibers of mxy:

» The ranks r = (r1, r, ..., rs—1) can be automatically adapted to reach a
prescribed tolerance ¢

> Complexity of O((d + p) ri.x) memory and O((d + p) r3.,) flops: linear in
the dimension, but cubic in the ranks.

> The efficiency of tensor trains (i.e. how large is r = r(¢)) is sensitive to
the order of the variables.
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Parameter & data rotation: X «— U'Xand Y « V'Y

X =UnXm+U XL Y= VY, +V, .Y,
~—— ~——

informed informative
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Parameter & data rotation: X «— U'Xand Y « V'Y

X = UnXm+UL X1 Y= VY, +V.Y,
—— ~——

informed informative

. 1 .
> Idea: approximate mxy(x,y) o exp <—§Hu(x) - y||2> mx(x) with

%XY(va) = 7TYL|Y5X(}/J-|.VS7 XO) ﬂ-XmYs(X'r” .yS) WXL\Xm(XJ—|Xm)

conditional likelihood marginal joint conditional prior

Applying the subspace Poincaré inequalities, we get

Drn(mxv [[Fixv) < Trx) (B [1UTVuO) T[]+ B [1V T (u(X) = u(0)) )
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Parameter & data rotation: X «— U'Xand Y « V'Y

X = UnXm+UL X1 Y= VY, +V.Y,
—— ~——

informed informative

. 1 .
> Idea: approximate mxy(x,y) o exp <—§Hu(x) - y||2> mx(x) with

%XY(va) = 7TYL|Y5X(}/J-|.VS7 XO) ﬂ-XmYs(X'r” .yS) WXL\Xm(XJ—|Xm)

conditional likelihood marginal joint conditional prior

Applying the subspace Poincaré inequalities, we get

Drn(mxv [[Fixv) < Trx) (B [1UTVuO) T[]+ B [1V T (u(X) = u(0)) )

» Minimizing the bound yields U, V containing the first eigenvectors of
Hx = Ex, [VU(X)TVU(X)} (active subspace)
Hy = En, [u(X)u(X)T] + rank-1 (PCA on u(X))

» We propose to rotate the parameter & data as follow

X« U'X Y« V'Y
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lllustration: elliptic PDE with Besov prior

—div(kVu)=f on Q=[0,1]
Parameter: logx = E;le xj1p; with Besov prior

{ (¢1, ..., %4q) : wavelet basis

x ~ mx(x) oc exp(—llx|l1)
Data: noisy observations

y = u(16 black points) + A (0, Xobs)

(d=22)

(m=16)
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lllustration: elliptic PDE with Besov prior

—div(kVu)=f on Q=[0,1]
Parameter: logx = 27:1 xj1)i with Besov prior (d =22)

{ (¢1, ..., %4q) : wavelet basis

x ~ mx(x) o< exp(—7llx]l1)

Data: noisy observations (m=16)
y = u(16 black points) + N(0, Xops)

Tensor Train approximation of wxy using adaptive rank (fixed

precision)
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lllustration: elliptic PDE with Besov prior

—div(kVu)=f on Q=[0,1]
Parameter: logk = 27:1 xji with Besov prior (d =22)
{ (1, ...,%q) : wavelet basis
x ~ mx(x) o< exp(—7llx]l1)

Data: noisy observations (m=16)

y = u(16 black points) + N(0, Xops)

Tensor Train approximation of wxy using adaptive rank (fixed
precision)

TT ranks

32/36

Variable index in the tensor train



Conclusion



Certified likelihood-informed subspace

Fxy (x]y) o< £ (Un x)mx(x)

Gradient-based methods: (1) use functional inequalities to bound the error
Tx|y & mx|y and (2) minimize that bound over Uy, using the diagnostic matrix

Hy) = [ (Tiog ) (Viog )T dm,

Many extensions:
» Data-Free: reduce X before observing the data
» Parameter & Data reduction: informed parameter & informative data
> “Heavy” tail (Laplace) priors: can we still use Log-Sob/Poincaré?
> Rare event estimation: nonsmooth likelihood: 7% (x) oc 1,(0>q7mx(x)

FEW[Zahm et.al. 2022] Certified dimension reduction in nonlinear Bayesian inverse problems, Math.Comp.
g‘[Cui Zahm 2021] Data-Free Likelihood-Informed DR of Bayesian Inverse Problems, Inverse Problems.
=|[Cui Tong 2022] A unified performance analysis of likelihood informed subspace methods, Bernouli.

Li Marzouk Zahm 2024] Principal feature detection via ®-Sobolev inequalities, Bernouli.

Li Cui Li Marzouk Zahm 2024] Sharp detection of LDS via di ional logSob i lities, IMA-II.

E‘W[Flock et.al. 2024] Certified coordinate selection for BIP with Laplace prior, Inverse Problems
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If you didn't get enough today...

> Extention to Conditional Mutual Independence (CMI) to detect
independence between X and Y given Z

CMI(X, Y|Z) < C(nxyz)’E[||VxVy log mxyz(XYZ)||F]

=Y
‘_E\[Baptista et.al. 2022] Gradient-based data and parameter dimension reduction, arXiv

‘E[Baptista et.al. 2024] Learning Non-Gaussian Graphical Models [...], JMLR

» Bound the Expectation Information Gain (EIG) for goal-oriented sensor
placement

EIG(Y-|X,) = Ey[Dkw(7x, v, ||7x,)]
> Ey [Dxw(mx)v||mx)] = C(mx)E[|| V,' Vu(X)Ur||7]

E[Chen et.al. 2025] Coupled input-output dimension reduction [...], SIAM-SISC
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Questions?



